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Math 0100: Introductory Calculus II
Practice Final Solutions

It’s in your best interest to not look at the solutions until you’ve taken the practice test under
timed, test-taking conditions. Just a heads up.

1) Determine whether
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is absolutely convergent, conditionally convergent or divergent. Justify your answer.

Answer: We see that nlnn increases to infinity so 1/(n lnn) decreases to 0, thus the alternating
series test tells us that the series is convergent. It remains to determine if the series is absolutely
convergent. It is worth noting that the ratio test fails, and since we can’t compare this series
with a p-series our only remaining strategy is the integral test. This series above is absolutely

convergent if and only if
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is convergent, since 1/(nInn) is positive and decreasing, the integral test tells us that this series
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converges if and only if

converges. We use the substitution u = Inz to get du = dz/x and so
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So the integral test tells us that > >°, nﬁm is divergent, thus our original series is only condi-
tionally convergent.

2) Express
1
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as a Maclaurin series, and give the interval of convergence.

Answer: We recall the Maclaurin series for the geometric series:
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exactly when |z| < 1 and so
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when | —2723| = (3|z|)? < 1, and taking the cube-root of both sides we get 3|z| < 1 so |z| < 1/3.
Thus we have the Maclaurin series > oo ((—27)"z®" in the interval (—1/3,1/3).

3) Use either multiplication or division of power series to give the first three nonzero terms in
the Maclaurin series for the function
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Answer: We can think of this as
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and multiply the first few terms to get
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and only worry about the terms up to second degree (since all the coefficients are nonzero) so
we have
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and we have the desired result.

The other option is long division:
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which gives the same result.

4) Find the centroid of the region bounded by y = 2z, y = /2 and z = 2.

Answer: Drawing a picture is probably helpful. First we need to compute the area of the
region

So
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So the centroid of the region is (4/3,5/3).



5) Let a be a constant such that —1 < a < 0. Find the interval of convergence of the power
series

in terms of a.
Answer: We can use the ratio test to determine the radius of convergence:
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so the power series converges when |2=2| < 1 that is, when |z — 2| < |a|. Thus the interval
of convergence contains the open interval (2 —|al,2 + |a|]) and since a is negative this is just
(24 a,2 — a). We now check the endpoints. At x = 2 — a we see that we have the series
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which we see is convergent by the alternating series test. At At x = 2 4+ a we see that we have

the series
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Since this series looks like Y > 12 which is convergent by the p-series test, we use the limit
comparison test

to get that y 7
is 2+ a,2 —al.

—= < is also convergent. Thus the interval of convergence for the power series
n+a)

6) Evaluate the indefinite integral as a power series. What is the radius of convergence?
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Answer: Since 11; = >_o° (1" exactly when [¢| < 1 it follows that 17 = Y7 /" exactly

when [t*| < 1, that is when [¢t| < 1. So
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exactly when [t| < 1. Since integrating does not change the radius of convergence, we have that
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where C is an arbitrary constant for |¢| < 1.

7) Evaluate [ 23v4 — 22 dx.

Answer: Let £ = 2sin6, then dx = 2cos 6 df so we have
/m3x/4 — 22 dr = /(23in9)3\/4 — (2sin6)2(2cos ) db
since \/4 — (2sin0)2 = \/4(1 — sin?0) = V4cos2 0 = 2 cos § we have

/IE3\/4—£L'2 dx:25/sin3900520 d9:32/sin08in29c0520 df =

32/sin 0(1 — cos? 0) cos® 6 df = 32 /(cos2 0 — cos’ ) sin @ db
let w = cosf then du = —siné df so
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and by drawing a triangle we can show that if sin = /2 then cos = V4 — 22 /2 so
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and we can use differentiation to check that this is correct.

8) Find the implicit solution to the differential equation that satisfies the given initial condition:

dy
P =@ 6, y(1) =0

Answer: First we must separate the variables to get

/y2€_y dy = /(w2 +6) dz

the right-hand-side is relatively easy
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the left-hand-side requires us to integrate by parts twice, first letting v = y? and dv = e™¥ du
we have

/yzey dy = —y*e™¥ — /(—ey)(2y)dy = —yle ¥ + 2/yey dy
then letting u = y and dv = e™Y dy to get
/ye_y dy = —ye ¥ — /(e_y)dy =—ye V—e ¥+ C

thus
/er_y dy=—y*e ¥ —2ye™¥ -2V +C =YWy’ +2y+2)+C
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so we have the general differential equation solution
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since y(1) = 0 we have
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s 2 3 25
—e Yy —i—2y—|—2):—3 —}—6:6——3.

9) Evaluate
dx

/m3+7x2+20x—|—28
(x4 2)%(22 + 4)
Answer: We have to use partial fractions to evaluate this, first we note that the degree of the
numerator is less than the degree of the denominator, so we don’t need to reduce the fraction

with polynomial long division. We proceed:
2+ 707 +20z+28 A LB . C
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" 23 4+ T2? + 202 + 28 = Az + 2) (2 + 4) + B(2? +4) + C(z + 2)*.
So
23+ 722 4+ 20z + 28 = A(2® 4 222 + 42 + 8) + B(2? +4) + C(2? + 22 4+ 4) + D(23 + 222 + 42)
= (A+ D)2® + (2A+ B+ C +2D)x* + (4A+2C +4D)x + (8A + 4B + 4C)
So immediately A + D = 1. We also see that at x = —2 we have
(=2)3 +7(=2)2 +20(—2)+ 28 = B((-2)>+4) = 8=8B = B=1.

Using this, we see that the constant terms of the right-hand-side are 84 + 4B + 4C = 4 +
42A+C) =28,5024A+C =6. Since 2A+ B+ C+2D =2A+ 1+ C + 2D = 7 we have
244+ C+2(1-A)=6s0C+2=6s0oC =4. Thus from 24+ C = 6 we know A = 1 and from
A+ D =1 we know D = 0.
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+ 2arctan(z/2) + C

SO
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which we can check by differentiation.

10) Give the Taylor series expansion of f(z) = e® centered at a = 1. (Don’t worry about R, (x)
or the radius of convergence.)

Answer: We see that
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