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Sumfree Sets

De�nition
Let Z be an additive group. We say A � Z is sumfree if

x + y 6= z for all x; y; z 2 A:

Equivalently, using the notation of sumsets,

A is sumfree () (A + A) \ A = ; :
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Some Previous Results

I Schur, 1916 : Showed that the positive integers cannot be
partitioned into �nitely many sumfree sets

I Green, Ruzsa, 2005 : Determined the maximal size of a
sumfree set in a �nite abelian group

I Lev, Deshoulliers, Freiman, 2006 : Showed that large
sumfree sets in Z=pZ have a speci�c structure

I Deshoulliers, Freiman, Sós, Temkin, 1999 : Showed that
large sumfree sets in f 1; : : : ; ng � Z+ have several speci�c
structures
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Higher Dimensions

Let S be a sumfree set in f 1; : : : ; ngk � Zk
+ .

I How large (proportionately to nk ) can S be?
I What structures do large sets S exhibit?

To approach Question 1, we de�ne a constant ck for each
positive integer k:

ck := lim sup
n!1

1
nk maxf # S : S � f 1; : : : ; ngk is sumfreeg:
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Properties of ck

I The largest sumfree sets in f 1; : : : ; ng have sizebn+ 1
2 c.

It follows that c1 = 1=2.

I If S is sumfree in f 1; : : : ; ngk , the set S � f 1; : : : ; ng is
sumfree in f 1; : : : ; ngk+ 1.
It follows that ck+ 1 � ck for every k.

But these “inverse projection” sets are not optimal (we can do
better).
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Corollary

lim
k!1

ck = 1:
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...and an implicitly de�ned upper bound, obtained through
partitioning arguments.
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Then
ck � � � :

(The actual value of ck is probably closer to the lower bound.)
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A Motivating Example

Some tinkering with
f 1; : : : ; 8g2 reveals that its
largest sumfree subset (with
43 out of 64 elements) is

f (x1; x2) 2 f 1; : : : ; 8g2 : 7 � x1 + x2 < 14g:

This suggests looking at sets of the form

Sa = f (x1; : : : ; xk ) 2 f 1; : : : ; ngk : a � x1 + : : : + xk < 2ag;

which are sumfree always, and large for the right choice of a.
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Immediate Obstacles

The size of Sa is easy to calculate when k = 2, but more
complicated in larger dimensions, since it relies on the following
formula:

f (x1; : : : ; xk ) 2 f 1; : : : ; ngk : x1 + : : : xk � ag

=
ba=ncX

i= 0

(� 1) i
�

k
i

��
a � in

k

�
;

valid for a � k(n + 1)=2.

This is not the nicest function to work with. However...
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Continuous Approximation

It is easier to deal with Sa if we approximate it by the
“continuous” set

eSa = f (x1; : : : ; xk ) 2 [0; n]k � Rk : a � x1 + : : : + xk < 2ag:

Since Vol(eSa) = # Sa + O(nk� 1), we can use this volume to
determine ck . (We can also assume n = 1.)
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Sidebar: A Continuous Analogue

The continuous approximations we are using suggest
“continuous” versions of our initial questions:

I How large can a measurable sumfree subset of [0; 1]k be?
I What structures do large measurable sumfree sets of

[0; 1]k exhibit?

To approach the �rst question, we have an alternative set of
constants:

eck := supf Vol(S) : S � [0; 1]k is measurable and sumfreeg:

The bounds we prove using continuous approximations are
valid for both ck and eck . Yet, there is no obvious inequality (or
equality) relating the two!
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A computer calculation (for 1 � k � 60) indicates that the
a-value that maximizes Vol(eSa) is slightly larger than 1/3.
(Possibly 1=3 + o(k).)

Setting a = 1=3 does not give the best possible lower bound for
each k, but it gives a nice expression, since the two regions of
the hypercube excluded from eS1=3 are congruent. Each has
volume
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The Lower Bound

This gives the aforementioned lower bound on ck (and eck ):
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Using Stirling's formula, we can show that this sum approaches
zero exponentially as k grows large; this tells us that ck and eck

approach 1 as k approaches in�nity.

Thus, in high dimensions, arbitrarily large regions of the
hypercube are sumfree.
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To �nd an upper bound for ck , we use the fact that if an element
with large coordinate values is contained in a sumfree set S,
there are many disjoint pairs that cannot be in S.

If we assume S is large, it will
have to contain a “large”
element that forces S to be
small, yielding a contradiction.
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Arguing by Contradiction

Thus if # S > � nk , S cannot include a certain set of large
elements.
We approximate this forbidden set by a continuous solid of
volume "
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As � increases, so does this volume.

Once the size of S becomes larger than � � nk (where � � is the
solution to an unpleasant equation), this will cause a
contradiction, so � � acts as an upper bound for ck and eck .
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Improving With Iteration

We can improve the upper bound (at least for eck ) by iterating.
For example, if a sumfree set were to achieve proportion � � , it
would have to be the complement of a “forbidden set.”

But this allegedly sumfree set
contains a scaled down
hypercube, which cannot
possibly be sumfree!

The intersection of our set with
this smaller cube must satisfy
the upper bound we've
already found.
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So we apply our argument to
successively smaller
sub-hypercubes.
We can then eliminate any
choice of � which results in a
contradiction.

This gives a stronger upper
bound, which is still implicitly
de�ned.



Improving With Iteration

So we apply our argument to
successively smaller
sub-hypercubes.
We can then eliminate any
choice of � which results in a
contradiction.

This gives a stronger upper
bound, which is still implicitly
de�ned.

Unfortunately, it's not obvious that this approach works in the
discrete case, because every iteration introduces an
approximation error of O(nk� 1), and over many iterations these
errors may become nontrivial.
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Methods for the Two-Dimensional Discrete Case

In two dimensions, we have reason to believe the “stripes” we
have been using for lower bounds act as upper bounds as well!

We can prove this (for certain values of n) using the argument
we applied to the upper bound, along with several other similar
elimination methods , which are used in tandem.

I We have already seen the
Large Element Method ,
which uses the fact that
an element with large
coordinates is the sum of
many pairs of elements.
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I We also have the Box
Method , in which a
speci�ed element is used
as the difference between
pairs of elements in two
disjoint boxes.

I And we have the L
Method , in which the
boxes are replaced by
L-shaped regions.
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Methods for the Two-Dimensional Discrete Case

I Finally, there are a few
Tiling Methods (not
pictured) which are
similar to the Box and L
Methods, except each
region is a union of
separated rectangles.

(All of these methods have higher-dimensional analogues, but
so far I have only studied them in two dimensions.)
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How to Use the Elimination Methods

I First, we assume our set is as large as the best possible
diagonal stripe set.

I Then we use the elimination methods to eliminate any
elements which would give a contradiction.

I Next, we use the elimination methods in conjunction with
previous eliminations to eliminate more elements.

I And so on.
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Results Using the Elimination Methods

Using a program to repeatedly apply the elimination methods to
all elements, we achieve the following results for 4 � n � 25:

I n � 0; 1; 4 (mod 5): The unique largest sumfree set is a
diagonal stripe. This can be determined using only the
elimination methods.

I n � 3 (mod 5): The unique largest sumfree set is a
diagonal stripe. The elimination methods narrow the set
down to a slightly wider diagonal stripe, and a partitioning
argument �nishes the job.

I n � 2 (mod 5): This is the most dif�cult case, as there are
actually two largest diagonal stripes with equal size. This
foils the elimination methods, since certain elements
cannot possibly be eliminated!



Results Using the Elimination Methods

I n = 7 : There are �ve optimal sumfree sets in this case
(two of which are diagonal stripes), though this is probably
an anomaly due to n being small.
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Results Using the Elimination Methods

I n = 12 : The elimination methods rule out all elements
except the union of the two maximal stripes.
A computer search con�rms that the only two maximal sets
are the maximal stripes.

I n = 17 : The elimination methods rule out all elements
except the union of the two stripes.
(Further analysis is incomplete.)

I n = 22 : The elimination methods rule out all elements
except the union of the two stripes plus two extra elements.
(Further analysis is incomplete.)



Predictions

Conjecture: For suf�ciently large n, the unique largest sumfree
subset of f 1; : : : ; ng2 is a diagonal stripe, unless n � 2 (mod 5),
in which case the two largest sumfree subsets are diagonal
stripes.



Predictions

Conjecture: For suf�ciently large n, the unique largest sumfree
subset of f 1; : : : ; ng2 is a diagonal stripe, unless n � 2 (mod 5),
in which case the two largest sumfree subsets are diagonal
stripes.

Brazen Groundless Prediction: For suf�ciently large n, all
maximal-size sumfree subsets of f 1; : : : ; ngk are diagonal
stripes.



Predictions

Conjecture: For suf�ciently large n, the unique largest sumfree
subset of f 1; : : : ; ng2 is a diagonal stripe, unless n � 2 (mod 5),
in which case the two largest sumfree subsets are diagonal
stripes.

Brazen Groundless Prediction: For suf�ciently large n, all
maximal-size sumfree subsets of f 1; : : : ; ngk are diagonal
stripes.

Note: This would imply our lower bound for ck is very close to
the actual value.
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l -fold Sumfree Sets

We close with some ideas for future research.

De�nition
We say that A � Z is l-fold sumfree if

x1 + � � � + xl 6= z for all x1; : : : ; xl ; z 2 A:

We can adapt our questions about sumfree sets into questions
about l-fold sumfree sets. We have:

I Lower bounds for all values of l (using diagonal stripes).
I Upper bounds for l = 2; 3. (Although the bound for l = 3 is

explicit!)
I No upper bounds for l > 3.
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Diagonal vs. Non-Diagonal

All of the extremal sets we have found so far (for large n) have
been unions of diagonal slices of the form

Da = f (x1; : : : ; xk ) 2 f 1; : : : ; ngk : x1 + : : : + xk = ag:

A set of the form [ a2 ADa is sumfree if and only if A is sumfree.
This divides the search for maximal sumfree sets into two
paths:

I Are there “non-diagonal” sets that are better than diagonal
sets?

I If we assign weights to the elements of an additive set, can
we ef�ciently �nd the sumfree subset that maximizes total
weight?

The answer to the second question is probably no in general,
but it may be yes if the weight distribution is highly structured.
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