COMPLETELY REGULAR MULTIVARIATE STATIONARY PROCESSES
AND THE MUCKENHOUPT CONDITION.

S. TREIL AND A. VOLBERG

1. INTRODUCTION

In this paper we shall give a necessary and sufficient condition for a multivariate stationary
stochastic process to be completely regular.

Let us recall that a multivariate stationary stochastic process with discrete time * is a
sequence of d-tuples z(n) = (z1(n), z2(n),... ,xzq4(n)), n € Z of scalar random variables such
that E|z;(n)|* < co and the correlation matriz Q(n, k)

Qn, k) = {Q(mk)i,jhgi,de = {Eﬂfz(n)m}

depends only on the difference n — k; here E denotes mathematical expectation.
It is well known (see [1]) that there exists a matrix-valued non-negative measure M on
the unit circle T whose Fourier coefficients coincide with entries of the correlation matrix

Qnk)=Mn—Fk), nkeZ.

The measure M is called the spectral measure of the process {z(n)},ez.

The random variables x;(n) can be treated as elements of Hilbert space L*({, dP), where
() is the probability space and P is the probability, so z(n) can be treated as elements of the
R?-valued L? space L2,(2, dP) For a moment n of time we can consider the past X, and
the future X" of the process, which are defined as the subspaces

X, =span{z;(k) : 1 <j<d, k<n}
X" =span{z;(k) : 1 <j<d, k>n}

1

1<i,j<d

of L2,(,dP).

A process is called regular if N,>oX™ = {0}. In this case (see [1]) the spectral measure
M of the process is absolutely continuous with respect to Lebesgue measure. Let W be the
density of M with respect to Lebesgue measure. The matrix-valued function W is called the
spectral density of the process.

A process {z(n)}nez is called completely regular if its past is asymptotically orthogonal to
the future, namely if

sup { IB(&,m),,| - €€ Xo,n € X" BKP <1 ElpP <1} — 0 asn— oo,

Of course, complete regularity implies regularity. If the process is Gaussian (i.e. all random
variables x;(k) have normal distribution) then the complete regularity means simply that
past and future are almost independent. The problem we are dealing with is to characterize
completely regular processes in terms of spectral measure.

1To avoid non-essential to the problem but unpleasant technicalities, we shall consider in this paper only
stationary processes with discrete time.
1
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It is well known (see again [1]) that if the process is completely regular, then its spectral
measure is absolutely continuous, dM = Wdm where dm is the normalized (m(T) = 1)
Lebesgue measure on the unit circle T.

The reader is referred to [1] once more to see that there exists dy < d (the rank of the
process) such that the spectral density W (t) has rank dy for almost all ¢ € T. If dy = d then
the process {x(n)} is said to be a full rank.

The study of processes of arbitrary rank can be easily reduced to the study of the processes
of full rank, see [2]. So in this paper we shall consider only processes of full rank.

For the scalar case the description of completely regular processes was obtained by Helson
an Sarason, see [3, 7]. To state their result we need a couple of definitions.

Let us recall that a function f on the unit circle T belongs to the space BMO (bounded
mean oscillation) if

1
sup—/|f—f[|dm: | fllBMo < 00
I II\ I

here fr denotes the mean value of f on the interval I: f; := |I|™! f[ fdm and the supremum
is taken over all subarcs [ of T.
The space VMO (vanishing mean oscillation) consists of all function f € BMO such that

1
sup

—/|f—f[|dm—>0 as |I| — 0.
o

Theorem 1.1 (Helson, Sarason). Let w be the spectral density of a scalar stationary pro-
cess. Then the process is completely regular if and only if w admits a representation

w = |p|*e?,
where p is a polynomial with roots on the unit circle T and ¢ is a real-valued function in

VMO.

It was conjectured by V. Peller in [4] that the same result holds for multivariate stationary
processes. Namely he conjectured that a multivariate stationary process is completely regular
if and only if its spectral density W admits the following representation

W = P*e®P,

where P is a polynomial matrix whose determinant has roots on T and the matrix function
® = &* belongs VMO.
In this direction he was able to prove the following theorem

Theorem 1.2. A multivariate stationary process is completely reqular if and only if its
spectral density W admits the factorization

W:P*Wlp,

where P is a polynomial matrixz whose determinant has roots on T and Wy s the density of
a completely regular stationary process such that W' € L.

1.1. The main result. Let us recall that a measure p on the unit disk D is called Carleson
if
sup p(Q(1)) < €+ 1]
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and is called the vanishing Carleson measure if

lim sup p(Q(1))/|1] = 0

|[I]—0
where limsup is taken over all subarcs I of T'. Here Q(I) denotes the “Carleson square” for
the arc I,
QU)={zeD: z/|z|el,1-|I| <|z| <1}
For a function F' on the unit circle let F'(\), A € D, denote its harmonic extension at the

point .
The main result of the paper is the following theorem.

Theorem 1.3. Let the density W of a stationary process satisfy W' € L*. Then the the
following are equivalent

1. The process is completely reqular,
2. W1 is the spectral density of a completely reqular process;

1 1/2 , 1 1/2
3. limsup <—/de) (—/Wldm)
TN uws

subarcs I of T;
4. limsup <W()\))1/2 (Wﬁl()\)>

[A|—1

= 1, here supremum 1is taken over all

=1, where W(X\) and W=Y()\) are harmonic exten-

1/2’

sions of functions W ‘ T and W1 ‘ T respectively at point A € D.
5. limsup {det (W(/\)) exp(— [log det W] (/\)>} =1, where W(\) and [logdet W]()) are
IA|—1
harmonic extensions of functions W ‘ T and logdet W ‘ T respectively at point A\ € D.

6. The measures

Wi(z) V2 (%mz)) w2 (1= |2)dedy

and
2

i W(z)) w2 (1 |e?)dedy

W(z)~1/? (a_y

are vanishing Carleson measures

Together with Theorem 1.2 the above theorem yields the complete description of com-
pletely regular stationary processes

Theorem 1.4. A stationary process with spectral density VW is completely regular if and
only if W admits the representation

W = P*WP,

where P is a polynomial matriz whose determinant has roots on T and the matriz-function
W satisfies W=' € L' and one of equivalent conditions 36 of Theorem 1.3

Let us discuss the main result (Theorem 1.3) a little bit. First of all it is not difficult to
show directly that in the scalar case the conditions 3-6 of Theorem 1.3 are equivalent to
W =e?, o € VMO. We are leaving this as an exercise for the reader.
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Usually in probability only real valued stationary processes are considered. In that case
the spectral density of a process should satisfy W (z) = W (z), and only such functions can
be realized as densities of stationary processes.

If one allow complex-valued processes, any non-negative matrix function is the spectral
density of some stationary process.

Our theorem deals with arbitrary non-negative matrix-functions and can be applied to
complex-valued processes (as well as to real-valued).

2. SCHEME OF THE PROOF OF THE MAIN RESULT

The diagram of the proof will be the following: 1 = 4 = 5 = 6 = 1. Then we will
show that 1 = 2 and so automatically 2 = 1.
And in this section we will show that 3 <= 4.

Lemma 2.1. For a scalar weight w the following conditions are equivalent:

1. hﬁli%p<%/1w> <%/Iw_1> =1,

2. limsupw(A\)w ™ (A\) =1, where w()\) and w™'()\) denote the harmonic extensions of w
[A|—1

and w™" respectively at the point \;
3. w=e?, where p € VMO.

1

Proof. First of all let us rewrite condition 1. Let ¢ := logw. For a function f let f, denote
its average over the arc I, f, := [I|~" [, f. Then clearly

w[ ’ (wil)[ = [w[ eXp<_90]>} ' [(wil)] eXp((p[)]'
By Jensen inequality (geometric mean < arithmetic mean) the expressions in brackets are
at least 1, so the condition 1 splits into the following 2 conditions
. o . —1 o
hﬁl\i%p[wl exp(—gol)} =1, and hlr?ligp[wl exp(gol)} =1.

Let f, denote the positive part of the function f, fi(z) := max(f(z),0). Then the inequality
rz<e®—1 forz >0

implies
1 1
T I(so — @)+ < i I(exp(so — @) — 1) =w, exp(—¢;) =1 =0 as|I| =0

Since [, ¢ —¢,| =2 [,(f — f,;)+, one can conclude that ¢ € VMO.

Similarly, using Poisson averages instead of averages over intervals one can get from con-
dition 2 of the lemma that harmonic extension of |¢ — ¢(A)| at the point A tends to 0 as
A — 1. But that is an equivalent definition of VMO, so the condition 2 also implies that
p € VMO.

On the other hand, if ¢ € VMO, John—Nirenberg Theorem (see [5, Chapter VI|, the
measure of the set {t € I : [p(t) — ¢,| > a} is estimated from above by Ce™** where K =
K, — oo as [I| — 0. Therefore for x > 1 the measure of the set {t € I : exp(¢(t) — ;) > v}
is estimated from above by Cz~%. Integrating this distribution function one can get that
lim sup,;_ow, exp(—,) < 1 (in fact, it is 1, because by Jensen inequality w, exp(—¢,) > 1.
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Similarly, lim sup, 1|—»o<w_1) ;exp(p;) = 1. Multiplying the above two inequalities one gets
condition 1.

The proof that 3 = 2 is similar. For a point A € D let I, be an interval with center at
M/|A| of length /1 —|)|. Since the Poisson Kernel Py(z) = (1 — [A]?) - |1 — Az|~? satisfies
SUp,em 1, Fa(2) — 0 as [A| — 1, the distribution inequality for ¢ on Iy implies that w()) -
exp(—p(A)) — 0 as |A| — 1, and therefore the condition 2 of the lemma. O

The following Lemma is probably well known and can be easily from the distribution
function inequality for VMO (John—Nirenberg Theorem).

Lemma 2.2. For A\ € D let I, be an interval centered at \/|\| of length 1 — |\|. If
¢ € VMO, then ¢, —(A) — 0 as [\ — 1.

Corollary 2.3. Let o € VMO and let w = e?. Then for I\ as in the above lemma we
have

lim w})

N—=1 w

=1.

I

Proof. By the above lemma lim)y_.; exp(w(A))/ exp(w, ) = 1. On the other hand it follows
from the proof of Lemma 2.1 that

lm w(V)/exp(e(V) =1 and  lim w,/exp(e,) = 1

Taking the ration of the last 2 identities (with I = I)we get the statement we need. O

Now to show equivalence of condition 3 and 4 of the Theorem 1.3 is is enough to show
that these conditions imply that for a fixed vector e € C? scalar weight w(z) = (W (2)e,e)
satisfies conditions 1 and 2 of Lemma 2.1. Then Corollary 2.3 implies that the averages VVIA
and W ()) are equivalent, the same holds for W~! and we are done.

It remains now to show that the scalar weight w(z) = (W (2)e,e) satisfies condition 1
(equivalently 2) of Lemma 2.1. The easiest way to do that is to recall where the Muckenhoupt
condition (As) came from, see [8].

Recall that the quantity |[[W,]"/2[(W~),]/?|| is just the norm of the averaging operator
[+ [, - x, in the weighted space L*(W), see [8, Lemma 2.1]. Then [w,]"?[(w™"),]*/? is
is the norm of the restriction of the above averaging operator onto the subspace of L?(W)
consisting of functions of form fe where f is a scalar function. Therefore

1< [w V2 [(w™), ]2 < || ]2 (W), )2
so the weight w satisfies condition 1 of the lemma.
Similarly, the quantity ||[W(A)Y2W~1(A)'/2|| is just the norm of another averaging op-
erator (f — fT fk:,\)k,\, where ky is the normalized reproducing kernel of H?, ky(z) =

(1 —[AP)Y2(1 = Xz)71, see [8, Lemma 2.1], so condition 4 of the theorem imply condition 2
of the lemma for the weight w.

3. ELIMINATING PROBABILITY

The problem of description of completely regular processes can be now stated without
mentioning any probability theory at all.
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First of all notice that without loss of generality we can assume that the process is complex-
valued. Namely, if we have a real stationary process {z(n)},cz we can consider its comlexi-
fication, namely the same process but in the complex Hilbert space L?Cd(Q, dP). Considers
the comlexificated past (X,). and future (X™).

(X,)c =span{z;(k) : 1 <j<d, k<n}

(X")c =span{z;(k) : 1 <j<d, k>n}
where span now means the closed linear span in the complex Hilbert space L(%d(Q, dP). Tt
is easy to see that

sup {|E(¢.m),,] : § € Xo,n € X" EJ¢? < L Epp? < 1} =
= sup {'E(gan)(cd‘ : ’5 € (XO)(Ca n € (Xn>(C? E‘SP S 17 E|77‘2 S 1} 5

so a process and its comlexification are completely regular simultaneously. So we indeed can
assume from the beginning that our process is complex valued.

Consider now the vector space L?(W) of C?-valued functions on the unit circle with the
norm

ey = [ VS, £ ()

(of course we have to take the quotient space over the functions of norm 0). The mapping
z;(k) v 2%e;, where e;, j = 1,...,d is the standard orthonormal basis in C¢, is an isometric
isomorphism between span{z;(k) : 1 < j <d,k € Z} and L*(W).
The past X,, and future X™ are mapped to the spaces X,, and X" of L?(W)
X,, = span{z*C? : k < n} (3.1)
X" =span{z"C? : k> n}. (3.2)
So the problem of describing completely regular stationary processes can be reformulated

as follows: describe all matriz weights W such that the spaces Xy and X™ are asymptotically
(as n — o0 ) orthogonal to each other,

o =50 {161 o | 5 €€ Koo m € X7 1€y S 1 Il ey, 10, (33)

as 1n — OoQ.

4. NECESSITY (1 = 4)

In this section we are going to prove the implication 1 = 4 (see Theorem 4.1 below) and
the equivalence 1 <= 2 (see Lemma 4.4).

For a function F' defined on the unit circle T let F'(\) denote its harmonic extension a the
point A € D.

Theorem 4.1. Let W be a matrixz valued weight such that W= € L*. Suppose the “past”
Xo and “future” X™ defined by (3.1), (3.2) are asymptotically orthogonal, that means

pn = Sup{|(£7n)L2(W)‘ : f 6 XO? ?7 E Xn? Hf”[}(w) S 17 HT]HLZ(W) S 1} - O
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asn — o0o. Then

lin sup H (W()\))l/z <W1()\))1/2 _

[A|—1

Proof. First of all let us show that if W~ is completely regular and W~! € L! then W
satisfies the Muckenhoupt (As) condition

(W()\)> 1/2 (W’l ()\)) 1/2

Recall that H (W(A)) 2 (Wfl(/\)> v

sup < 00. (Ap)

AeD

‘ is exactly the norm of the operator f — (f,ky))ky in

the weighted space L?(W); here ky denotes the normalized reproducing kernel for H?,

_ =)
k)\(Z) : - , A €D,

|kxll2 = 1. Note that kg = 1. So if W~ € L! the operator f — (f,1)1 is bounded in L*(W),
and therefore by translation invariance the operators f — (f,2")2" = f (n)z" are bounded
as well (they all have the same norm).

We know that the spaces Xy and X" are asymptotically orthogonal, so we can say that for
large enough N the operator P, restricted onto span{Xy, XV} = span{z"C? : n ¢ [0, N]}
is bounded, say by 2,

1P Al oy < 20l oy - VS € spAN{X0, X} = span{="C? : n ¢ [0, N}

Since f — 320, f(n)z" € span{ Xy, XN} = span{z"C? : n ¢ [0, N]}, one can conclude that
the operator P, is bounded in L?(W) and so the weight satisfy the Muckenhoupt condition

(A2).
We will need the following simple lemma about Muckenhoupt weights.

Lemma 4.2. Ifw is a scalar Muckenhoupt weight, then its harmonic extension w(\) can’t
decay to fast near the boundary of the disk. Namely, if the Muckenhoupt norm of w is at
most M there is a function a = a,,, a:[0,1) — (0,00), a(t) \, 0 as t — 1+ such that

(1 — [A?)w(0)
w(A)
Proof of the lemma. For an arc I C T and k > 0 let kI denote the arc of length k|I| with
the same center as /.

We are going to show that for a Muckenhoupt weight w with the Muckenhoupt norm at
most M

< a([A]).

Wy, < M?(2—e)"w,, e=¢(M)>0. (4.1)
Applying this formula in the case 2”1 = T and using the trivial estimate
w(A) > Cw,

where Iy is the arc with center at the point A\/|A|, |[I,| = 1 — |A|* and C is an absolute
constant, we can get from there (recall that |I,| =1 — [A]? =277)

w(A) > (2 =) w(0) = ¢(2 — &)L L y(0) = ¢ (e — §)8) L y(0),
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where § = () > 0; here e is the base of the natural logarithm, not a vector in C¢. This
estimate implies the conclusion of the lemma with a(t) = ¢ 1(1 — ¢2) - (e — §)lea(1=#),

To prove (4.1) we notice the since the weight w™! is the Muckenhoupt (As) weight with
the same Muckenhoupt norm as w, it is doubling and therefore

(w_l)gj > (2 - €>_1(w_1)

where € depends only on the Muckenhoupt norm of w. Iterating this inequality n times we
get

I

(W™ )y, 2 (2= ) "(w ™)

The last estimate and the Muckenhoupt condition imply

Wy, S M)Wy, SM-2—¢)"/(w™), < Mw,

I

and that is exactly what we need. O

Corollary 4.3. If a matriz weight W satisfies the Muckenhoupt condition (Ay) with the
Muckenhoupt norm at most M then for any e € C?

(W(0)e, e),,
(W(Ne,e)

(Cd
where o = apy 1s the function from Lemma 4.2.

(L= [AP) - <a(A) =0 as A= 1

Proof of the corollary. The proof follows immediately from the fact that the scalar weight
w, w(§) = (W(&')e,e) ca 18 the Muckenhoupt (Az) weight with the Muckenhoupt norm at
most M (see [9], proof of Corollary 2.4). O

We now return to the proof of the theorem.

The condition W' € L' implies that [ logdet W (§)dm(£) > —oo, hence (see [6]) there
exists a factorization of W of the form W = F*F, where F' is an outer matrix function in
H?.

Take e € C? and let us compute the distance

distLQ(W){z_le, span{z"C? : n >0} = dis’cLQ(W){e7 span{z"C? : n > 0}.

By the vectorial version of the Szegd theorem (see [6]) this distance is exactly ||F'(0)e||. Using
the Mobius transformation of the disk one can get from there

(1= A2

dist o i

e,span{z"C? : n > 0}} = IE(Mell . -

L . . . 1—|N[2)1/2
Writing the Fourier series expansion of %

oy 2)1/2 oo
(1 |>\|/\) _ (1 _ |>\|2>1/2 Z )\nzf(n+1)
Z _
n=0

SNEISVC I :
%e is almost in the “past” X = as

one can see that for any fixed N > 0 the function N

|A| — 1. Namely,
(1_ |)‘|2)1/2 2\1/2 — n ,—(n+1) 2\1/2 - n ,—(n+1) 1 2
o e=01-]\P) D> Az e+ (1= AP Az e=fy+ f3,

n=0 n=N

fr=
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where f{ € X_, , and f} is small,
1/2

10y (L= DN el oy, (L= AP)N - (W(0)e )
= = £ < Na(]A)2 =0,

||fA||L2(W) B (I/V()\)e,e)(lc{i2 a (W()\)e,e)jc{f

as |A| — 1, where a(.) is as in Lemma 4.2 and Corollary 4.3.

Since X, and X* are asymptotically orthogonal, the shift invariance implies that the
subspaces X_n and X° are asymptotically orthogonal as well. Taking |A\| — 1 and then
N — oo we can conclude that

IEWell . /W (N 2e]l , =

(1= P2

=t T

e,span{z"C? : n > 0}}/ ||fA||L2(W) >1- B =1,
where (3(.) depends only on the Muckenhoupt norm of W and 3(|\|) — 0 as |A\| — 1.
The last inequality implies
W N)2EN) T < (1= 80D (4.2)

Note that since ||F'(\) /||W()\)1/2e||(cd <1 for all e € C%, we have

e”(cd
W) 2EN) = 1.

We will show a little later that under assumptions of the theorem the subspaces X, and
XN in the weighted space L2(W™!) are asymptotically orthogonal as well. The factorization
W = F*F yields the factorization W1 = F~1(F~1)* of W~!. Similarly to the previous case

(1 — |)‘|2)1/2 nd -1 * —1x
~—¢,span{z"C* : n > 0}} = [[F(A)%e|| , = [F(A)" el -

diStLa(Wq) {ﬁ

Acting as before we get
W=H)Y2EN < (1= Bi(IAD) ™ (4.3)

where 1 (|A]) — 0 as [A\| — 1.
Combining (4.2) and (4.3) we get

W)W T OOV < (1= BOAN))THL = Bu(IA) T =1 as A = 1.
So, we completed the proof modulo the following lemma. O
This lemma also gives us the equivalence 1 <= 2.

Lemma 4.4. Under assumptions of Theorem 4.1 the weight W1 is a spectral density of
a completely reqular process, i.e that the spaces Xy and X are asymptotically orthogonal
(as N — o00) in the weighted space L*(W™1).

Proof. 1t is enough to show that
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The later is true because
||P+ | Spa‘n{X07XN}HL2(W71)_)L2(W71
= |[W'2(Py | span{X,, X" W72

(= WPy | span{ Xo, XYW, =

L2—[2

- ||P+ ‘ Span{Xo,XN}||L2(W)

L2—L? —L2(W)
and
||P+ } Spa‘n{X()vXN}||L2(W71)4,L2(W) —1 as N — 00
(since Xy and X7 are asymptotically orthogonal in L*(W)). O

5. VANISHING CARLESON MEASURES

Recall that W (A\) and W~!(\) denote harmonic extensions at the point A € D of the
weights W and W ! respectively.

Lemma 5.1. Let a matriz weight W satisfy
li A 1/2 -1 A 1/2 -1
Jim W O)YEW )Y
Then
lim sup {det(W(A)) exp(— [log det W] (>\)> } ~1.
[A|—1
Proof. First of all let us notice that the assumption of the lemma implies that W, W~! ¢
LY(T), therefore log(det W) € LY(T). Therefore there exists a factorization W = F*F a.e.
on T, where F is an outer function in H?(Mgyq)
Since F is an outer function in H?, det F is an outer function in H*?. Therefore

|det F'(z)| = exp {(log|det F'|) (z)} = exp {% (log det W) (z)} (5.1)

It is well known fact that F*(z)F(z) < W(z) for any z € D, where < means the inequality
for quadratic forms. There are many proofs of this fact, for example it admits a very
simple operator-theoretic interpretation which is in fact hidden in the proof of Theorem 4.1.
Explanation that we present here is more function-theoretic: Direct computation shows that

A(F(2)F(2)) = 4 (0F(2)") (0F (2)) = 4(0F(2))" (9F (2)) 2 0,

so for any e € C¢ the function ||F(2)e||? is subharmonic and coincide with (W (£)e,e) on T.

We can do the same factorization for W~!. Namely, let G be an outer matrix-valued
function in H?(Myxq) such that W~! = G*G on T. We should point out to the reader that
in general G does not necessarily coincide with F~1. However, applying (5.1) to G one can
conclude that

1
| det G(z)| = exp {5 (logdet W) (z)} = |det F(2)|™* (5.2)
Now we are in position to prove the lemma. By the assumption
Jim, W ()2 (W1 (2) 2| = 1, (5.3)
and therefore,

lim |det(W(z))det (W™ ')(z))| =1

|z[—1
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Using (5.2) one can rewrite the last identity as

|2T1 {[det W (2)/| det F(2)|*] [det W' (2)/|det G(z)|*] } = 1

Since F(2)*F(z) < W(z) and G(2)*G(z) < W~!(z), expressions in brackets are at least 1,
so, taking into account (5.1)

lim [det W(z)/exp {(logdet W)(z)}] =0

|2|—1
or equivalently

lim log {det(W(z))} — (logdet W) (2) =0. (5.4)

|z]—1

Theorem 5.2. A matriz weight W satisfy

lim sup {det(W(A)) exp(— [log det W] (A)) } —1

[A|—1
if and only if the measures

Wi(z) Y2 (%W(z)) W) 2 (1= |2?)dedy

and
Wi(z) Y2 (%W(z)) W2 (1= |2)dedy

are vanishing Carleson measures.

The implication 3 = 4 of Theorem 1.3 follows immediately from Theorem 5.2 and Lemma
5.1.

To prove the theorem we need the following well known description of vanishing Carleson
measures

Lemma 5.3. A measure p in the unit disk D is a vanishing Carleson measure if and only

if
2
m [ 2o
I/\\—>1 ]1—/\z|2

We also need the following lemma that was proved in [9], see Lemma 3.1 there.

Lemma 5.4. Let W be a harmonic function of n wvariables with values in the space of
strictly positive d x d matrices (W (x) =W (x)* > 0Vz). Then

W
A (log(det W)) § trace ( W—ng W22 )
J

J=1

Proof of Theorem 5.2. The proof below follows the lines of the proof of Theorem 3.2 of [9].
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By Green’s formula and Lemma 5.4

log {det(W(s))} — (logdet W) (s) = —— // log ‘ Alog {det(W(z))} dedy =

_ iﬂ / / ) {trace (W(zrlﬂavg—f)vv(z)—lﬂy +

2 — 2
+ trace <W(z)_1/2m/g4<z)W(z)_l/2) } log ‘ =5z
)

dxdy

Using an elementary inequality log(1/a) > 1 —a for 0 < a < 1 and the fact that [|A| <
traceA for a non-negative matrix A, the last integral is at least

2 — 12
- o or z—s
oW (z 2 1—352]°
)12 aé >W(z)_1/2 <1 ol e ) dxdy =
oW (z) Lt (=1 = 2P
—1/29VV <) 12y .
/AL oz ) s

Together with (5.4) this imply

lim // (1—=1sP) 'HW(Z)_I/Q(?I;/;:IE@W(Z)_M

s ) ) p |1 =522

2
(1—|2]?) dody =0

that yields that the measure ||W(2)~*/2 (ZW (z)) I/V(z)_l/QH2 (1 —|2]?) dzdy is a vanishing
Carleson measure. )
The measure HVV(Z)*U2 <6%W(z)> W(z)*l/QH (1 — |2]?) dzdy is treated similarly.

To prove the opposite implication, let us estimate the integral

2 2
1—
// trace( UQ&W( )W(z)_l/Q) 10g’7§2‘ dxdy
Ox zZ—5

(the integral with 0W/0y can be estimated absolutely the same way). Denote by b, a
Blaschke factor with zero at the point s, by(2) = (z — s)(1 — 352)~L.
First of all, we can estimate the trace by d- | - ||, where d is dimension of the space. So

we can estimate the integral by
log|b |2d:pdy—// //

_ (9W(z)
1/2 ~1/2
D [bs(2)|<e [bs(z)|>e

To estimate the second integral we notice that

_ 1—|s?)(1 = |z]?
g (2 2dady < €0 LT 2D

for |bs(z)| > €, and since the measure is a vanishing Carleson measure we can make the
integral as small as we want when |s| — 1.
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To estimate the first integral let make a trivial observation: if w € L(T), w > 0 and
w(z) denotes its harmonic extension at the point z, then for all z such that |z| < 1/2 (and
therefore for all z such that |z| < e < 1/2)

D) < Cw(0),

where C' is an absolute constant. Combining this observation with the Harnack inequality
w(0) < C'w(z), |2| < 1/2, and applying it to functions w(.) = (W(-)e,e)ca we get the
inequality for quadratic forms

agW(z) < CeW(0) < C1W (2).
x
It in turn implies
‘ W(z)_1/2<gW(z)>W(z)_1/2 <Oy, Vroldl<e<1/2.
Ox
Using the M&bius transformation z — b(z) we get
‘ W(z)—lﬂ(%W(z))W(z)—W <O, Vo |by(2)] <e<1/2.

Since

1
// log |bs(2)| ?dxdy < Ce*log —,
1bs (2)|<e €

we can estimate the first integral by Ce?log(1/¢); we can make this number as small as we
want by picking sufficiently small ¢.
O

6. EMBEDDING THEOREM AND EQUIVALENT NORMS

By analogy with the scalar case (see [10]) we will say that a matrix weight W satisfies the
mvariant As condition if

sstelg {det <W(s)> exp(— [log det W] (s)> } < 00. (invAs)

The supremum is called the invariant A, norm of W.
Theorem 5.2 implies that if the measures

W(z)? (3%

W(z)) W (2) V2| (1= |2[*)dady

and
Wi(z) Y2 (@%W(z)) W2 (1= |2 dedy

are vanishing Carleson measures then the weight W satisfies the invariant A, condition.
Literally repeating the proof of Theorem 5.2 one can obtain that the weight W satisfies
the invariant A, condition if and only if the above measures are Carleson.
We will need the following “embedding theorem”. More general result was proved in [9],
Lemma 4.1.
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Lemma 6.1. Let W be a matrix weight satisfying the invariant Ao condition, and let p
be a Carleson measure with the Carleson norm ||| ,. Then for any analytic (or antianalytic)
vector-function f, the following inequality holds,

/ / (@) du(z) < Cllull, / (W(E)F(€), F(£))dm(e).,

where the constant C' depends the dimension d and the invariant As norm of W.

Proof. The invariant A, condition implies that logdet W € L', so there exists (see [6]) an
outer function F' € H*(Mgyxg4) such that W = F*F. Tt is well known (see again [6]) that

| det F(2)| = exp {% llog det 1] (z)} |

It is well known and it was already shown it in the proof of Lemma 5.1 that F(z)*F(z) <
W (z). Hence

W) 2F(z) el = llell, — eeC”. (6.5)
Since
|det {W (=) VW22 )M = {det( )> exp(— [log det W] ()\)) }1/2 <C
we can estimate
W (=) /2F(2) e < C.

Together with (6.5) it implies that (W(z)e,e) and ||F(z)e||* are equivalent in a sense of
two-sided estimate. Therefore

/ / ) du(z) < C / / F(2)f(2)) d(z) <
< Clull, / (F(E)£(©), F(E)1(€)dm(€) = Clull, / (W(E)F(€). F(E))dml(c)

0

We also need the following simple lemma.

Lemma 6.2 (equivalence of weighted norms). Let W be a matriz weight satisfying the
invariant As condition. There exist a constant C such that for any analytic or antianalytic
vector-function f in L*(W) satisfying f(0) =

— [(Wf fdm < F(2)log — dzdy < C [ (WF, f)dm
A /] v ety <C [

Proof. Let us recall the the operators 0 and 0 are defined as

of .of - af | .of
=3 Ge) (G a)

Recall that for analytic functions df = f" and 0f = 0.
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Let f be an analytic function, f (0) = 0. Using the Green’s formula and taking into
account that f(0) =0 and A = 400 = 400 we get

/ (W, f) / / f(z))10g| dody

; //D(EW(Z)f’(Z)a f(Z)) log ﬂdmdy + g // aW(Z)f(z), f/<2)) log %dl‘dy n
// f'(2)) log ﬂdfcdy 2 (L + Ty + I3)

The last integral Zs is exactly the integral we want to estimate. Let us denote A? :=
fT (Wf, f)dm, B? :=T;. We want to show that A =< B in a sense of two sided estimate. Let
us estimate Zi:

= | [ OV 2w G a0 ()12 ), W ) 0 o oy <

<| [ I w2 W ) W) o ey <

2]
< (//DHW(Z)1/25W(z)W(z)1/2H2(W(z)f(z),f( ) ca l0g ! d:cdy> v X
« (//D(W(z)f’(z) /(2)) e log |1’dxdy>1/2 |

2|
The measure ||W (z)~20W (z)W (z) 1/2H log rrdady is Carleson, so by Lemma 6.1 the first

term in the product is estimated by KA (K is a constant). The second term is just B so
|Z,| < KAB. Similarly |Z,| < KAB. So

A2 :B2+Il +127

where
|Z1], |Z2| < KAB.

This immediately implies

for an appropriate choice of C. O

7. PROOF OF THE IMPLICATION 6 —> 1

To prove the implication 6 => 1 we need to estimate fT(Wz"f, g)dm, f € XY g € Xo,
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Using the Green’s formula and taking into account that ¢g(0) = 0 and A = 490 = 490 we
get

/T(Wz f.q)d // "£(2), 9(2)) o log |—i|dxdy _

-2 / D(5W<Z>a<z"f<z>>,g<z>>cd logﬁ

+2 / OV ). 0()) log|_i|

dzdy +

2
dredy = ;(Il + 1)

The second integral is easy to estimate:

= -1/23 -1/2 > 1/2 (2 - 1/25 5 o i .
al = W OW ()W ()™ AW (2) V2(2" £ (2)), W (2) D (2) o Tog dy' <
< / . W (2)"Y20W ()W (2) 2| - W (2)Y2(2" f(2))]] - |9g(2)|| log %dxdy <
1/2
S|2n . z—l/Q_ N 2—1/22_ N f(z . oix
< ([ W W W R ( (1F(6) £ ) o i)

" (// _(W(2)29(2).D9(=) calog \dasdy) -

The last term is equivalent to the norm HgHLQ(W) (see Lemma 6.2), so by Lemma 6.1

1/2

I Zol AN oy N9l oy = (|27 1W () 20W ()W ()72 log —drdy
W) W)

2| c
Since the measure ||W(2)~Y20W (2)W (2)~'/2| log ﬁdxdy is a vanishing Carleson measure,

the Carleson norm H|z[2 W (2)H2OW ()W ()~ 1/2Hlog| ‘d:vdyH — 0asn — o0o. So
|Z5] — 0 as n — 0.

To estimate Z; we pick 7 < 1 close to 1 and split the integral into two: Zy = [[ ...+
I pyp - - - - Acting as with 7, we can estimate

1,

1/2
. z_l/z_ z 2_1/22- z z o) T X
s(//X W) 2aW (W ()P - (W(2)g(2), 9(2)). 1g||ddy)

" (// (VRD("1(2)),0("1(2))) calog - |d$dy)1/2 ,

where X is either rD or D\ rD. Note that both terms are uniformly bounded.

We can say even more. If X = r[D the second term can be made as small as we wish by
picking sufficiently large n.

Let now X =D\ 7D. The measure ||W (z)~Y20W (2)W (2)~/?| log r;dxdy is a vanishing
Carleson measure, so for r sufficiently close to 1 its restriction onto D'\ 7D has the Carleson
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norm as small as we want. So by Lemma 6.1 the first term is as small as we want if r is
sufficiently close to 1.

8. A COUNTEREXAMPLE TO PELLER’S CONJECTURE.

In this section we are going to construct a weight W, such that W~! € L!, logW € VMO,
but the corresponding stationary process is not completely regular (i.e., the weight W does
not satisfy any of the conditions 1-6 of Theorem 1.3).

Let
(1 0 [ cosa —sina
W_U(O (5(2))U’ U_<sina cosa)'
Here A
§(e™) =1/log(1/t]), —1/4 <t <1/4,
and 0 is a continuous function bounded away from 0 and co on the rest of the circle, and
ofc) = (t/IDS() ", —1ja<t<1/a,
and again « is continuous on the rest of the circle.
Then
(0 0 ([ sin*alogd sin o cos v log &
logW' =U (0 logé)U_(sinacosalogé cos?alog§ )’

and this matrix clearly belongs to VMO: log 0 = loglog 1/|t| (considered only in a neighbor-
hood of 0) is a “typical” unbounded function in VMO, so cos? alogd € VMO, and all other
entries of the matrix are continuous.

Let us now show that the weight W does not even satisfies the Muckenhoupt condition
(As). Direct computations show that

W — cos? — sin «v cos « ) sin? o sin o cos o
~ \ —sinacosa sin? « sin o cos o cos?
and
1 cos? o — sin acos « 1 sin? o sin o cos a
W — . 9 ‘I’ 5 . 2
— sin o cos & sin” «v sin av cos o CcOs” &

If we pick I to be a symmetric arc [e™, ¢] (¢ > 0 is small), then off-diagonal entries of W,
and (W), equal 0, and so we can estimate

e ( coszooz(é‘) singoa(g) ) Lo, > C( 5(6)_186n2a(6) 501 C%S2a(€) ) '

Therefore

H[WI]1/2[(W;1]1/2H > (06(e) 'sinale)cosale) oo as e—0.
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