
Homework assignment, Feb. 13, 2009.

Due Friday, Feb. 20.

1. Given ak, 0 ≤ k ≤ n <∞ find

min
{
‖f‖∞ : f ∈ H∞, f (k)(0) = ak, ∀k, 0 ≤ k ≤ n

}
as the norm of a finite Hankel matrix.

2. Let Hϕ be a Hankel operator such that ‖ϕ‖∞ = ‖Hϕ‖, and let f ∈ H2, f 6= 0 be such
that

‖Hϕf‖ = ‖Hϕ‖ · ‖f‖.

Prove that in this case

ϕ =
Hϕf

f
a.e. on T.

3. Compute the reproducing kernel for the Bergman space A2, consisting of all analytic in
the unit disc D functions such that

‖f‖2 :=

∫∫
D
|f(z)|2dxdx <∞

4. Let zk ∈ D, k ≥ 1 zk 6= zj for j 6= k. Define

K := span{Kzj
: j ≥ 1};

here Kzj
(z) = 1/(1−zjz) are the reproducing kernels for H2, and span always mean a closed

linear span.

a) Show that if
∑

(1− |zk|) <∞, then K = KB, where B =
∏

k bzk
is the corresponding

Blaschke product.

b) Show also that if
∑

(1− |zk|) <∞, then K = H2.

5. Let h ∈ H∞ and let Th be the Toeplitz operator. Show that

ThKλ = h(λ)Kλ,

where Kλ is the reproducing kernel for H2.


