Homework assignment, March 20, 2009.

Due Wednesday, April 1.

1. Show that the function f(x) = In|z|, x # 0 belongs to BMO and the function
| In|z| x>0

does not

2. # 1 on p. 261 of the text.

3. Show that if f € BMO, then

[l
1—|z]
Here f(z), z € D denotes the harmonic extension of f from T to the unit disc D.

Hint: For z = 0 the inequality is trivial even for f € L? (or even L'). The general
statement can be easily obtained using Garsia’s norm by Mobius transformation of D.

IVf(z)| <C z € D.

4. Let ¢ € C(D), such that
Ch
fOI < +—
[F(2)] SEE

and such that the measure pu

is Carleson, so
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Show that in this case the Dirichlet problem

has a bounded solution. Write estimate of the norm ||u||« in terms of Cy, Cs.

Hint: Recall formula for the solution of the Dirichlet problem using the Green’s formula.
In the corresponding integral, the integral over a small hyperbolic neighborhood of A is
estimated using the first condition, and the integral over the rest using the Carleson measure
condition.

This problem, together with the previous one gives you a direct proof of the fact that if
the measure

V() (1 = |2])dedy

is Carleson, then Garsia’s norm || f||¢ is finite.



5. Show that BMO is not separable.
Note, that BMO is much closer to L> then to L! or L?. So, if you recall the proof of the
fact that L* is not separable, you can modify it so it works for BMO.



