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ABSTRACT. Let E be a rank 2, degree d vector bundle over a genus g curve C. The
loci of stable pairs on E fixed by the scaling action are expressed as products of Quot
schemes. Using virtual localization, the stable pairs invariants of E are related to the
virtual intersection theory of Quot EZ. The latter theory is extensively discussed for an
E of arbitrary rank; the tautological ring of Quot E is defined and is computed on the
locus parameterizing rank one subsheaves. In case E has rank 2, d and g have opposite
parity, and F is sufficiently generic, it is known that E has exactly 29 line subbundles
of maximal degree. Doubling the zero section along such a subbundle gives a curve in
the total space of E in class 2[C]. We relate this count of maximal subbundles with
stable pairs/Donaldson-Thomas theory on the total space of E. This endows the residue
invariants of ¥ with enumerative significance: they actually count curves in E.

1. INTRODUCTION

This note is concerned with the Gromov-Witten (GW), Donaldson-Thomas (DT), and
stable pairs (PT) residue invariants of (the total space of) a rank 2 bundle E over a
smooth (proper) curve C. The latter invariants are well-understood from a computational
perspective. I hope to (1) shed some light on the enumerative significance of such invari-
ants, (2) elucidate the relationship between sheaf theoretic curve counting on E and the
geometry of the Quot scheme of E, and (3) explain how to relate the “count” of maximal
subbundles of E (which belongs properly to the theory of stable bundles on curves) with
the DT /PT theory of E.

Along the lines of (2), recall that the relationship between Quot E and the GW theory
of E (or, rather, Grassmannians of £) when E is of arbitrary rank has been studied by
many authors [PR], [Ber|, [BDW], [MO].

Regarding (3), several authors have already pointed out relationships between GW the-
ory and counting maximal subbundles [Hol], [LN], [OT]. These connections, however,
are rather difficult to make, and one must take a circuitous route to link maximal sub-
bundle counts to GW invariants. Since counting maximal subbundles (for example) is
an inherently sheaf-theoretic problem, it is my feeling that the most direct connections
with curve counting should be made through the sheaf theoretic curve counting theories
of Donaldson-Thomas [Tho], [MNOP] and Pandharipande-Thomas [PT]. In fact, I wish
to suggest that the latter theories, on E, are just elaborate packagings of the (virtual)
intersection theory of FE.
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1.1. Conventions. We work over the complex numbers throughout. All schemes consid-
ered are disjoint unions of schemes of finite type over C. We write Sch for the category
of such schemes. All morphisms in Sch are of locally finite presentation. A point is a
map from SpecC. We write T' := Spec C[Z] for the diagonalizable group scheme G,,.
We will often consider a scheme f : Y — X affine over a scheme X, in which case a T
action on Y making f equivariant for the trivial T action on X is a Z-grading on f,Oy
as an Ox algebra (so the corresponding direct sum decomposition is in the category of
Ox modules). A T equivariant Oy module is then the same thing as a graded f.Oy
module. Throughout, if 7 : F — X is a vector bundle on a scheme X, we use the same
letter to denote its (locally free coherent) sheaf of sections, so E = Specy Sym* EV. The
sheaf Sym* EV has an obvious Z-grading supported in nonnegative degrees; we call the
corresponding T action the scaling action. If Z C FE is a subscheme, then by abuse of
notation, we will also use 7w to denote the restriction of 7 to Z.

When T acts trivially on X, the T' equivariant cohomology H7(X) is identified with
H*(X)[t]; a T equivariant vector bundle V' on X decomposes into eigensubbundles V' =
@V, where T acts on V,, through the composition of the character A — A" and the scaling
action. For n # 0, the T' equivariant Euler class er(V},) is invertible in the localized
equivariant cohomology H%(X); = H*(X)[t,t"!]. The eigensubbundle decomposition
induces an analogous decomposition K7 (X) = @7 K (X) of the T equivariant vector bundle
Grothendieck group of X and e descends to a group homomorphism

er : @z oy K(X) — (Hp(X)™,")
V-W — ep(V)er(W) !
which plays a fundamental role in (virtual) localization formulae a la Atiyah-Bott.

Tensor products are usually denoted by juxtaposition and exponents. Notation for
pullback of sheaves is often omitted, so E sometimes means f*FE for a morphism f which
should be clear from context.

2. BACKGROUND

For the convenience of the reader, we will provide some background material on Cohen-
Macaulay (CM) curves and purity of sheaves. This material is standard.

2.1. CM curves. A scheme Z of pure dimension 1 (finite type over C as always) is CM
iff, for every C point 2 € Z, the depth of Oz, is 1. That is, there is a regular element
(non zero divisor) f € m, C Oz_.. Obviously every integral curve is CM. It turns out that
the only way this can fail is if there is some g € m, which simultaneously shows that every
f €m, is a zero divisor:

Lemma 2.1. A noetherian local ring (A,m) of Krull dimension 1 has depth 1 unless m
is an associated prime of m (i.e. gm = 0 for some nonzero g € m).

Proof. This is an easy consequence of Corollary 3.2 in [Eis]. O



MAXIMAL SUBBUNDLES, QUOT SCHEMES, AND CURVE COUNTING 3

Corollary 2.2. Any reduced curve is CM.

Proof. The g of the above lemma has g> = 0, so any curve that isn’t CM must have
nilpotents. O

Example 2.2.1. The ring Clx,y]/(y?, vy) is not CM at the origin because y # 0 annihi-
lates the maximal ideal (z,y) of the local ring at the origin.

Recall the sequence of implications
l.c.i. = Gorenstein = CM.

For codimension 1 subschemes of a smooth variety, both implications are equivalences,
and in codimension 2 the first implication is an equivalence (c.f. Corollary 21.20 in [Eis]).
In particular, every CM curve in a smooth surface is a Cartier divisor and every Gorenstein
curve in a smooth 3-fold is l.c.i.

Matlis [Mat] has written a detailed study of CM curves.

2.2. Purity. A coherent sheaf F' on a scheme X is pure iff G = 0 for every subsheaf
G C F with
dim Supp G < dim Supp F.

Purity is local on X because the dimension inequality is local and because a locally defined
subsheaf G C F|y can be extended to all of X as in [EGA] 1.9.4. Clearly a sheaf is pure iff
it is pure as a sheaf on its support. A module M over a ring A is torsion free if -f : M — M
is injective for every regular element f € A. Similarly, a coherent sheaf F' is torsion free
if F'(U) is a torsion free Ox(U) module for every open U C X.

A coherent sheaf F' can be “purified” by passing to the quotient F'/G, where G is the
largest subsheaf of F' whose support has strictly smaller dimension than that of F. In
particular, one can extract the largest CM curve contained in any curve by quotienting
the structure sheaf by the ideal of functions with zero dimensional support.

Lemma 2.3. A coherent sheaf F' (on any scheme X ) with one dimensional support is
pure iff its support is a CM curve and it is a torsion free sheaf on its support.

Proof. Everything is local so we can assume X = Spec A is affine and F' is a (finitely
generated) A module.

(=). By definition, the support Z of F'is the closed subscheme Z C X defined by the
ideal Ann F' C A. If Z is not CM, then by the previous lemma, there is a maximal ideal
m C A/ Ann F and a nonzero element a € m with am = 0. Evidently

Suppa = Spec A/(Ann F, Anna) = Spec A/(Ann F, m)

is zero dimensional, hence so is the support of the submodule aF' C F. On the other hand,
this submodule is nonzero because a is nonzero in A/ Ann F', hence it violates purity. This
proves Supp F' is CM, so it remains only to prove that F' is torsion free as an A/ Ann F’
module. If @ € A/Ann F is a regular element and af = 0 for some f € F, then the
submodule (f) C F' generated by f has zero dimensional support because it is annihilated
by a and A/(Ann F,a) is zero dimensional by the Hauptidealsatz, hence f must be zero
by purity.
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(«<). We must show that a torsion free module F' over a dimension 1 CM ring B is
pure. If not, there is a nonzero submodule G C F' such that B/ Ann G is zero dimensional.
Since B is CM, this implies Ann G contains a regular element, contradicting the torsion
free assumption. O

3. QUOT SCHEMES

Let X be a scheme, F a quasi-coherent sheaf on X. Consider the presheaf Quot E on
Sch which associates to Y the set of SESs (up to isomorphism of such)

0—-S—mFE—->Q—0
on Y x X with @ (hence S) flat over Y. In particular, a point of Quot E' is a SES
0-S—FEF—->Q—0

of sheaves on X. The restriction maps for this presheaf along f : Y — Y’ are defined by
pulling back SESs via f x Idx. Quot F is a sheaf in the flat topology.

When X is projective and E is coherent, Quot E is representable by a scheme (which
we also denote Quot E) called the Quot scheme [Gro]. The identity map of Quot E corre-
sponds to a SES

0—-S—mE—-Q—0

on Quot F x C called the universal SES. For any numerical polynomial P, the component
of Quot E' where S has Hilbert polynomial P at each point of Quot E is projective.

With the exception of Section 3.1, which is completely general, only the case where C
is a smooth projective curve and E is a vector bundle (locally free coherent sheaf) will
be considered. On C, the rank and degree determine the Hilbert polynomial with respect
to any ample (i.e. positive degree) line bundle. Let Quot™® E denote the component of
Quot E where S has rank r and degree e. When r = 1 we drop it from the notation and
refer to Quot® ' as the rank one Quot scheme. This will be the main object of interest in
the later sections of the paper. A subsheaf S of a vector bundle on a curve is torsion free
since it is contained in a torsion free sheaf, hence it is locally free because O¢ is a sheaf
of PIDs. By flatness, the universal S is a locally free sheaf on Quot ' x C.

3.1. General obstruction theory. Let X be a scheme, E a quasi-coherent sheaf. As-
sume Quot E is representable. The tangent space to Quot £ at a point § — FE is
Hom(S, @), with f € Hom(S, Q) corresponding to the submodule

Sp={s+e:secSecEe=f(s)cQ}+eS

of E[e]/e? (one must show that the quotient is flat over Cle]/€?). This is the same thing
as an element of

Hom(Spec C[e] /€%, Quot® E) = Ts..x Quot E.
More generally, suppose Yy — Quot E is a morphism corresponding to a sequence
(1) 0—-S—->mE—-Q—0

over Yy x X, with @ (hence S) flat over Yp, and Yy < Y is a closed embedding with square
zero ideal I (viewed as a module on Yy in the usual manner). Then there is an obstruction
in

Ext}, . x(S,Q @ 1)
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whose vanishing is necessary and sufficient for the existence of a sequence
0—-S5 —->mE—-Q —0

onY x X (with @' flat over Y) restricting to (1) on Yy x X. If this obstruction vanishes,
then the set of such sequences on Y x X is a torsor under Homy; x x (S, Q@ ® 711‘[).1 Such a
sequence on Y is the same thing as a lift in the diagram below.

(2) Yy — Quot E

e

Y —— SpecC

On the other hand, if Z is any scheme, then for any quasi-coherent Oz module M, the
sheaf associated to the presheaf

U +— Homy/scn(Spec UM |y],Y)

on Z is naturally identified with s#Zom(Qz, M) (the sheaf of C linear derivations Oy —
M). Here Spec U[M|y] is the trivial square zero extension of U by M|y. It is a cogroup ob-
ject in the category U/Sch of schemes under U. An element of Homy;scn (Spec U[M|y], Z)
is a lift in the diagram

U

1

Spec U[M |yy] — SpecC.

In particular, if Z = Quot F, then according to the previous paragraph, the set of such
lifts is naturally identified with

Hompy x (S|uxx, Qluxx ® my M|y)

(the torsor is naturally trivialized since we have a basepoint obtained by composing the
natural map Spec U[M |y] — U with the inclusion of U into Y'), so the associated sheaf is

T1dom(S,Q @ My M) = w1, 0m(S,Q) @ M
and there is a natural identification
JCom(Qquot B, M) = m1x5€0om(S, Q) @ M.
In particular, the tangent sheaf of Quot £ is given by

(3) TQuotE = Jom(Qquot E, OQuot E)
= mom(S, Q).

3.2. Abel-Jacobi maps. Let F be a vector bundle on a smooth proper curve C. The
determinant A"S of the universal S is an invertible sheaf on Quot™® E x C and hence
defines an Abel-Jacobi map

ae : Quot"® E — Pic®C

IThese statements can be obtained as special cases of Proposition 3.2.12 in [Ill] and the remark following
it, but there are probably more accessible references.
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to the Jacobian/Picard scheme of (degree e) line bundles on C'. Indeed, recall that Pic C' =
[, Pic® C represents the presheaf (of abelian groups under tensor product)

Sch°? — Ab

v { line bundleson ¥ x C' }
{ line bundles pulled back from Y }"
Fix a point @ € C. As in [ACGH] IV.2, we fix, once and for all, a Poincaré line bundle L
on PicC' x C such that the restriction of L to PicC' x {Q} is trivial. The pair (PicC, L)
has the following universal property, which characterizes it up to tensoring L with a line
bundle pulled back from Pic C: for any scheme Y and any line bundle L' on Y x C, there
is a unique morphism f : Y — PicC such that L' = (f x Idg)*L @ nj M for some line
bundle M on Y. Let L. denote the restriction of the Poincaré bundle L to Pic® C; by
definition of Pic®C, Le|{pyxc is a degree e line bundle on C for each point P of Pic®C.

Each of the components Pic® C' is non-canonically isomorphic to the torus
HY(C,0¢)/HY(C,Z) = Ker(c, : HY(C,0}) — H*(C,Z)),
so its cohomology is an exterior algebra on H':
H*(Pic° C,Z) = A*H'(Pic®C,Z)
> A\YZH.

If E = O¢, then a_,, is just the usual Abel-Jacobi map
Sym"C — Pic"C
D — O(D),
once we identify Sym” C' with Quot™ E via
D+ (Oc(=D) < Oc).

The situation is very similar when E is any invertible sheaf. In the case of the rank one
Quot scheme Quot® E, the fiber of a. over a line bundle L € Pic® C is the projective space
PHom(L, )

because any nonzero map L — FE must be injective. Under the inclusion
PHom(L, F) — Quot® E,
the universal subbundle S — 73 F on Quot® I/ x C restricts to
O-1)XL — mE
fel — f()
on PHom(L, E) x C.
It is well-known that the Abel-Jacobi map a, : Sym”™ C' — Pic" C is a P"79 bundle for

n > 2g — 2. In fact, a similar statement holds for Quot® E, as we now prove.

Lemma 3.1. For any coherent sheaf E on a smooth proper curve C, there is an integer
do such that H'(C,E ® L) = 0 for every line bundle L on C of degree at least dy.

Proof. This is an easy consequence of semicontinuity and quasi-compactness of the Jaco-
bian. Fix a degree one (hence ample) invertible sheaf O¢(1) on C. Then for any fixed
degree zero line bundle L on C, there is a dy such that H(C, E® Ly(n)) = 0 for all n > d.
By semicontinuity, H'(C, E® L(n)) = 0 for all L in a neighborhood of Lg in Pic® C, so by
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quasi-compactness of Pic’ C' we can choose dy large enough that H'(C, E ® L(n)) = 0 for
all n > dj for all degree zero line bundles L. As L ranges over all degree zero line bundles,
L(n) ranges over all degree n line bundles. O

Theorem 3.2. Let E be a rank r, degree d vector bundle on a smooth proper curve C,
Quot® E the Quot scheme of rank one, degree e subsheaves of E. For all sufficiently small
e, the Abel-Jacobi map a. : Quot® E — Pic® C is a PN~! bundle for N = (1 —g)r+d—er.

Proof. Let L, the universal degree e line bundle on Pic® F x C. By flatness, cohomology
and base change, the lemma, and Grauert’s Criterion, R! 711.(LY ® 75E) = 0 and

V= m (L) @ T3 E)

is a vector bundle on Pic® C' of rank N whenever e is sufficiently small. Let p : PV — Pic®C
be the projection, i : Opy(—1) — p*V the tautological inclusion of bundles on PV. The
“evaluation” map

e: WIOPv(—l) X (p X Idc)*Le — 71'5
fol e o)

is a map of bundles on PV x C' with the correct discrete invariants, hence it defines a
morphism f : PV — Quot® E with (f x Id¢)*j = e, where j : S — 73 E is the universal
subsheaf on Quot® ¥ x C. I claim f is an isomorphism.

To construct its inverse, recall that, by the universal property of PV lifting the Abel-
Jacobi map a, : Quot® E — Pic® E to a map g : Quot® — PV is the same thing as giving
a rank one subbundle of the bundle a}V on Quot® E (under the correspondence, this rank
one subbundle will then be ¢g*i). By flatness and cohomology and base change in the
diagram

ae XIde

Quot® E x (' ——— Pic¢C x C

Quot® E de Pict C,

we have
alV. = alm.(LY @ 13 E)
= m((ae x Ide)* (L) @ mE)).
By the universal property of Pic® C, there is a line bundle M on Quot® F such that
(4) (ae x Idg)*Le @ mfM = S.

We then have

MY @ m14((ae x Ide)*LY @ m3E) = 11.(SY @ T E)
by the projection formula. Tensoring the universal inclusion j : S — 73 E on Quot® E x C'
with SV and applying 714, yields a rank one subsheaf

OQuoteE' — 7TI*(SV & WSE)

In fact it is a subbundle, because otherwise ¢ would fail to be injective at some point of
Quot® E, which is absurd. Tensoring with M, we obtain a rank one subbundle

k.= ’7T1*(j & Idgv) QIdy : M — a:V,
and hence a morphism g : Quot® £ — PV with the property ¢*i = k.
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The proof is completed by checking that fg is the identity of Quot® ¥ and g f is the
identity of PV, which is straightforward. For example, checking that fg = Id amounts to
showing that (g x Id¢)*j = j. We have

(gxIde)'s = (gxIde)*(f xIde)*j
= (g xIde)’e,
and
(g x1Ide)*(m{Opy (—1) ® (p x Idg)*Le) = g"Opy(—1) ® (@e x Idg)*Le
M ® (ae x Ide)* Le
S.

Furthermore, if s is a local section of S corresponding to a local section m ® [ under the
last isomorphism, then by definition of the evaluation morphism e, we compute

(9 xIde)%e(s) = (g%)(m)(I)
k(m)(1)
= j(s),
where the last equality is just unravelling the definition of k. O

3.3. Stratification. Let E be a vector bundle on a smooth proper curve C. The Quot
scheme Quot™® E can be stratified as follows. Let Quot;“E be the open subscheme of
Quot™® F parameterizing subbundles. Define a map

tn : Quot™* T E x Sym" C — Quot™® E
(S—E,D) — (S(-D)— S E)

(this obviously makes sense on the level of universal families). Each map ¢, is a closed
embedding. We obtain a stratification

Quot™* E = H 1n[Quoty®™™ B x Sym™ C]
n>0
by locally closed subschemes. It is finite since Quot™**"™ E is empty for large n.

In the rank one case, this stratification respects the Abel-Jacobi maps of (3.2) in the
sense that aetn, = Getn ® a_p, where ® is multiplication for the abelian variety PicC.
That is, the diagram

Quot®™ E x Quot™" O¢ > Quot® E

a5+n><anl \L(le
®

Pic*t™ C x Pic ™" C Pict C

commutes.

3.4. Obstruction theory on curves. Let F be a vector bundle on a smooth proper
curve C as usual and let 7 : Quot £ x C — Quot F be the projection. The goal of this
section is to show that there is a map

(5) R%om(Rﬂ*%ﬂom(S’ Q)7 OQuot E) - IL’QuotE

to the cotangent complex of Quot E (see [Il1]) defining a perfect obstruction theory (POT)
on Quot E in the sense of Behrend-Fantechi [BF]|. Our proof basically follows the proof
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of Theorem 1 in [MO], but we work with the Behrend-Fantechi formalism as opposed to

that of Li-Tian.? All we do is find an embedding from Quot E into a smooth scheme® so

that Quot E is realized as the zero section of a vector bundle with the expected rank. We
basically just lift this step from [MO], but they don’t actually argue that the embedding
factors through the smooth locus. We then simply identify the paradigm POT on this zero
locus (whose virtual class is cap product with the Euler class of the bundle; see Section 6
in [BF]) with the map (5).

Let j : D — C be an effective divisor in C of degree n and consider the embedding

tp : Quot™® E — Quot™* ™E
(S—=FE) — (S(-D)—=E)

obtained by restricting the map ¢,, from the previous section to
Quot™® E x {D} = Quot™® E.
To save notation, set

Z = Quot"™*F
X = Quot"*”™FE

and write 0 — S — m3E — @Q — 0 for the universal SES on X x C.

By definition of ¢tp, we have a morphism of SESs

0—=S(-D) —>mE—~Q
0 S 5 Q

on Z x C, where the top row is the pullback of the universal sequence on X x C via

tp X Ide (we should probably write Q|zxc instead of @) and the bottom row is the

universal sequence on Z x C'. By abuse of notation, we also write j for j times the identity

map of either Quot scheme, so the cokernel of the left vertical map can be written j,j*S.
By the Snake Lemma, the right vertical arrow fits into a SES

0

(6) 0—jsj"S = Q—Q—0.

Lemma 3.3. For a divisor D C C of sufficiently large degree n, the embedding vp factors
through the smooth locus of X = Quot™* " E.

Proof. By compactness of Z = Quot™® E and semicontinuity, we can choose a D with
degree large enough that

(7) HY(C, #om(S,Q)](D)) =0

for every point z of Z.

21t is not obvious to me that anything in the work of [MO] actually leads to a map like (5).
3In fact, we will use the smooth locus of Quot E, but the embedding will not be the identity map.
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We will use the formal criterion for smoothness, so we must show that we can solve the
lifting problem

LD

Y SpecC

whenever Yy — Y is a closed embedding of affine schemes with square zero ideal I. By
the discussion in Section 3.1, it is equivalent to show that the obstruction to such a lift in

Ext} (5,0 @ 1)

vanishes, so it suffices to prove that this whole vector space is zero. The functor Homy;, x ¢
is the composition of three functors:

Homyyxc = I' o w14 0 HHomy,xc,
so to prove the vanishing of
EXt%/oXC(gaa ® WT ) =R! HomYOXC(Eaa ® TFT )7

it suffices (by the Grothendieck spectral sequence) to prove the vanishing of the three
vector spaces

HY(Yy, w5 0m(S,Q @ 7i1)

HO(Y(), Wl*g.’ttl(g,@ & WTI))

HO(Yo, R . #om(S,Q) @ 1)).

The first vanishes because Yj is affine and the second vanishes because S is locally free.

For the third vanishing, we will show that R! 7, 7#0om(S,Q) = 0. By cohomology
and base change and the assumption that Yy — X factors through ¢p, we might as well
assume Yy = X, so S = S(—D). Using the vanishing (7) together with cohomology and
base change (and flatness of 7#om(S, Q)), we first observe that

R! 7. 00m(S, Q) = R . 0m(S,Q)(D) = 0.
Next, we tensor the sequence (6) with SV(D) and apply 714 to get an exact sequence
= R L5548 © SV(D)) — R mp,om(S, Q) — R m.#om(S, Q) — 0.

The term on the left vanishes because m1j has relative dimension zero, so we obtain the
desired vanishing. O

Remark 3.3.1. In fine, control over obstructions to lifting, and therefore smoothness, is
typically obtained through the possibility of effacing the higher cohomology of any fixed,
bounded (flat) family (i.e. one parameterized by a finite type space) of coherent sheaves
on C by tensoring with any line bundle of sufficiently high degree. To prove Theorem 3.2,
we applied this observation to the family consisting of the single sheaf E. To prove the
above lemma, we used the family SVQ of sheaves on C parameterized by Quot™® E. Popa
and Roth [PR], for example, apply the same argument using the family of stable bundles
having a finite set of discrete invariants in the proof of their Lemma 6.1.

The embedding ¢ p identifies Z with the closed subscheme of X defined by the degeneracy
locus where the map

el *
TS| xxD = T3 E|xxD
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of vector bundles on X is zero. Indeed, ¢p identifies the presheaf Quot™® E with the
subpresheaf of Quot™®™ " E which associates to a scheme Y the set of

0—-S—mE—Q—0
in (Quot™ "™ E)(Y) such that the inclusion j : S — 7} E factors (necessarily uniquely)
as below.

(8) 5L
A

S(Y :>< D)

If Spec(A ® B) — X x C is a basic affine open on which S and 73 F are trivialized and
D C C is given by f € B, then j can be viewed as a monomorphism
j:(A®B)" — (A® B)Y

of free (A® B) modules. For any A algebra ¢ : A — C, the morphism Spec C' — X factors
through ¢p iff there is a factorization (8) with Y = Spec C' iff there is a factorization

(C® By~ (CoB)N

A
(1%

(C® B)"

of C® B module maps, where j = (Spec ¢ xIdg)*j. On the other hand, such a factorization
exists iff

jlCe®B)YIC(1®f) - (CoB)~N
iff j ®cep C ® B/f =0. But

j®C®BC®B/f = j|SpecC><D
= (Spec¢ x Idp)*(jlx=D)

which vanishes iff Spec ¢ x Idp factors through the zero locus of j|xxp iff SpecC — X
factors through the zero locus of m1.(j|xxp)-

Example 3.3.1. If E/ has rank one and degree d, then for any n € Zx, there is an the
identification Sym” C' = Quot?~" E which identifies SV with O(D), where D C Sym" CxC
is the universal divisor. When D = @ is a point of C, the embedding

LQ:SymnflC — Sym"C
P+--+Py - Pt +Pa+Q

identifies Sym™ 1 C' C Sym™ C' with the zero locus of a section of the restriction of O(D)
to Sym" C' x {Q} = Sym" C.

Of course, m3E|xxp = m5F|p is a trivial bundle of rank N equal to the rank of E, so
175 F| p is a trivial bundle of rank nN (71.Oxxp is a free Ox module of rank n = deg D).
The degeneracy locus Z may therefore be viewed as the zero locus of a section of the bundle
V= (715" |xxp)" on X.
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In general, if Z is the zero locus of a vector bundle V' on a smooth scheme X (smooth
in a neighborhood of Z is good enough), then there is a map

VY|z — Qxl|z] = Lz

(the complex on the left is supported in degrees —1,0) defining a POT on Z whose asso-
ciated virtual class is just Fulton’s Chow class e(V) N [X] on Z. This is a special case of
the discussion in Section 6 of [BF]. In the situation of this section, we have:

Lemma 3.4. The complezes [VV|z — Qx|z] and R #om(R7m1.5VQ,0z) on Z are nat-
urally quasi-isomorphic.

Proof. 1t is equivalent to prove that the dual complex [T'X |z — V|z] is naturally quasi-

isomorphic to Rm.SVQ. By (3), we have an identification TX = Wl*gva. Following
through this identification and the definition of the boundary map in the paradigm POT,
we see that the boundary map T'X|z — V is identified with 71, of the adjunction map

5°Q— 5 Qlzxp.
If we show that the vertical arrows in the natural diagram

SVQH§V©|Z><D

|

SYS|zxp —= SVQ

l
SVQ

define quasi-isomorphisms between the complexes (on Z x C) given by the rows, then the
proof is completed by applying the functor R 4. To see that the bottom vertical arrow
is a quasi-isomorphism, just tensor (6) with SV. To say that the top vertical arrow is a
quasi-isomorphism is equivalent to saying that the sequence

(9) 0— $YS|zxp = S'Q—=5'Q—5'Qlzup — 0

is exact. Tensoring the exact sequence
0—>SV—>§V—>§\/]ZXDHO

with @ gives an exact sequence

0— Tor?*¢(8"| 240, Q) — 5YQ — 5'Q — 5" Qlzxp — 0,

so we want to show that SVS|z«p is identified with ﬂorlzxc(gv\ZXD, Q). Tensoring the

locally free resolution
0—-S—mE—Q—0
(restricted from X x C to Z x ) of Q with Oz p gives an exact sequence
0— ﬂorlzxc(OZxD,@) — Slzxp = T3 E|zxp — Qlzxp — 0

of sheaves on Z x C. But by the definition of Z, the the map in the middle is zero, so

the left and right maps are isomorphisms and we conclude .7 orlz XC((’)ZX D,Q) = S|zxD-
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Since §V|pr is a locally free Oz« p module, we have

Tor?*C (S z4p,Q) = Torf*(Oz40,Q)® S |z
= 5'S|zxp
SVS|zxD-
This proves that (9) is exact, hence completes the proof. U

3.5. Tautological classses. Let n € H?(C,Z) be the fundamental class and fix a basis
01, ..,094 for H'(C,7Z) such that 0i0g+i = —0g440; = m for i € {1,...,¢} and all other
0;0; are zero. Let S be the universal subbundle on Quot £/ x C. Let

2g
a(SV)=a @1+ biy®d;+ fi®n
j=1
be the Kiinneth decomposition of ¢;(S¥). In the argot of [MO] the classes

a; € H*(Quot™ E)
bi; € H*'(Quot™ E)
fi € H2i_2(QuotT’e E)

are called a,b and f classes.

Definition 3.4.1. A tautological class is an element of the subring R~ of H*(Quot E)

generated by the a, b, and f classes. The tautological ring R* is the quotient of R by the
ideal

{OzER*:/ af=0forall e R}
[Quot E]vir

Unlike the actual cohomology ring H*(Quot E), the tautological ring is deformation
invariant: it does not depend on the curve C' or the bundle E, except through their discrete
invariants. This follows from deformation-invariance properties of the virtual class and the
fact that the a, b, and f classes have globally defined analogues as C, E vary in families
which restrict to the given classes at points of the family. The virtual intersection theory
of Quot F is the study of the tautological ring, usually through calculations of integrals of
tautological classes over the virtual class. A typical result is the Vafa-Intriligator formula
for integrals of polynomials in the a classes [MO] (for the case E = OY).

For later use, let us record some facts about the first Chern class ¢1(Le) € H?(Pic® OxCO)
of the Poincaré bundle discussed on pages 334-335 of [ACGH]. Its Kiinneth decomposition
looks like

2g
(10) ca(le) = 0®@1+ Y bi®dj+e@n

i=1
(the (2,0) Kiinneth component is zero because L, restricts trivially to Pic® C' x {@Q}). Note
that, by the universal property, any two components of Pic C' are identified by tensoring L
with a line bundle pulled back from C; this only changes the (0,2) Kiinneth component of
c1, so the (1, 1) Kiinneth components of L, and Ly are identified under this isomorphism,
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so the b; are “independent of €”. Recall that the b; form a basis for H!(Pic® C,Z) = 79
which is oriented so that

(11) / blbg+1b2bg+2 e bngQ = 1
Picc C

To prove this (following [ACGH]), one may assume e is large. Consider the divisor
A+ (e—1)C x {Q} in C x C, where A is the diagonal. By the universal property of
Pic® C, the associated line bundle

L' := Ocxc(A+ (e —1)C x {Q})

determines a morphism f : C — Pic®C so that (f x Idg)*Le differs from L' only by
tensoring with a line bundle pulled back from C' via my; this doesn’t change the (1,1)
Kiinneth component of ¢, so we see that the (1,1) Kiinneth component of L. pulls back
via f x Id¢ to the (1,1) Kiinneth component of ¢;(L’), which is just the (1,1) Kiinneth
component of the diagonal A:

29

Zf*bi ®06; = Ay

1=1
g g
= ) 6t ®0i+ Y6 @ Igui
=1 =1

To see that f* induces an isomorphism on H!, notice that it factors as a sequence of
stratification maps (c.f. (3.3), (3.4))

1o :Sym"C' — Sym"T'C

P+ +P — P+ +P+0Q
(starting from C' = Sym!C) followed by the Abel-Jacobi map a. : Sym®C — PictC.
Since e is large, a. is a P°~9 bundle, hence a} is an isomorphism on H', and each L@ has
affine complement and is an isomorphism on H' by the Lefschetz Hyperplane Theorem
(c.f. (12.2) in [Mac]).
Set 0 := Y9 bibgr1 € H?(Pic® C), and let v = Z?ﬁl b; ® §; be the (1,1) Kiinneth
component of ¢;(Le) as in [ACGH]. Then ~? = —2n#,

(12) / g9 — g!/ bibg1babayg - --bybag = gl
Picc C Pic¢ C

and

(13) chL.=1+en+~—nb

(dropping notation for pullbacks).

Let us now focus on ¢1(SY) = ¢1(A"SY), whose Kiinneth decomposition we will simply

write as
29

Cl(Sv) :a®1—Zbi®5i—e®n
i=1
for the sake of this discussion. As the notation intimates, b; is the pullback of b; €
H'(Pic® C) via the Abel-Jacobi map a. : Quot™® E — Pic® E. Indeed, by definition of a,
(Section 3.2) via the universal property of Pic® C, (ae x Id¢)*L. is equal to A"S up to
tensoring with a line bundle pulled back from Quot® E; tensoring with such a line bundle
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does not effect the (1,1) Kiinneth component of ¢;. Since H*(PicC) is generated by
H!(Pic C), all classes in H*(Quot E) pulled back via the Abel-Jacobi map are tautological.

We will usually drop a} from the notation, and simply write, e.g. 6 € RQ(QuotT’6 E) for
azf.

The rest of this section is devoted to determining the tautological ring of the rank one
Quot scheme. The necessary intersection number formulae will be obtained as sequelae of
the structure theory of the rank one Quot scheme from (3.2) and the basic properties of
the virtual class in (3.4).

A monomial in the b; equal to b, bgyi, - - - b, by, for some distinct 41, ..., 4, € {1,...,9}
in H*(Pic C) will be called even, while a monomial in the b; not equal to (plus or minus)
an even monomial will be called odd. The possible “parities” of a (non-zero) product of
monomials of given parity are:

(odd)(even) = odd
(even)(even) = even
(odd)(odd) = odd or even

Theorem 3.5. Let E be a vector bundle of rank r and degree d on a smooth proper curve
C. Set N :=(1—g)r+d—re (as in Theorem 3.2). For any k € {0,..., g}, and any even
monomial b € H*~2k(Quot® E),

/ Nk —
[Quote© E]vir

while this integral vanishes for any odd b.

Proof. We first prove the theorem when e is sufficiently small. Let 7; be the projections to
the factors of Pic® C' x C. Since e is small, R' m, (LY @ m3E) =0, V := m. (LY @ T3 E) is
a vector bundle of rank N on Pic® C, and Quot® E = PV (see the proof of Theorem 3.2).
By GRR and (10) we find chV = N — rf. By the proof of Theorem 3.2, we have S =
Opy(—1) ® (p x Idg)*Le, where p : PV — Pic®C is the projection. Since the (2,0)
Kiinneth component of L. is zero, a = ¢1(Opy(1)). The Chern character formula for V'
implies ¢(V) = e (see page 336 in [ACGH]), so by definition of Chern classes, we have
the relation

2 3
(14) av = aNlre) — o2 (7’29') +aN-3 (7'3‘9')

in H*(PV) = R"(Quot® E).

The proof in the small e case can now be completed by induction on k. When k£ = 0,

we compute
[ = [ aom
[Quot® E]vir PV

_ / b,
Pic C

which, according to (11), is indeed given by r” = 1 when b is the unique even monomial
of degree 2g and certainly vanishes when b is odd (hence zero). For the induction step,
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since k > 0, we can use (14) to write
(15) / aN-1+ky / aN_1+(k_1)(T9)b . aN—1+(k:—2) (7“9)2[) 4o
PV % 2!
Note
09 =41 Y biybgri, e bibgr,

1<i1<-<ij<g

is j! times the sum of all even monomials of degree 2j. If b is odd, then by the rules for the
parity of a product, 70 is a sum of odd monomials, hence (15) vanishes by the induction
hypothesis. On the other hand, if b is an even monomial of degree 2g — 2k, then (67/5!)b

is a sum of <I;> even monomials of degree 2g — 2(k — j) and we have

/ CLN71+(k7j)9ib _ <7€> ki
PV J! J

by the induction hypothesis, hence

o - (0)-6)0))

= rk7

as claimed.

For a general e, choose a divisor D C C of sufficiently large degree n and consider the
embedding

tp : Quot® E — Quot®™ " E

of Section 3.4. Following the notation of Section 3.4, let Z = Quot® £, X = Quot® " F,
and let S, S be the universal subsheaves on Z x C' and X x C, respectively. As in
Section 3.4, we have S = S(D)|zxc. The twist by m50¢ (D) doesn’t change the (2,0)

Kiinneth component of ¢;, so we have a :§|VZ. Let Eé = Wl*(gv’ xxDp). Evidently gé is
a vector bundle on X with rank n and ¢,(Sp) = @". We saw in Section 3.4 that

(2] = ¢,(S])" N [X]

(we are assuming that n is large enough that X is a PV—1 bundle over Pic® C, so in
particular smooth of the expected dimension). Note that

N = (1—-g)r+d—(e—n)r
= N+nr

Since we know the desired formula holds on X, the proof is completed by the following
computation:
/ aN-1Fiy = / aN—H—ibcn(gé)r
[Z]vir X

_ [
X
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The formula

(16) / oN-tHigak _ 79
[Quote E}vir k'

is an immediate consequence. The following corollary is also an important special case of
the theorem.

Corollary 3.6. Let E be a vector bundle of rank r and degree d on a smooth proper curve
C and suppose e € 7. satisfies
(1-g)(r—1)+d—re=0

(i.e. the expected dimension of Quot® E is zero). Then

/ 1=19.
[Quote E]Vvir

Notice that the virtual intersection theory of Quot® E has little dependence on the rank
of E. In case r = 1, Quot® E = Sym" C (for an appropriate n) and the tautological ring
R*(Quot® E) is just the usual cohomology ring of the symmetric product. Presumably the
tautological ring of Quot® E admits a presentation similar to that of H*(Sym" C') given
in [Mac].? We leave the details to the reader.

4. CURVE COUNTING THEORIES

4.1. DT theory. For a smooth 3-fold X and 8 € Ho(X), let I,,(X, 3) denote the Hilbert
scheme of ideal sheaves I C Ox of 1-dimensional subschemes Z C X with [Z] = § and
X(Oz) = n. Viewing this as the moduli space of rank one torsion free sheaves with trivial
determinant (and the appropriate discrete invariants), the fixed determinant deformation
theory of sheaves endows this space with a perfect obstruction theory (POT) and hence a
virtual fundamental class

[1n(X, B € Ac(In(X, ).

The tangent and obstruction spaces at a point I € I,,(X, 3) are given by the traceless Ext
groups
Ext!(I,1)o, Ext?(I,1)o,

respectively and the expected dimension e is given by
dim Ext' (I, 1)o — dim Ext*(I,I)o = / c1(TX)
B

(IMNOP2], Lemma 1). The Donaldson-Thomas (DT) invariants of X are defined by
pairing various cohomology classes on I,,(X, 3) with the virtual class.

4.2. PT theory. Let P,(X, ) denote the moduli space of (flat families of) pairs (F,s)
consisting of a sheaf F on X and a section s € H(X, F) satisfying:

(1) The support of F' is one dimensional and [Supp F] = §.

(2) x(F) =

(3) F is pure: any subsheaf G C F' with zero dimensional support is zero.

(4) Cok s has zero dimensional support.

4Note the slight error pointed out by Bertram and Thaddeus ([BT], 2.2).
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The purity of F' ensures that Supp F' is a Cohen-Macaulay (CM) curve of pure dimen-
sion one (no embedded points). This is the stable pairs moduli space of Pandharipande-
Thomas. It also carries a POT and a virtual class

[Pa(X, B)]" € Ac(Pa(X, B))
reflecting the fixed determinant deformation theory of the two term complex
I*:=[s: Ox — F]

(sitting in degrees 0, 1) in the derived category of X; the deformation and obstruction
spaces at a point I® are again given by traceless Ext groups:

Ext!(I°*, 1), Ext?(I®,I°)o.

The expected dimension is again given by

dim Ext!(I®,I*)g — dim Ext*(I°®,I*)y = / c1(TX)
B
(the proof is the same as that of Lemma 1 in [MNOP2] and is hence omitted in [PT]).

It is a standard fact ([PT], 1.7) that the cokernel of s is the ideal sheaf Iz of Z := Supp F
in X, so we have an exact sequence

0—I;—>0Ox —>F — Coks —0,

hence x(F) = x(Oz) + x(Coks). Since Cok s has zero dimensional support, the second
term is nonnegative and is just the length of Coks. The Pandharipande-Thomas (PT)
invariants of X are also defined by pairing various cohomology classes on P, (X, 3) with
the virtual class.

4.3. DT=PT for minimal n. Fix § and consider the minimum n so that P, (X, ) is
non-empty. Then we have an isomorphism P, (X, 3) = I,(X, 8) identifying the POTs on
the two spaces. This is because minimality of n ensures that every stable pair is just
the natural surjection Ox — Oz onto the structure sheaf of a CM curve Z C X of pure
dimension one. Similarly, minimality of n ensures that every curve Z € I,,(X, 3) is CM of
pure dimension one, else we could pass to the subcurve Z’ C Z defined by the largest ideal
I € Oz with zero dimensional support to obtain a curve with smaller Euler characteristic.
The structure sheaf of such a CM curve is pure, hence it defines a stable pair Ox — Oy.
The POTs are identified since the complex I* = [Ox — O] associated to a stable pair
of minimal Euler characteristic is quasi-isomorphic to the ideal sheaf of Z.

4.4. Residue invariants. Let F be a rank two vector bundle over a smooth proper curve
C'. The total space of E is a smooth 3-fold with Hy(E) = Z[C] generated by the class
of the zero section; we will often just write b for b[C]. The GW, DT, and PT “residue”
invariants of F are defined by formally applying the virtual localization formula using
the natural T action on E by scaling (which induces a T-action on each moduli space
in question making the perfect obstruction theory T-equivariant). For example, the GW
invariants of F are defined by

My y(E) = / er(—mf*E),

(Mg o(Cb)]r

where 7 is the universal domain curve and f is the universal map. The integral is equi-
variant pushforward to a point and takes values in the localized equivariant cohomology
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ring of a point (i.e. the ring of rational functions of the generator ¢ of the equivariant co-
homology ring of a point). The superscript  indicates that the domain curve ¥ of a stable
map may be disconnected (note g := 1 — x(Oyx) can be negative) though no connected
component can be contracted to a point. Note that the T-fixed stable maps are just the
stable maps to the zero section and the T-fixed part of the GW POT is nothing but the
POT on stable maps to the zero section.

Similarly, the PT invariants of E are defined by
P, y(E) == / er(—N""),
[Pn(E’b)T}Vir

where the integral is again equivariant pushforward to a point. Here [P, (E,b)T]"" is the
virtual class associated to the POT on P,(E,b)” obtained from the T fixed part of the
POT on P,(E,b) and N is the moving part of this POT (we will examine this closely in
Section 7), viewed as an element of (perfect, T-equivariant) K ring K7 (P,(E,b)T). The
DT invariants I, (FE) are defined similarly. It is not obvious that these invariants have
any enumerative meaning, though our goal is to show that they do.

4.5. GW/DT/PT residue correspondence. The GW, DT, and PT residue invariants
are all T-equivariant-deformation invariant, so they are independent of the choice of degree
d bundle E, hence we may write Mg ,(d), I, 5(d), Py y(d) in lieu of My y(E), I (E), Pop(E).

Let
ZyWN(d)(w) = > Myp(d)u*~? € Q(t)((w))

ZPT(d)(a) = Y Iap(d)a" € Z(t)((a))
ZyN(d)(g) = ) Pap(d)d" € Z(t)((q))

be the generating functions for these invariants. Let

1
M= =

n=1

denote the MacMahon function (the generating function for plane partitions). The GW /DT
correspondence proved in [OP] says that

(17) Zpt(d) = M(—q)* 97

(this is a special case of Conjecture 1 in [BP2]), that the reduced DT partition function
ZredPT(q) .= ZPT(d)/ZPT (d) is a rational function of ¢, and that

(18) (_iu)b(Q—Qg-i-d) ZbGW (d) _ (_q)(—b/2)(2—29+d) le)red DT(d).
(These are the “absolute” special cases of Theorems 1,2, and 3 in [OP].)

The conjectural DT /PT correspondence of [PT] asserts (for any 3-fold X)) that ZET(X )=
Zéed DT(X) for any B € Ho(X). In particular, this would imply

(19) (w2t ZGW () = (—g)CHDE2) ZET (g,
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In fact, it is expected that the same TQFT method used to compute the GW [BP1], [BP2]
and DT [OP] invariants of E can also be used to compute the PT invariants of E, thus
establishing (19).

Let us now focus on the case b = 2, which we will study throughout. The explicit
formula

20) Z§V(d) = (ut)49—4_2d49_1(2sin%)2d ((1 + sing)d+1_g +(1- sin%)d"'l_g)

_ 4g—4-2d029—2 (o . Ur2d d+1—g Uy
= (ut) 2%97%(2sin 2) Z < 9 2(sin 2)
(]

_ (ut)4gf472d Z <d +21Z_ g> 22g7172i(2 sin g)2i+2d
7

can be found in Section 8 of [BP2].° (The binomial coefficient should be defined as in
[ACGH] so that the usual binomial expansion holds for negative exponents.) When b = 2,
(19) specializes to

(21) u4—4g+2dZQGW (d) — q2g_2_dZ§T(d).
Under the change of variables —q = e, we have (2sinu/2)? = ¢~ (1+¢)?, so by combining
(20) with (21) we arrive at the (conjectural) formula
(22) ZPT(d) = t4g—4—2dz (d +21i_ g> 929—1-2i2-29=i(1 | 4)2d+2i
i

for the residue PT invariants in degree 2[C].

5. MAXIMAL SUBBUNDLES

Let E be a rank 2, degree d vector bundle over a genus g curve C. Define integers
e € {0,1} and e by the formula

g—1+e=d—2e.
Let f be the largest integer such that a generic (rank 2 degree d) stable bundle contains
a line subbundle of degree f. We wish to argue by dimension counting that f = e. Recall

that the dimension of the moduli space of rank 2 stable bundles with fixed determinant is
3g — 3 ([NS], Theorem 1(iv)). By definition of f, a generic stable bundle F fits into a SES

0—-S5S—F—Q—0,
so the dimension of the moduli of stable bundles is bounded above by
dim Pic C' + dim PExt'(Q, S)

since @ is determined by S because det E is fixed. On the other hand, stability of E implies
Hom(Q, S) = 0, so the dimension of the Ext group can be read off from Riemann-Roch
and we obtain an inequality

3g—3<g—(1—g+2f—-d) -1
5Tt is a matter of definitions that, for integers ki, ko satisfying d = ki1 + k2, the partition function
GWy(g|ki, k2) defined in [BP2] is related to our Z&¥W (d) by
ZyW(d) = w2 VGWy (glkn, k) imty =, -
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implying f < e. For the other inequality e < f it is enough to show that Hom(S, F) # 0
for some S of degree e, which will follow from the construction (below) of the locus of
such S as a determinantal locus in Pic® C together with the fact that the class of expected
dimension 0 supported on this locus is nonzero in homology. By similar dimension counting
arguments, one can show that the dimension of Quot®E is e for generic F, and that
Quot® E is generically smooth (so it is smooth when e = 0).

In case € = 0 and F is sufficiently generic, the smooth space Quot® E is just a finite
number of points; the fact that this number is 29 was apparently known to Segre (in some
form) in 1889 [Seg]. A “modern” proof via Grothendieck-Riemann-Roch and the Thom-
Porteous Formula can be given fairly easily. We sketch the argument (following the proof
of Theorem 3.1 in [LN]) since it is relevant to our discussion of the geometry of the Quot
scheme.®

Choose a smooth canonical divisor j : D — C (so D is just 2g — 2 points of C)
corresponding to a section O¢ — we vanishing on D. Then we have an exact sequence
(23) 0— O¢c — we — juj we — 0
on C. Let

¢t = (Id xj) : Pic*C x D — Pic®C x C
be the inclusion, mp,my the projections from Pic® C' x C. Tensor (23) with E, pull back
to Pic® C' x C and tensor with the dual of the universal degree e line bundle L. to get an
exact sequence
0—-LQmE — L @7m5(EQwc) — tul*LY @ 1.*m5(E @ we) — 0.

To save notation, set

F = L!®m(E®wc)

G = 'L @11 (E®we).
For a sufficiently generic E one can argue that R'm,F = 0 and that the number of

maximal subbundles is the degeneracy locus of the map w1, F — m1.G of vector bundles
on Pic® C. (We will see in a moment that the difference in ranks here is

cho(m+F — m.G) = g — 1 = dimPic* C — 1,

so one expects this degeneracy locus to be zero dimensional.) By the Thom-Porteous
formula, if this degeneracy locus is smooth and zero dimensional (which it will be for
generic E), then the number of points in it is

/ Cg(ﬂl*G—Trl*F).
Picc C

We adopt the notation of Section 3. The formula (10) for ¢i(L.) implies that it is
topologically trivial on Pic® C' x D. Since (*LY @ t*75(E ® we) differs from (*LY only by
tensoring with a bundle pulled back from D (hence trivial), it is also topologically trivial,
hence so is 71.G and we have chm1,G = 4g — 4. Using formula (13), we have

chF = (chL))(whchE)(rschwe)
= (I—en—v—n0)2+dn)(1+ (29 —2)n)
= 2-2y+ (59 —5)n— 29,

6All of these statements make sense when C' is P!, as long as one understands “generic” to mean “the
splitting type is as balanced as possible”. By semicontinuity, this is an open condition in families.



22 W. D. GILLAM

so by GRR we compute
chmF = chmF

= Fl*((ChF)(tdﬂ'l))
= 71.((2=2y+ (59 —5)n —200)(1 + (1 — g)n))
= bg—5—20.

Since ch(m1.G — 7. F) = 1 — g + 20, it follows from an exercise with symmetric functions
(c.f. page 336 in [ACGH]) that ¢(m1.G — 71 F') = exp(20), so finally we compute

260)9
/ Cg(ﬂ'l*G—ﬂ'l*F):/ #:29
Pic¢ C PiccCc Y-

Let us see how to intepret the 29 maximal subbundle count as a DT=PT invariant. If
we expand (22) as a Laurent series in ¢, the smallest power of ¢ with nonzero coefficient
occurs when ¢ takes the value e determined by the equation

using (12).

g—1l4+e=d—2e

(e € {0,1} as usual). When € = 0 (i.e. when d and g have opposite parity), this lowest

order term is
t4g—4—2d23g—2—dq2—29—e

so the DT=PT invariant in minimal Euler characteristic is given by

(24) Pg_gg_eg(d) — t4gf472d239727d'

The equality of DT and PT invariants in minimal Euler characteristic as discussed in
4.3, together with the known equivalence of DT and GW mentioned above, ensures that
this is actually the correct PT invariant even though the coefficients of higher powers of ¢
are technically only conjectural.

Assume we are in the € = 0 case so g —1 = d —2e. Let Y be the space (Quot scheme) of
such minimal (i.e. degree e) line subbundles of F. As mentioned above, if E is sufficiently
generic, Y is just a finite number of points. On the other hand, we can identify Y with
the T-fixed subscheme of

P =1y o o(E,2) = Py 2 .(F,2)

using Theorem 6.3 below (or by using Proposition 6.1 and the general remarks about
this common moduli space in minimal Euler characteristic). Since Y is smooth and zero
dimensional, the tangent space to Y at a point L — FE is zero. On the other hand, this
tangent space is given by Hom(L, Q) = H°(C, LVQ), where Q = E/L as usual. The degree
of LVQ is —e +d — e = g — 1, so by Riemann-Roch, we also have H'(C,LVQ) = 0. Let
Z = Spec Oc[LV] be the degree 2[C] curve in E corresponding to a point L € Y. The
DT=PT deformation and obstruction spaces at this point are given by

H(Z,Ny/g), H(Z,Nyz/p)

respectively. This is a consequence of the results of Section 7, as mentioned in Re-
mark 7.1.1. In fact, the statement about the deformation space can be seen directly,
since the moduli space in question is a Hilbert scheme. The identification of the obstruc-
tion space can also be derived from Proposition 4.4 in [PT] (or its proof). The point is that
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the stable pairs in question are of the ideal form: they are structure sheaves of embedded
CM curves.

We will see in the next section (Equation 26) that the normal bundle fits into a SES

0— 7*L%? — Nzp—7Q — 0.

Since 7 is an affine morphism, we can compute global sections (and the higher direct images
of pushforward to a point) by first pushing forward to C via w. Note m*G = G & GL"
for any sheaf G on C, so pushing forward this exact sequence to C' we have a SES

0— L & L3 — mNz/p — Q1 ® (QLY)o — 0

on C, where the subscripts indicate the weight of the natural T action. We've already
observed that
H(C,QLY) = H'(C,QLY) =0,
so the fixed part of the T-equivariant POT on Y is trivial, and the virtual fundamental
class on Y is its usual fundamental class. We conclude that the entire POT is moving, so
the virtual normal bundle (at a point (L < E) € Y) is then
N{fyp = HY(Z,Nyp)— H'(Z,Nyp)
H(C, Q)¢+ H(C, L) + H*(C, L)
~HY(C,Q)¢ — H'(C, L)y — H'(C, L*)

(viewed as an element of the T' equivariant K group of a point). By Riemann-Roch we
have

X(Q) = 1—g+d—i
xX(L) = 1—g+e
X(L?) = 1—-g+2e,

so we compute
eT(—N{ViLr}/P) _ g9 Ihemdyg—l-e(9q)9-1-2 _ 92g-2-d;3g-3~d-2c

Since the DT=PT invariant is given by

Py g9 c2(E) = > er(—Ny/p)
Ley
— (#Y)22g—2—dt39—3—d—26

— (#Y)229—2_dt4g_4_2d,
we see that #Y = 29 by using the known value of this DT=PT invariant given in (24).

Notice that Pog_o_c(F,2) actually counts the number of T-invariant CM curves in
class 2[C] in a generic E. To my knowledge, there is no such reasonable enumerative
interpretation of the residue Gromov-Witten invariants.

Of course, if one wishes to compute this minimal Euler characteristic PT invariant
without using deformation invariance and the choice of a generic E, then one simply
replaces the 29 maximal subbundle count with the virtual class formula of Corollary 3.6
and the general formula (36) for ez (—NVT) which we will derive later.
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6. T' FIXED CURVES AND PAIRS

The main goal of this section is to identify the CM curves and stable pairs on F fixed
by the scaling action. For simplicity (i.e. out of laziness) we restrict our attention to the
homology class 2[C] € Hyo(FE,Z). Though it is not used elsewhere, we have also included
a description of the fixed locus of the zero dimensional Hilbert scheme of the total space
of a line bundle L on C (Theorem 6.2).

Proposition 6.1. Let 7 : E — C be a vector bundle over a smooth curve. Suppose Z C E
is a proper CM curve in E invariant under the scaling action and in homology (or Chow)
class 2[C. Then Z is the doubling of the zero section along a line subbundle L C E.

Proof. Certainly such a Z must be supported on the zero section, so Oz = 7,0z is a
sheaf of O¢-algebras. Since Z is T-invariant, Oz has a grading making Sym* EV — Oy
a surjection of graded O¢-algebras. Since Z is CM, each graded piece of Oz must be a
locally free O¢c-module, else its torsion submodule violates purity. Since Oz has length 2
at the generic point of C, Oy is nonzero only in grading zero (where it must be O¢ since
Oc = Sym" EVY surjects onto it) and one other grading. Since Sym* EY is generated in
grading 1, this other grading must be 1 and we have a surjection EV — (Oy); in grading
1. The locally free sheaf sheaf L := (Oz){ C E must be a line bundle because of the
homology class requirement. Evidently Oz = O¢[L"] is the trivial square zero extension
of O¢ by LV. 0

Remark 6.1.1. Note that the T-fixed subscheme of such a Z is nothing but the zero
section C'. The scheme Z is l.c.i. and hence Z is a Cartier divisor when E has rank 2.
The map 7 : Z — C'is flat and finite of degree 2. We can compute x(Oz) by first pushing
forward to C":

x(0z) = x(Oc ® L") =29 — 2 — deg L.
Since Z is the first infinitesimal neighborhood of C' in L, we also have a closed embedding

v : C — Z corresponding to the surjection O¢[LY] — O¢ with kernel LY. Evidently
mt = Ide. We find that

gt = 1Id
Tty = 1d

G = GoLVG.

We now assume E has rank 2.

Remark 6.1.2. One can show similarly that such a Z in class 3[C] is either Spec O¢[EV]
(the first infinitesimal neighborhood of the zero section in E) or the second infinitesimal
neighborhood

Speca(Oc @ LY @ LV®?)

of the zero section in a line subbundle L C E. The latter is l.c.i. in E while the former
is not even Gorenstein. Which of the two has smaller Euler characteristic depends on the
relationship between d and g. One can again describe and filter the normal bundle as in
the above proof.

Let Z := Spec O¢[L"] be the doubling of C along L — F as in the proposition, and let
I be the ideal sheaf of Z in E and @ := E/L the locally free quotient. Then we have a
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short exact sequence
(25) 0—7*QV —I/I? - 7*LV2 =0
of sheaves on Z. To see this, note that I is defined by the SES
0—1I1—Sym*EY — 0z —0,
which we can analyse grading by grading. In grading zero the second map is an isomor-
phism, so Iy = 0, and in grading 1 it is EY — LY, so I} = QV. In higher gradings the
second map is zero, so I, = Sym”™ EY when n > 2. Now we analyse the inclusion I? and
the inclusion I? C I in each grading; we will write I2 for the degree n part (I?), of I
We have I = 0, so (I/1?); = QY. We have I3 = Sym? Q", so
(I/I?)9 = Sym? EY/Sym? Q" = EY @ LY
by linear algebra. In grading 3, I2 < I3 is
QY @ Sym? EV — Sym® EV,
and the quotient (I/I%)3 is LV3 by linear algebra. In grading n > 3 we have I, = I2.
Thus, as a graded O¢ module we have
71_*([/[2) — QV EDL\/EV @LV?),
and this has the “obvious” structure of a locally free O¢[L"]-module of rank 2 (the direct
sum decompositions here and elsewhere are only as O¢ modules, not as Oz modules).
We have 7*G = G @ LVG for any Oc-module G, so 7*QY = Q¥ @& LYQ" and the natural
injection
QV D LVQ\/ N QV @ LVE\/ D LV3
of Oc-modules is in fact easily seen to be an Oz-module map with quotient 7*LV? =
LV?2 @ LV3. In fact, the dual

(26) 0—>7r*L2—>NZ/L—>7r*Q—>O
of the exact sequence (25) is nothing but the normal bundle sequence
0— NZ/L — NZ/E — NL/E‘Z — 0.

Theorem 6.2. Let w: L — C be a line bundle over smooth curve endowed with the scaling
action. Then there is an isomorphism of schemes

[1¢"™/ Aut X — (Hib™ L),

A
where the coproduct is over partitions A of n, () denotes the length of A, and Aut(\) is
the automorphism of group of A.

Remark 6.2.1. It is interesting that (Hilb™ L)” does not depend on L, though, for ex-
ample, its normal bundle in Hilb™ L does depend on L.

Proof. We begin by constructing a map from the LHS to the RHS. Let A = (1)™1 - .. (k)™*
be a typical partition of n, so

Imyi + 2meo + -+ 4+ kmy = n.
Let
X = C'™/AutA
= Sym™ C x -+ x Sym"* C
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and let m; : X — Sym" C' be the projection. Let Z; C Sym™ C' x C be the universal
Cartier divisor, let W; := (m; x m)*Z; be its pullback to X x L, and let I; C Oxxr, be the
ideal of W; in X x L. Let

J := Sym=! 7LV
be the ideal of X x C' in X x L. Consider the ideal
Ki=I---Ipy+L - IJ+I I J> 4+ + L J" 4+ I € Oxxr.

Notice that K is generated by “monomials in J” so the subscheme Z C X x L that it
defines is certainly T invariant.

I claim that Z has length n at every point of X. Since J* C K, certainly Z is topolog-
ically supported on X x C C X x Lj; in fact it is scheme theoretically supported on the
(k — 1)-st infinitesimal neighborhood of X x C'in X x L and is relatively zero dimensional
over X. Let D = (Dq,...,Dy) be a point of X and let

Zpc{DyxL=1L

be the zero dimensional subscheme of L determined by Z at D. For a point P € C and a
zero dimensional W C C, write ¢(W, P) for the length of W at P. Then by definition of
X we have

PeC
and we want to prove

ZE(ZD7P)2m1+2m2++kmk:na
PeC

so it suffices to prove
UZp,P)=4(D1,P)+2((Dg, P)+ -+ kl(Dy, P)

for each P € C for then we get the desired equality by summing over P. Set ¢; := ¢(D;, P)
to ease notation. Let x be a local coordinate on C' centered at P (a generator of mp C
Oc.p if you like) and let y be a local coordinate in the L direction corresponding to a
trivialization of L near P. Then, at P, the ideal I; is given by (2%) and the ideal J is
given by (y), so at P, the ideal K is given by

(x€1+"'+€k m22+---+5ky xfkykfl yk)
and it is easy to see, by drawing a picture of the corresponding Young diagram, that this
monomial ideal has length ¢; + 209 + - - - + k¢ at the origin P.

We have proved that Z is a flat family of T-invariant length n subschemes of L param-
eterized by X, hence we obtain a map X — (Hilb™ L)T. Taking the coproduct of these
maps over all partitions gives the purported isomorphism. To see that this is in fact an
isomorphism, recall that Hilb” L is smooth, hence so is the T-fixed locus (Hilb™ L)', so by
general nonsense we may conclude that our map is an isomorphism of schemes simply by
checking that it is bijective on points. Suppose Z C L is a zero dimensional T invariant
subscheme of L corresponding to a point of (Hilb™ L)T. Then at each point P if we choose
local coordinates x,y on L near P as above, then the ideal I of Z at P can be generated
by monomials in y since Z is T invariant. The coefficient f(z) of a monomial y* is an
arbitrary polynomial in x, but if we factor out the largest power of x dividing f(x), then



MAXIMAL SUBBUNDLES, QUOT SCHEMES, AND CURVE COUNTING 27

what is left over is a unit near P. We find that I is a monomial ideal at P, so we can
write it uniquely as

(xel(P)+~--+£k(P) Lo(P)++~+Ly(P)

Yy .ok PlyEml gk

for some nonnegative integers ¢1(P),...,¢;(P) (independent of the choice of coordinates
z,y). Set m; := Y pce li(P). Then the fact that Z has length n easily implies

, X

mi+2mg+---+kmp=n
and it is easy to see that Z is in the image of the component on the LHS corresponding
to this partition of n. O

Theorem 6.3. There is an isomorphism of schemes

H Quote E x Sym" Cc= P2_2g+m(E, Q)T.

2n—e=m

Proof. First we define a map from the LHS to the RHS. Let Y := Quot® EF x Sym" C to
ease notation. Let
0—-S—mE—->Q—0
be the universal sequence on Y x C pulled back from Quot® E x C and let
sp: Oyxg — Oyxg(D)
be the pullback of the universal section of the universal Cartier divisor on Sym” C' x C' via
the projection Y x £ — Sym"™ C x C. Let
t:Symp, mEY — OyxclSY]
be the induced map on symmetric algebras obtained by quotienting Sym* SV by the ideal
Sym=2 SV, viewed simply as a map of graded Sym* 73 EY modules. In degree 1,
ty :myEY — SV
may not be surjective since Q may not be locally free. However, the sheaf F := Oy «¢[SV]
is certainly a pure sheaf, topologically supported on C' at each point of Y. Composing
t:Oyxgp — F
with the natural map 1 ® sp : F — F(D) defines a map
S OYXE — F(D),

which is evidently a family of stable pairs over Y with the correct discrete invariants.
Furthermore, s is clearly a graded map of graded sheaves (with F(D)y = O¢(D) and
F(D); = 8Y(D)), hence it defines a T invariant stable pair, that is, a morphism

Y — Paogim(E,2)T.

Now we define a map from the RHS to the LHS. Suppose s : Op — F is in P =
Py_954n(E,2)T. Then, pushing forward to C, we may view s as a graded map of graded
Sym* EV modules

s:Sym*EY — F.
By purity of F, each graded piece Fy must be a locally free Oc-module. Since s has
zero dimensional cokernel, sy : Oc — Fy must be a map of locally free sheaves on C
with zero dimensional cokernel, so it must be sp : Oc — O¢(D) for some Cartier divisor
D c C. Since F, varies flatly over the universal family, so does D, and we obtain a
map P — Sym?C for some d. In degree 1, s is a map s; : EY — Fy. The condition
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[Supp F] = 2[C] and the fact that Sym* EV is generated in degree 1 ensure that the
locally free sheaf Fy has rank 1, and F; = 0 for ¢ > 1. The fact that s is a map of graded
Sym* EV modules means we have a commutative diagram

1
EV®OC&EV®FO

mlg l

EY 2 Fy

expressing the compatibility (with s) of the action a of Sym* EV on F and the action of
Sym* EV on itself by multiplication. Using our identification of sy = sp, we may view
this diagram as providing a factorization of s; through a map ¢ : EY — F;(—D). Since
Cok ¢ has zero dimensional support, we have J#om(Cokt,O¢c) = 0, so t : F}/(D) — E
is monic. Noting that F}’(D) varies flatly over P, the dual of ¢ therefore yields a map
P — Quot® F for the unique e satisfying 2n — e = m. Taking the product of this map and
the previous map we get a map P — Y.

Since the two maps are easily seen to be inverse, the isomorphism is established. O

Remark 6.3.1. Observe that the sheaf F' = O¢[SV] in a stable pair as in the above
theorem is itself the structure sheaf of a (Cohen-Macaulay) curve with the same topological
space as C' (namely the first infinitesimal neighborhood of the zero section C' in S). The
section s may be viewed as a (finite) map of schemes s : Specy F' — E (over C) which
factors through the inclusion

7 = Specq O¢[LY] — E
and which is generically an isomorphism onto Z. Locally, where S and L can be trivialized,
s : Spec — Z looks like Spec of the map of Oc-algebras

Oclyl/y® — Oclz]/7*

y — [z
for some f € O¢.
In particular, (F,s) defines a point of Honsen’s moduli space of finite maps from CM

curves to F, which is in keeping with the original motivation for considering the stable
pairs space. It might be interesting to compare the deformation theory of the stable pair

(F,s) with the deformation theory of the map s : Specy F' — E, possibly viewing the
latter in some moduli space where the domain of the map is also allowed to vary.

7. OBSTRUCTION THEORY

In this section, we will identify the (fixed and moving parts of the) POT on
Y := Quot® E x Sym" C

inherited from the stable pairs POT via the isomorphism of Theorem 6.3. It will be helpful
if the reader is familiar with the machinery of virtual localization [GP].

In general, if P = P,(X,f3) is a stable pairs space and I°® is the universal stable pair,
then an important fact ([PT], 2.2) subtly alluded to above is that P can also be viewed as
a moduli space of derived category objects. In particular, if j : U — P is determined by a
stable pair I* = [Opxx — F| parameterized by U, then I* = L j*I* (I will often write j
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for j xIdx) in D(U x X). We will use this when j is the inclusion Y < P of a component
of the T fixed locus. The POT on P is given by a morphism

Rm.RZom(I*,1%) @ ws[2] — Lp
in D(P) to the cotangent complex of P defined using the Atiyah class of I* (see [PT], 2.3).
The virtual normal bundle of Y in P, by definition, is the image of the moving part of
(27) Lj*R A om(Rm. R A om(I*,1*)y @ wr[2],Op)

under the map Dp(Y) — Kp(Y) from the (perfect T' equivariant) derived category of Y
to its Grothendieck ring. The T fixed part of (27) defines a POT on Y which we will also
have to identify. Using Serre duality for w, cohomology and base change for the square in

YXE-1>~PxE

and the (obvious) “self duality”

R Zom(I°,1%)g = R om(R 7 om(1°,1°)o, OpxE),
we can rewrite (27):
Lj*RAZAom(Rm. R A om(1°,1%)y @ w:[2],Op)
Lj*Rm. R A om(R A om(I°,1%)) @ wr[2],wr[3])
Rm. Lj*RZom(1°,1°)]1]
R, R #om(Lj*T°, L j*1%)0[1]
= Rm.RAZom(I° 1°%)[1].

7.1. Notation. Let p: Y xC — Y and 7 : Y x E — Y be the projections, ¢t : Y x C' —
Y X E the zero section, so p = wt. We drop all notation for pullbacks, so we will just write

0-S—FEF—->Q—0
instead of
0— 73S — mE — m3Q — 0
for the pullback to Y x C of the universal sequence on Quot® ' x C. Similarly, we write
D C Y x C instead of m33D for the pullback of the universal Cartier divisor, we write O
for Oy« and sometimes we just write D for the invertible sheaf O(D). Let F' = O[S"],
F = D[SVD], and let I* = [0 — F] be the universal stable pair on Y x F as described in

the proof of (6.3). The pair I*® corresponds to the map j : Y — P giving an isomorphism
onto a component of the T" fixed subscheme.

Lemma 7.1. The virtual normal bundle of Y in P is given by
(28) Vip = m(S'D+ DY A\ E+DYSA?E+2E + SE)
(S +2N2E+ SN E+S+SYATE) € Kr(Y).

Proof. This is easy to prove because we can calculate everything on the level of the (T
equivariant) Grothendieck rings K7 = Kr(Y x E), K7(Y x C), and K7(Y). We just need
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the classes of various derived duals—these are easier to calculate than actual duals or Ext
groups. We seek a formula for the moving part of

—mRAom(1°,1%)y = mOyxrg— mRAom (1% 1°)
in K7(Y) (the minus sign results from the shift [1]). The filtration of F = D[SV D] by
gradings
0—-F2' - F S F/F2t -0
is identified with
0—>L*S\/D—>F—>L*D—>O,
so we have F' = 1,D + 1,5V D in K7(Y x E). The Koszul complex

(29) NEY — EY = Oyyxp — t:.0yxc

is a (T-equivariant for the obvious actions) resolution of ¢, by vector bundles on Y x E.
Similarly, if G is any vector bundle on Y x C, we can resolve .G by tensoring (29) with
@G, so we have

.G = G(A\EY)

in Kp. Here we have denoted multiplication in Kp by juxtaposition (sp we often just
write 1 for a structure sheaf) and we use the shorthand A*E := )", (—1)" A" E. (We are
just reproducing the proof of GRR for ¢.)

For the rest of the proof we use FV, (F’)V for the classes of the derived duals in Kr.
Putting the Koszul resolution together with the filtration of F', we find that

F = u.D+u5S'D
(D + SYD)(A*EY)
FV = (DYAN*E+DYSA?E)(AEY)
= 1 (DYN*E+DYSA’E)
FFY = (F)(F')
= (1+91+S)AE)AEY))
= (2-2E+2N*E+S—-ES+SANE+SY-S'E+SYA*E)
in K7. Here we have used the “Koszul duality” identity (A®E)(A2EY) = A®EY, which is
basic linear algebra. Since I®* = Oy xp — F in K7, we have
R Zom(I*,1°) = (Oyxg— F)(Oyxgp—FY)
= Oyxp+u24+2NE+S+SAE+SY+SYA%E)
~1.(D+SYD+DYAN*E + DYSA*E + 2F + SE)

in K7(Y x E). We can subtract off the first term to get the traceless part. The T-fixed
part of this expression is

1x(2—D - SVE),
which we can discard to get the moving part. The result now follows because mt = p, so
Milx = P1. O

Remark 7.1.1. There are several situations where the virtual normal bundle formula
simplifies dramatically. If n = 0, then D = 1 in the Grothendieck ring and we have

(30) Vip = mRE+SE)-p(NE+S+SYAPE) € Kr(Y).
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If, furthermore, we restrict to the locus U C Y where S is a subbundle (i.e. where @ is
locally free), then we have A?E = SQ and E = S + Q. The formula becomes

(31) Vip = m(S+Q+5%) € Kp(Y).

On this locus, the line subbundle L generated by S coincides with .S, which is to say:
the universal stable pair is nothing but the structure sheaf of an embedded curve Z C E
(really: a flat family of embedded curves Z C U x E) . Using the formula (26), we
recognize S 4 @Q + 52 as the class of the moving part of the normal bundle NN 7/UuxE in the
Grothendieck group (the fixed part of the normal bundle is our old friend SV Q).

In the course of the proof we saw that the T-fixed part of (27) was given by
n(D—2+SYE) = p(D—-1+5'Q)
Rp.(Op(D) & H#om(S,Q)

in the Grothendieck ring. Our next step is to lift this equality to the actual derived
category. We begin with the case n = 0.

Lemma 7.2. When n = 0, the T-fized part of (27) is isomorphic to Rp.€om(S, Q).
The T-fixed stable pairs perfect obstruction theory gives rise to a virtual class

[Quot® B € Ay, q_se(Quot® E).

Proof. The sheaf F' = Oyy¢[SY] on Y x E admits a T-equivariant (i.e. graded) locally
free resolution

TSN EY e A2 EY - *EVSY @ n*EY — 18V @ 7 Oy«

whose first few graded pieces look like:

Oyxc
EY - SYeEY
NEY — EVSY @ EVEY — EVSY @ Sym?EY
SYA2EV® EVYA?EY — Sym?EVSY@®Sym?EVEY — Sym?EVSY®Sym?EY

(here we write, e.g. Sym? EVSY for (Sym? EV)® S as opposed to Sym?(EY ® SV)). That
is, all the rows except the first are exact except the cokernel of the rightmost map in the
second row is SV.

Appyling #Zom( _, F) to this, we get a complex quasi-isomorphic to R #om(F, F).
Its graded pieces look like:

SN2 E
SE — A’E@A%E
S - E®E — SYA2E
Oyxc®Oyxc — SYE
SV

From a brief inspection of the boundary maps, two things are clear: (1) The kernel of the
leftmost map is just F, so Zom(F,F) = F (we could see this directly anyway) and (2)
In grading zero, the T-fixed subcomplex (the penultimate row above) is cohomologically
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formal (quasi-isomorphic to the direct sum of its shifted cohomology sheaves). That is,
we have

R Zom(F,F)T = Ocyxy @ SYQ[-1]
= AHom(F,F)' @ . #0om(S,Q)[-1]
in D(Y x E).

Similarly, if we apply #Zom( - ,Oy«g) to the above resolution of F', we get a complex
quasi-isomorphic to R Zom(F,Ox). Its first few graded pieces look like

SA2E
SE — ANE®EVSA’E
S — E® EVSE — EVAN?E@®Sym?>EVSA’E

Oyxc ®EYS — EVE®Sym?EYSE — Sym?EYA2E®Sym®EYSA?E.

Examining the boundary maps and doing a little linear algebra, we can see that all the
rows are exact except the first two. In particular, the T-fixed subcomplex (the bottom
row) is exact, hence quasi-isomorphic to zero. The map in the second row is monic with
cokernel A?E, and we see that

R #om(F,Oyyp) = F @ m*S A\? E[-2].
In fact, for any stable pair Ox — F', we always have
R #om(F,Ox) = &xt*(F,0x)[—2]

because the sheaves &zt!(F, Ox) vanish for i # 2 because F is supported in dimension 2
and has cohomological dimension < 2 (c.f. Page 10 in [PT3]).

The rest of the argument is quite formal, but we include it for completeness. Applying
R .Zom( - ,Oyx«g) to the triangle

F[fl] —I*— Oy «g,
we get a triangle
Oyxp — RAAom(1°,0x) - RAom(F|—1],0y«g).
Examining the associated long exact cohomology sequence and using the established van-
ishings, we find:
Hom(I°,Oyxg) = Oyxg
éal'tl(f., OYXE) = éal'tz(F, Ox)
Ext'(I°,Oyxp) = 0, i#0,1.

Applying R.Zom( - ,Oy«g) to the same triangle, we get a triangle
F[-1] = RZom(I*, F)[-1] — R Zom(F, F)
whose long exact cohomology sequence looks like

0 — &St (I F) — Hom(F,F)
— F — Hom(I*,F) — &Ext'(F,F)
— 0 — &xtl(I°,F) — &Ext*(F,F).

The map Zom(F,F) — F is the one induced by s : Oyxg — F and is given by ¢ —
#(s(1)). It is easily seen to be an isomorphism since this F' is in fact a sheaf of Oy« p
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algebras (Remark 6.3.1), hence we can use the multiplication by any local section. We
conclude:

Hom(I*, F) = Ext*(F,F)
Ext'(I°,F) = &Ext*(F,F)
Sxt'(I°,F) = 0, i#0,1.
Finally we apply R Zom/( _,I®) to the same triangle to get the following long exact
sequence:
0 - Oyxpk — OvyxEg
— Exti(F,F) — &xtl(I°,1°) — Ext'(I*,Oyxp)
— Ext)(F,F) — &xt*>(I°,1°) — 0
The map in the first row is an isomorphism (c.f. Lemma 1.20 in [PT]) and we have already
established the vanishings

Ext'(I°, Oy yp)! = Ext?(F,Oyxp)’ =0
and &xt?(F,F)T =0, so we have:
Leom(S, Q) = Ext! (F, F)T = &xt' (1°,1°)T.

Since scalar multiplication Oy g — #om(I®,1°) is an isomorphism and the trace map
splits this off of R s#om(I*,I°®) we may in fact view the above isomorphism as an isomor-
phism
L om(S, Q) = R.Fom(I°,1°)11]
in D(Y x E). Applying R 7, and noting that R 7., = R p, completes the proof.
O

Remark 7.2.1. One can check that this virtual class on Quot® FE is the “well known”
[CFK], [MO] class discussed in Section 3.4.

We can use the same technique to handle the general case.
Theorem 7.3. The T-fixed part of the stable pairs POT (27) on'Y is given by
Rp.Zom(S,Q)® T Sym? C,
hence the corresponding virtual fundamental class is
[Quot® E]V x [Sym? O],

where [Quot® BV is the virtual class on Quot® E as in Lemma 7.2.

Proof. According to the proof of (6.3), the universal stable pair on Y x E is
I* = [Oyxp — FJ,

where F' = F’(D) is obtained from F’ = Oy «¢[SV] by tensoring with the section Oy p —
Oy xg(D) determined by the Cartier divisor D C Y x E. Note F’ is pulled back from
Quot® E x C and D is pulled back from Sym?C x C. In particular, Oy xg(D) is locally
free, so we have equalities:

R #om(F'(D),F' (D)) = Rom(F' F)

R%OTR(FI(D), OYXE) = Rtﬁaom(F/, OYxE)(_D),
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and so forth (we have used the Grothendieck groups analogues in the proof of Lemma 7.1).
In particular, we can see that

R #om(F'(D),Oyxp)" =0,
just as we did in the proof of Lemma 7.2.

The only departure from the proof of Lemma 7.2 occurs when we apply R #Zom( -, Oy xg)
to the triangle

F'(D)[-1] = I* — Oyxg.
This time the long exact cohomology sequence looks like

0 — &t Y(I*,F'(D)) — Hom(F',F)
— F'(D) — om(I*,F'(D)) — &xti(F,F)
— 0 = &xtl(I*,F'(D)) — &xt*(F,F).

As in the proof of Lemma 7.2, we have s#om(F’, F') = F’, and the map s#om(F’, F') —
F'(D) is the obvious one. The T fixed part of this map is the usual map Oy.c —
Oy «c (D) whose cokernel is Op(D), so the T-fixed part of the middle row yields a SES

0 — Op(D) — Ext*(I*, F'(D))T — sxt'(F', F)T — 0.
This sequence splits using the identification &zt! (F', F')T = &xt!(I*, F')T from the proof
of (7.2) and the natural inclusion

Ext'(1°, F\T — gxt' (1°, F)T(D) = &xt' (I°, F'(D))T.

Exactly as in the proof of (7.2) we obtain an identification
teom(S, Q) ® Op(D) = R A om(I*, 1°)E1].
Finally, we use the standard formula
TSym?C = p,#om(Ip,Op)
p*«%ﬁom(osydexc(—D)a D)
= Rp.Op(D)

for the tangent space of the (smooth) Hilbert scheme Sym? C. O

8. COMPUTATIONS

Consider the expression for the virtual normal bundle of ¥ = Quot® £ x Sym" C' in
P =Py o5 ci2,(F,2) given in Lemma 7.1. It is clear from GRR that eT(—N)V/‘/rP) can be
expressed in terms of tautological classes on Y'; therefore

(32) [ ey €z
[Y]vnr

can be computed using Theorem 3.5. The purpose of this section is to write out an
explicit formula for eT(—N;i/‘”P) and calculate (32) in various cases. A full reconciliation of
our computations with the prediction of Equation 22 poses combinatorial difficulties not
addressed herein. On the other hand, the formula derived below is simple enough that it
is feasible to compute any particular invariant P, »2(d) (with minor computer assistance).
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Notation. Let 71,7 be the projections from Y to Quot® F, Sym"™ C, respectively. Let
a1 € H2(Y) be the pullback of the a class on Quot® E via m (Section 3.5) and let by ; €
H'(Y) be the pullback of the b; class on Quot® E via 71. Similarly, let ap € H2(Y') be the
pullback of the a class (the coefficient of 7 in the Kiinneth decomposition of the universal
divisor D C Sym™C x C) on Sym™C via g and let by; € H'(Y) be the pullback of the
bi class on Sym" C. Set 0; :=Y"_, b;bj s+ € H2(Y), so 0; is the pullback of the § class
on the Jacobian under the composition of m; and the Abel-Jacobi map.

It is convenient to set

g
B := Z b1,ib2,g+i — b1,gyib2
i—1
so that

29 2g
(33) <Z blﬂ'éi) (Z b27¢5i> = —BT]
=1 =1

in H*(Y x C). Write = for equality in H*(Pic C') modulo odd monomials (c.f. Section 3.5).
Then we have

21
B ~ (-1)" < ] > D> bribigra e buabigribeibagri - baiba g

1< <-<i;<g

For distinct i1, ...,9, € {1,..., g}, Theorem 3.5 yields
(34) / al_g+d_28_mbi1bg+i1 o bi by, = 2777
[Quote E]vir

/ an_mbilbg‘i‘il T bimbg"!‘im = 1
Sym™ C
Since

0 = 41 ) bibgri - bibgr,

1<ig<--<i;<g

and the product of an even and an odd monomial is odd it follows that 0{0’5321 is equal
(modulo odd monomials in the by ; and by ;) to

0 () e
(0570

b1,i 01,9441+ 01,054, 01,945,020 02,9441+ 02,0, D2, g4ip -

Since [Y]''' = [Quot® E]V'" x [Sym™ C], the formula

gt d—2e— il ki 21 gl(g —1)129—7—1
35 / CLl g+d—2e—j lan k le]ngQZ = (=1 l < > .
( ) [Y]vir ! 2 172 ( ) l (gf‘]fl)!(g*k*l)!

times a sum of

terms of the form

therefore follows from (34) after slight simplifications.
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In this notation, we have
29
chSY = e (1 - Z b1 i0; —en — 61n)
i=1
29
chD = €a2(1 — Z bgﬂ'(si +nn — 9277)
i=1
in H3(Y x C). To calculate, for example, er(p1SY D), we first calculate

29
ch SV D = et1taz—t (1 + Z(bu + 5271‘)(5@‘ + (n —e—01 — 0y — B)?])
i=1
using (33), then by GRR for p: Y x C — Y, we compute
chpSYD = et 41 —g4n—e—0; — 0y — B).

Evidently piSVD has the same Chern character as the product of a line bundle with
¢1 = a1 +agy —t and a (virtual) vector bundle of rank 1 — g + n — e and total Chern class
e 01=02=B 5o from the usual formula for the Euler class of such a product, we obtain:
odn— —01—0,—- B
SVD) = — t)tm9tn=e —_— .
er(p: )= (a1 +az2—1) e P —
Similar calculations yield
(N ) er(p(SY +2 N2 E+SN2E+S+SYA2E))
(&4 — =
e er(p(SVD+ DYV N2 E+ DVS A2 E + 2E + SE))
(al _ t)lfgfe(%)2f2g+2d(3t _ al)lfg+e+d
(CL1 + as — t)1_9+”_e(2t — a2)1—9+d—”(3t —a] — a2)1—9+d+6—”
(t _ al)l—g+e(t + al)l—g+d—e
(t)4f4g+2d(2t _ a1)272g+d+2e

ex ;91 ex _01 ex _91 ex _01
P lai =) P \5r =0, )P —a ) P i i g

oxc 0, +6,+ B ox 0 oxc 0+ 6+ B ox 201
P a1 +as —t P 2t — as P 3t—a; —as p 2t—ay )’

vir

Expanding this out and integrating over [Y]¥'"" using (35) presents no particular difficulty
in any given case, though a simple general formula is difficult to obtain.
When n =0, Y = Quot® E, and this formula simplifies to
er(m(N2E+ S+ SV A2 E))
er(p(2E + SE))
(2t)1—g+d(t _ a)l—g—i—e(t + a)l—g-ﬁ-d—e
(t)474g+2d(2t _ a)272g+d+26

—0 —0 20
$OXP t—a eXP t+a exp 2t —a

29—26—1t3g—3—d—26 _ 29—26—1t3g—4—d—260

(36) er(~Nyjp)

49297 2e=2439-4=d=2¢(9 _ 95 4 3d — 2e)a + . ..

where the ... are terms in R”%(Quot® E).
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8.1. Expected dimension one. Suppose F is a rank 2 bundle on C whose degree d has
the same parity as the genus g of C. Define an integer e by setting d — g = 2e. Then the
smallest power of ¢ appearing in the Laurent expansion of Z%D T(d) occurs when ¢ = e in
(22). Tt is given by t49-4-2d239-1-d(q 1 1 — ¢)¢>~479 50 the DT=PT invariant of E in
minimal Euler characteristic is

(37) Py ya(d) = tl9—4-2dgde—1-d,
On the other hand, Theorem 6.3 provides an identification
Py 4(E,2)T = Quot® E

(after possibly throwing away fixed components with negative expected dimension). The

formulae
/ a = 29
[Quot® E]Vvir

/ 0 = ¢g2971
[Quot® E]Vvir

are obtained by taking k = g, g — 1 (respectively) in (16). Using (36), we then compute

Prggo(d) = / Cep(—N'")
[P27dfg(E72)T]Vlr

— _2g—26—1t3g—4—d—26/ 0
[Quot® E]Vir

4297267 2439-4=d=2¢(9 _ 94 4 3d — 2¢) / a
[Quot® E]Vvir
— _22g—d—1t4g—4—2d(g2g—1) + 229—d—2t4g—4—2d(2 —g+ Qd)(Qg)
_ t4g—4—2d23g—1—d
in agreement with the formula (37) obtained from the GW/PT correspondence and the
equivalence of DT and PT invariants in minimal Euler characteristic.

8.2. Target genus zero. When C = P! the Jacobian is trivial so the Quot schemes
are just projective spaces. We can identify the virtual fundamental class on the Quot
scheme and explicitly compute the PT invariants from first principles (i.e. without using
Theorem 3.5 or the GRR calculation above). Consider the case where C = P! and E =
O(dy) ® O(da), with d = dj + ds.

If we make the identification
Quot® E x Sym" P! x P! = PN x P" x P!

(so p is the projection on the first two factors), then the bundles appearing in the vir-
tual normal bundle formula of Lemma 7.1 are tensor products and duals of the following
bundles:

S = 0(-1,0,e),

E = 0(0,0,d1); ® 0(0,0,d2);
AE = 0(0,0,d)y

D = 00,1,n).
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We have used subscripts to keep track of the weight of the T" action under these identifi-
cations. (The description of the universal bundle on Sym™ P! x P! is elementary and we
discussed the universal bundle S on Quot® E x P! in Section 3.)

Lemma 8.1. Assume 1 +d — 2e > 0. If E is balanced, the virtual fundamental class
on Quot® E is its usual fundamental class. In any case, Quot® E is a projective space of
dimension at least 1 +d—2e and the virtual class is just the fundamental class of a linearly
embedded projective space of the expected dimension 1+ d — 2e.

Proof. As discussed in (3),
Quot® E = P(H°(P', O(dy — e)) ® H(P!, O(dy — ¢))).
We have h?(PY, O(dy — e) = 1 +dy — e and h°(P', O(ds — €)) = 1 + da — e, so the moduli
space is smooth of the expected dimension unless one of the 1+ d; — e is negative and the
formula is invalid. They can’t both be negative because we are assuming
d1_€+d2_62 _17

and balancing will also ensure both expressions are nonnegative. Say 1+d; — e is negative,
so we have:

Actual Dimension of Quot® E = dy—e
Expected Dimension of Quot®* E = 1+4dj +do — 2e
Excess Dimension = e—dy — 1.

In this situation, O(e) admits no nonzero map to O(dy), so every point of the Quot
scheme will look like

where T is a torsion sheaf of degree do — e. The torsion sheaf doesn’t contribute to the
higher direct image under

p: Quot® E x P! — Quot® E,

and we compute

R'p.SYQ = R'p.(0(-1,e)Y ® 0(0,dy))
= RYp.O(1,d; —e)
= O(1) @c H'(P',0(di —¢))
— O(l)e—dl—l
using the projection formula. Since the virtual class is e(O(1)~%~1)N[Quot® E] the proof
is complete. O

Let a; € H?(PN x P") be the pullback of the hyperplane class along 7; (notice that
the hyperplane class is the a class when the rank one Quot scheme is identified with a
projective space). Because of the lemma, the actual value of

N = dimHom(O(e), O(d1) ® O(da)) — 1
will be irrelevant. When we integrate over [PV]¥I" it will be as if
N=1+d-2e.
Pushing forward over the P! factor is easy; the projection formula implies

»O(a,b,c) = (c+1)O(a,b)
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in the Grothendieck ring. For example, we find
er(pS) = (t —ap)**.

Since we now know how to work out the 71" equivariant Euler class of the virtual normal
bundle, the computation of the PT invariant is is now just a matter of putting the pieces
together:

Pyyma(d) = / er(—N"")
Poym(E£,2)T

_ Z / er(p(SY +2 N2 E+SNE+S+SYA2E))
IP?N VerPn eT pI(SVD + DV /\2 E + D\/S /\2 E + 2E + SE))

2n—e=m

1+d—2e>0

= Z C(d,e,n),

2n—e=m

1+d—2e>0

where we define C(d, e,n) to be the coefficient of alt@~2¢

(al _ t)l_e(Qt)2d+2(3t _ al)d+e+1(t _ al)e+l(al + t)l_d_e
(al + a2 _|_ t)1+n_5(2t — a2)1+d_n(3t — a1 — a2)1+d+€—n(t)2d+4(2t _ a1)d+26+2 .

a3y in the expression

Presumably it is possible to completely reconcile this with Equation 22, but we will
content ourselves here with a few explicit computations.

8.3. Local P!. Consider the bundle E = O(—1)%? on P!. The stable pairs spaces Py, (E,2)
are easily seen to be compact, and each has expected dimension zero, so the residue
invariants are bonafide integrals taking values in Z. The total space E is Calabi-Yau,
so the invariants can be computed as weighted Euler characteristics of the moduli space,
weighted by Behrend’s constructible function (Lemma 1.3 in [PT3], [Beh]). The pairs
space Py(E,2), for example, is discussed extensively in Section 4.1 of [PT]. It can be
described as the closed subscheme

Py(E,2) — Specps Op3[Ops3 (2)]

of the first infinitesimal neighborhood of P3 in O(—2) determined by the ideal generated
by sections of Ops(2) vanishing along a quadric P! x P! C P3. Locally, it looks like a
product of
Z = SpecClz, y]/(y*, 2y)

and A2. The normal cone of Z C Ai’y has two irreducible components, one lying over the
origin with length 2 at its generic point and one generically smooth component surjecting
to the topological space |Z| = |Al], so the characteristic cycle ([Beh], 1.1) of Z is ¢z =
—[A1] + 2[0]. These cycles are smooth, so the local Euler obstruction construction of
Section 1.2 in [Beh] simply yields their characteristic functions, so Behrend’s function is
—1 on the smooth locus and +1 at the origin. Since Behrend’s function v is local and
respects products, we conclude that it is given by 1 on the quadric P! x P! ¢ P? and —1
away from the quadric, so the pairs invariant is

Pio(—2) = —1-x(P3\P' xPY) +1-x(P' xP!) = —1-041-4=4.

From our point of view, we have

Py(E,2)T = Quot 2 E = PHom(O(-2), E) = P5.
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The universal sequence
0—-S—mE—-Q—0

on Quot 2 E x P! is identified with the sequence
0— O(-1,-2) — 0(0,-1)%* - Q — 0

on P2 x P'. The quotient sheaf @ restricts to O on {P} x P! for a generic P € P3, but Q
restricts to the direct sum of O(—1) and the structure sheaf of a point when P is in the
stratum

Quot ™' E x Sym! P! — Quot 2 E

discussed in Section 3. Of course, Quot ™' E' = PHom(O(—1), E) = P! and this stratum
is exactly the quadric P' x P! < P3 along which the full stable pairs space has a Z x A?
singularity. We can compute the PT invariant explicity using the method explained at the
beginning of this section:

P472(—2) == / eT(—NVir)
[P4(E72)T]vir

— / eT(_NVir)
[Quot—2 E]vir

= / er(p(SY A2 E —2E 4 S+ A’E — SE))
P3

/ er(p«SY N2 E)er(R'p.SE)
ps er(Rp.S)er(Rp. N2 E)
/ er(O(L)r)er(O(=1)2¢)*

ps er(O(=1);)er(Oy)

/ (a+1t)( t—a)4
P3 t—CL )

= 4a® — 4a’t + 8t3

3

o<1

= 4

According to (22), the generating function for degree 2 stable pairs invariants of local
P! is

Z57(-2) = 3 PualO(-1)%,2)q"

= 2¢*(1+¢) ' (1-¢?

= 2¢°(1 - (—9)*) 7?1 —¢*)?
= —2¢° (Z(d + 1)(—Q)d> (Z(e + 1)(—Q)26>
d=0 e=0

= 2> ) (d+D(e+1)(—g"

m=3 d+2e=m—3
= —2¢° +4¢* —10¢° +16¢° — 28¢" + - --
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Our computations yield

ZQPT(_2) = C(_27_170)q3 +C(_2a —2,0)(]4

+(C(=2,-3,-0) + C(=2,—1,-1))¢"
+(C(=2,-4,0) + C(—=2,-2,1))¢"
+(C(=2,-5,0) + C(=2,-3,1) + C(=2,-1,2))¢" + - --
= —2¢% 4+ 4¢* + (18 — 28)¢° + (424 — 408)¢® + (7750 — 8404 + 626)q" + - - -

in complete agreement.
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