DEFORMATION OF QUOTIENTS ON A PRODUCT

W. D. GILLAM

ABSTRACT. We consider the general problem of deforming a surjective map of modules
f + E — F over a coproduct sheaf of rings B = By ®a B2 when the domain module
FE = B1 ®a E-> is obtained via extension of scalars from a Bs-module Es. Assuming
B is flat over A, we show that the Atiyah class morphism F' — Lg,p, @ F[1] in the
derived category D(B) factors naturally through (the shift of) a morphism (3 : Ker f —
Ls,B, ®" F. We describe the obstruction to lifting f over a (square zero) extension
B} — Bj in terms of 3 and the class of the extension. As an application, we use the
reduced Atiyah class to construct a perfect obstruction theory on the Quot scheme of a
vector bundle on a smooth curve (and more generally).

INTRODUCTION

Let Y be a scheme, E a quasi-coherent sheaf on Y. Let Xg < X be a square zero
closed immersion with ideal I and let

(1) 0— Ny —mE — Fy—0

be an exact sequence of sheaves on Xy x Y with Fy flat over Xy. Consider the problem of
finding an exact sequence

(2) 0—>N-—->mE—F—0

on X xY with F flat over X restricting to (1) on XoxY. Assuming Quot E is representable,
this is equivalent to finding a map X — Quot F restricting to the map Xy — Quot £
determined by (1). It is “well-known” that there is an obstruction

w € Extk, vy (No, 711 ® Fp)

whose vanishing is necessary and sufficient for the existence of such a sequence and that,
when w = 0, the set of such sequences is a torsor under Homx, xy (No, 751 ® Fpy). Unfor-
tunately, this is so “well-known” that I was unable to find a reference with an elementary
proof of this fact, so I have provided such a proof for the reader’s convenience in (1.6).

Following a trick of Nagata, Illusie (IV.3.2)! constructs the obstruction w by translating
this lifting problem into a problem of G := G,, equivariant algebra extensions, which can
be handled using the machinery of the G equivariant cotangent complex. The basic link
between the G equivariant cotangent complex and the usual cotangent complex is provided
by the equivalence of the two different descriptions of the Atiyah class in (IV.2.3.7.3). This
discussion motivates the main results of this paper, which we now briefly summarize.

For a scheme X and a quasi-coherent sheaf F' on X, let X[F] := Specy Ox @ F' denote
the trivial square zero extension of X by F. The scheme X[F] has a natural G := G,
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action obtained by restricting the action of scalars on F' to the invertible scalars. (X, F') —
X[F1] is a functor from the stack of quasi-coherent sheaves to the category of G' schemes.

Let X,Y be schemes over a field k so that the projection mo : X X Y — Y is flat and
we have a natural isomorphism Lx,y/y = mjLx. Let E be a quasi-coherent sheaf on Y,

(3) 0 N m3E F 0

an exact sequence of sheaves on X x Y. From the morphism of distinguished triangles of
G equivariant cotangent complexes associated to the diagram

(4) (X x Y)[F] — (X x Y)[r5E] — Y|E]
(X xY)[ X 1 Y jf

of G schemes, we obtain a commutative diagram

) Loonmyoomimm — Lo m By ie) ©0x o imm Oxxv [FI1]

| |

LG mLx ®%X><Y OXXy[F][l]

(XXY)[F])/(XXY)

in the G equivariant derived category D%((X x Y)[F]). Pushing forward to X x Y and
taking the weight one subcomplex is an exact functor

k' DY(X x Y)[F]) = D(X xY).
Applying k! to (5) we obtain a commutative diagram in D(X x Y) that can be written

a1
(6) N1 2 Ly ot P

|

F——miLx &% F[1].

The bottom horizontal arrow is the Atiyah class of F' relative to mg and the D(X x Y)
morphism 3 : N — wjLx @ F whose shift appears on the top line is called the reduced
Atiyah class of the quotient 75 E — F. It is studied extensively in Section 2 where we
give a description of the reduced Atiyah class in terms of principal parts which avoids the
equivariant cotangent complex.

Consider the functors
Hompx)(Lx, - ), Hompxxy)(N, 7} - @ F) : D(X) — Vect,
and the (k linear) natural transformation
B :Hompy)(Lx, -) — Homp(xxy)(N, 7} - @"F)
BM)(g) = (nig@" F)B.

Suppose that the Quot scheme of E is representable, X is an open subset of it, and (3) is
the (restriction of the) universal sequence. In Theorem 4.2, we show that, for any quasi-
coherent sheaf I on X (regarded as a complex I € D(X) supported in degree zero), the k



DEFORMATION OF QUOTIENTS ON A PRODUCT 3

vector space map
B(I): Hom(Lx,I) — Hom(N,niI @Y F)
is an isomorphism and the map
B(IN)) : ExtY(Lx,I) — Ext'(N,7{I@"F)
is injective.
If Y is Gorenstein projective, then under some technical hypotheses, we show in The-

orem 4.6, using Serre duality, that the functor Hompx xy (N, 77 F ®v _) is represented
by the complex

E:=RZom(Rm.RZom(N,F),0x) € D(X)

and that the D(X) morphism E — Lx obtained from Yoneda’s Lemma is an isomorphism
on H? and surjective on H~!. If we assume furthermore that N is locally free and Y is a
curve, then we will show that E is of perfect amplitude C [—1,0] and hence £ — Lx is a
perfect obstruction theory (POT) in the sense of [BF].

Similar results have appeared in [CFK] and [MO], but neither of these references ex-
plains the general mechanism for producing the derived category morphism F — Lq
“intrinsically” using only the universal sequence on X x Y. In any case, the methods used
here are completely different and should serve to clarify the construction of this POT and
its variants, which are used in various places in the literature ([Gil], [MO], [MOP], ...).

Acknowledgements. Johan de Jong suggested the general idea of the reduced Atiyah
class to me. After thinking about it for a while, I realized that this was already implicit in
(IV.3.2). I owe a debt of gratitude to Luc Illusie since most of the results presented here
are simple applications of the theory developed in his book [Il1].

Conventions. We work in a fixed topos T, as in Chapter IV, throughout; in all the
applications T is the topos of sheaves on a topological space. We abbreviate “ring object
of T” to “ring,” etc. When we speak of H' of a double (triple, etc.) complex, we mean
H' of the associated total complex; we define “quasi-isomorphism” of such complexes
accordingly. For a ring homomorphism A — B, we write In € B ® 4 B for the kernel of
the multiplication map. For a B module M, let

Py a(M) := (B®a B/IX) @p M

where we use the right B module structure (restriction of scalars along b — 1 ® b) on
(B®4 B/IX) to define the tensor product over B, then we regard the result as a B module
via the left B module structure (restriction of scalars along b — b®1). “Extension” always
means “square zero extension” (surjective map of algebras whose kernel is a square zero
ideal). We use k" to denote the functor from graded modules (resp. complexes of graded
modules, the derived category of the category of graded modules, ...) over a graded ring
B to modules over the degree zero part of B given by taking the degree n part of a module
(resp. complex of modules; this is exact functor). A retract of a morphism f: A — B
(in any category) is a morphism s : B — A such that sf = Id4, while a section of f
is a morphism s : B — A such that fs = Idg. These are dual: s is a retract of f iff
sP : A — B is a section of f°P : B — A in the opposite category.
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1. DEFORMATION OF QUOTIENTS ON A COPRODUCT

1.1. Setup. The following basic setup will be used throughout this paper. Let A — By be
a ring homomorphism and assume By = By ® 4 Bs is the coproduct of A algebras By, Bs.
Let E5 be a By module and let

Eo = B(] ®32 E2 = Bl ®A E2

be the By module obtained from Fs by extension of scalars. Let

(1.1.1) 0 No Jo LI 0
be an exact sequence of By modules and let
(1.1.2) B, = 0 I B By 0
AN
A
be an A extension of By by a B; module I;. Assume that
(1.1.3) For{{(B1,By) = 0.
Let I =1 ®4 By and let
(1.1.4) B = 0 I B By 0
AN

A
be the A extension of By by I obtained from (1.1.2) by applying ® 4 Ba.
Let E = B} ® 4 B and assume that

(1.1.5) Tor{{(B1,FE;) = 0

so we have an exact sequence

(1.1.6) E=(0—1®p, Ey E Ey 0)

of B modules obtained from (1.1.2) by taking ® 4 F2. (As usual, we identify By modules
with B modules annihilated by I.)

1.2. Problem. Fix a By module K and a morphism ug : [ ®p, Fp — K of By modules.
Consider the problem of finding a B module extension F' of Fy by K and a morphism of
extensions f : E — F of the form:

UO(I®f0)J/ l ifo
0 K F Fy 0

The basic result concerning this problem is the following theorem, which we will prove
in (1.6) and again in (1.8).
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1.3. Theorem. There is an obstruction w € Extjlg0 (No, K) whose vanishing is necessary
and sufficient for the existence of a solution to (1.2). When w = 0, the set of solutions to
(1.2) is a torsor under Homp,(No, K).

1.4. Remark. An extreme case of the problem (1.2) occurs when ug = 0 (equivalently
uo(I ® fo) = 0). In this case fy always factors through F' — Fjy and we see that a solution
to the problem is the same thing as a morphism of extensions

(1.4.1) 0 No Eo Fy 0
0 K F Fy 0.

Of course, every such morphism is obtained by pushing out the top row along a unique
morphism Ny — K so in this case it is clear that the obstruction vanishes and, in fact, we
have a natural trivialization of the torsor under Hom(Ny, K) because we have a natural
base point obtained from the split extension.

1.5. Remark. Assume Fj is flat over By. Then by the flatness criterion, F' will be flat
over Bj iff the natural map u(F) : I ®p, Fo — K (IV.3.1) is an isomorphism (note that
I ®p, Fo =11 ®p, Fy). Using this isomorphism to make the identification I ®p, Fy = K,
we see that the problem of lifting fy : Ey — Fp to a surjection f: E — F with F flat over
B is equivalent to the special case of (1.2) where K = I ®p, Fy and ug is the identity. In
this case, we refer to a solution of (1.2) as a flat deformation of fy over B.

1.6. The obstruction w € ExtlBO (No, K) can be constructed elementarily as follows. Let
L be the kernel of the composition £ — Ey — Fp. We have a commutative diagram

(1.6.1) 0 0 0
0——1®pB, Eo E Ey 0
l fo
0 F() —_— Fo —0
0 0

with exact columns and rows. By pushing out the top row along uy(I ® fy) we obtain a
morphism of extensions

(1.6.2) 0—1®p, Eo L No 0

u0(1®fo)l l

0 K M Ny 0
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where M := K ©jgpg, L. Note that M is a B module (i.e. IM = 0):
[ik,il] = [0,4l] = [ifo(1),0] =0,

so the bottom row defines a By module extension. Let w € Ext}go (No, K) be the class of
this extension. I claim that the vanishing of w is necessary and sufficient for the existence
of a solution to (1.2), and that, in fact, splittings of the bottom row in (1.6.2) (which are
a pseudo-torsor under Homp,(Ny, K)) correspond bijectively to solutions of (1.2).

Given a solution f: E — F to (1.2) we obtain a commutative diagram

(1.6.3) 0——=1®p, Eo N No 0
0——1®p, Ey E Ey 0

UO(1®fo)J/ lf J/fo
0 K F Fo 0

with exact rows by pulling back the extension in the middle row along Ny — FEy. Note
that N — F is monic and N C L C E, but N need not be contained in the kernel of f.
Given n € Ny, choose a (local) lift m € N. I claim that n — [—f(7), 7] € M is well-defined
(independent of the choice of lift @ € N), in which case it will clearly provide a splitting
of the bottom row in (1.6.2). Indeed, if 7’ is another (local) lift, then 7’ = 7 + € for some
e € I ®p, Ey and we have

[—fm+e),n+ e = [f(7) —u(l © fo)(€),m + €| = [-f(n),n] € M.

Conversely, notice that a splitting of the bottom row in (1.6.2) is the same thing as a
map s : L — K making the diagram

(1.6.4) I®p, By —— L

u0(1®f0)i
K

S

commute. By pushing out the sequence defining L along s we obtain a commutative
diagram

(1.6.5) 0—1®p, Eo E Ey 0
| |
0 L E o 0
]
0 K F Foy 0
with exact rows, where we have set F' := K &1 E. The map from the top row to the

bottom row is evidently a solution to (1.2).

It is straightforward to check that the two constructions are inverse.
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1.7. Remark. Assume ug is surjective, hence ug(I ® fp) is also surjective. Let S be its
kernel. Given any solution f: E — F to (1.2), set N := Ker f. We have a commutative
diagram

(1.7.1) 0 0 0
0 S N Ny 0
0——1®p, Eoy E Ey 0
0 K F Fy 0

0 0 0

with exact rows and columns. Suppose f* : £ — F* is some fixed solution to (1.2). Then
by following through the above discussion we see that the bijection between solutions to
(1.2) and Homp,(No, K) (using f* as a basepoint to trivialize the torsor) is realized by

(1.7.2) (iE—)E) — S——=N
F* —— F.
Here, the top row on the right is a complex quasi-isomorphic to Ny and the bottom row

on the right is a complex quasi-isomorphic to K. The map N — F* is the composition of
the inclusion N — F and f: E — F*.

1.8. Illusie constructs the obstruction w, following a trick of Nagata, by translating the
problem (1.2) into a problem of graded algebra extensions and then using the machinery
of the graded cotangent complex. Let

B[FE] := Sym}; E/Sym3! E

be the algebra of dual numbers on F over B, graded as usual so that F is the degree
one component; define graded algebras By[Ep] and By[Fp] similarly. There is an obvious
diagram

(1.8.1) B[E] — Bo[Ey] — Bo[Fo]

of graded algebras. Regard K as a graded By[Fy] module supported in degree one (hence
annihilated by Fp). A solution to (1.2) is the same thing as an extension of graded algebras

(1.8.2) 0 K G Bo[Fo] —=0

where induced map I ®p, Ey — F — K is ug(I ® fp). Indeed, the bijection is given by
taking the degree one part of G (the extension (1.8.2) is uninteresting in all other degrees
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since K is supported in degree one, so we can always write G = By[F| for some B module
Graded algebra extensions (1.8.2) form a graded By[Ep] module Exalg[E](Bo[Fo],K ).

By the fundamental theorem of the graded cotangent complex (IV.2.4.2) and (IV.1.2.2.1)
there are isomorphisms

(1.8.3) Exalf (Bo[Fol, K) = Extpp) (LG 5/ pim Ker
1 1y gr
= Extp, (k'L 1/ 00 K)-

From (IV.2.2.5) and the triangle associated to By — By|[Ey| — By[Fy] we obtain a natural
isomorphism

(1.8.4) kL8

Bo[Fo]/BolEo] — No[1].

Using (1.8.4), the degree one part of the distinguished triangle of cotangent complexes
associated to (1.8.1) is a triangle in D(By) that can be written

(1.8.5) k'L, ) 815 ©Bolzo) BolF0) —= E'LE /i) — No[1] -

Since B[E] — By[Ey] is a square zero extension with kernel I @ (I ®p, Ey) (in gradings
0,1) we have

TZ*IL%O[EO}/B[E] = (I & (I ®p, Eo))[1]
and hence
(1.8.6) > 1L, (g1 1) ©Bole) BolFo) = (1@ (I ©p, Fo))[1]
(in gradings 0,1). Applying Hom( -, K) to (1.8.5) and using (1.8.3) and (1.8.6) we obtain

a long exact sequence

(1.8.7) 0 — Hom(Ny, K') — Exaly ;; (Bo[Fo], K) — Hom(I ®p, Fo, K)

—% > Ext!(Np, K)

of By modules. A solution to (1.2) is an element of Exalif[E](Bg[Fo], K) whose image in

Hom(I ®p, Fy, K) is ug. Evidently such a solution exists iff w := dup vanishes, in which
case solutions are a torsor under Hom (N, K).

As a morphism in D(By), w is the composition

uo[1]
(188)  No——= k'Lpy(z 5 @5 BolFo] —= I @p, Foll] " K[1

where the first map is the one from the triangle (1.8.5) and the second is the truncation.
1.9. As the notation suggests, the obstruction w constructed in (1.6) coincides with the
one constructed in (1.8). To see this, first recall that we natural isomorphisms

k" Lgy o) BolBo] = T2—1k" Lig[Ry)/Bolo) = Nolll,

so the morphism Ny — I ®p, Fpy[1] constructed in (1.8) using the degree one part of the
transitivity triangle associated to (1.8.1) coincides with the morphism

o1k Ly i) Boino) [= 1] = T> -1k Ly 5]/ B1E] @By () BolFo] = I @5, Fo[1]



DEFORMATION OF QUOTIENTS ON A PRODUCT 9

obtained from the degree one part of the truncated transitivity triangle

(1.9.1) T>—1 Ly mo]/B1E) @ Bopiy] BolFo] —= m>-1Lpq[r)/B1E) —= T=—1Lpo[Fo)/Bol o)

The graded algebra maps appearing in (1.8.1) are all surjective, with kernels as indicated
below.

0B N,
By|Eg] —= Bo[Fy]
I@(I@BOEO)T oL
BE]

In each case, the direct summand decomposition corresponds to the splitting into the
degree 0,1 parts, respectively. Recall that

Io® (I X By Eo)
NO : (I@ (I ®By EO))
I® (I ®g, Eo)
0® (I ®p, No)
= I& (I ®p, Fy).

(I & (I ®@p, Eo)) ®By(Ey BolFo] =

By standard facts about the truncated cotangent complex (II1.1.3), the triangle (1.9.1) is
naturally identified, after applying [—1], with (the triangle associated to) the short exact
sequence

I®L
(I L)?

(1.9.2) 0—1& (I ®p, Fo) 06 No——0

of graded By[Fp] modules. Note that I & (I ®p, Ep) C B[E] and 0 & Ny C By[Ep] are
square zero ideals, while

IeLP?=00ILCI®L.

The degree one part of the exact sequence (1.9.2) is therefore

(1.9.3) 0——>1®p, Fy —= L/IL —> Ny — 0.

There is a natural isomorphism I ® g, Ng = I L obtained by mapping i ® n to il where
[ is a (local) lift of n under the surjection L — Ny (the choice of local lift is irrelavant
since the kernel I ® g, Fy of L — Ny is annihilated by I). In fact, (1.9.3) is part of the
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commuatative diagram

(1.9.4) 0 0

0——1®p, No

0

0——1®p, Eo L Ny 0
I®fo

04>I®BOF04>L/IL4>N04>O

with exact columns and rows.

As in any map of extensions with isomorphic cokernels, the bottom left square in (1.9.4)
is a pushout. Therefore, upon pushing out the bottom row along ug : I ®p, Fp — K, the
resulting extension of Ny by K coincides with the one on the bottom row of (1.6.2). Note
that L/IL is manifestly a By module (annihilated by I), so this gives another proof that the
bottom row of (1.6.2) is a By module extension. On the other hand, the map Ny — K[1]
obtained from this extension coincides with the composition of the map Ny — I ®p, Fy[1]
(obtained from the truncated triangle (1.9.1)) and up[1].

1.10. So far we have only reviewed a special case of (IV.3.2). We have not yet made use
of the fact that By = By ®4 B is a coproduct or the fact that the extension B (1.1.4)
of By is obtained by base change from the extension B; (1.1.2) of Bj. The rest of this
section is devoted to giving an alternative description of the morphism w, assuming Bj is
flat over A, in terms of the class

(1.10.1) e(B,) € Extp, (Lp, /4, 11)

corresponding to the extension (1.1.2) under the isomorphism provided by the fundamental
theorem of the cotangent complex (II1.1.2.3) and the “reduced Atiyah class” of the quotient
map fp, to be introduced below.

1.11. Assumption. We assume throughout that B is flat over A, and hence By is
flat over By. Note that this assumption implies the assumptions (1.1.3) and (1.1.5) of
(1.1). It also implies that By and Ba are tor-independent over A, in the sense that
T or‘;lo(Bl, Bs) = 0. It is possible to get away with significantly less, but the concomitant
complications would make the exposition even more obtuse than it already is. In the
applications of Section 4, the ring A will have tor dimension zero, hence By will be trivially
A flat.
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1.12. By taking the degree one part k' of the map of cotangent complex transitivity
triangles associated to

(1.12.1) B[E] ——= By[Ey] — Bo[Fy]

|

BQ[EQ] — B() EO — BO[FO]

we obtain a commutative diagram

(1.12.2) No WLy )/ B1E) ©Bol0) BolFD)
1y er L
No & LBO[EO]/Bz[Eﬂ ®BolEo) Bo[Fy]
in D(B(])

From the commutative diagram of graded rings

(1.12.3) B
/ \

By By

N

By E»] By[Eo]

and the naturality of the (graded) cotangent complex, we obtain a commutative diagram

(1.12.4) Lpy/B ®%o BylEy] —— Lgo[Eo}/B[E]

T !

Lo/B; @, BolEol — L, 5]/ y(12)
in D(By[Eo])gr- Since the front square in (1.12.3) is cocartesian:
Bo[Eo] = Bo ©p, Ba[Ex],

it follows from the base change properties of the cotangent complex (I1.2.2) and the fact
that By is flat over By (1.11) that the bottom arrow in (1.12.4) is an isomorphism.? By
applying ®%0[E0]BO [Fo] to (1.12.4) and taking k!, we obtain a commutative diagram

(1.12.5) Lo/ ®%, Fo —= k'L 51/ m1m ©Bote) BolFol

| |

r L
Lpo/B, ®I§0 Fo — legBo[Eo]/B2[E2] ®BO[EO] Bo[Fo]

2A11 that is really needed is that yorf‘é(Bo, E;) =0.
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in D(By), where the bottom arrow is an isomorphism.

From the maps of cotangent complex transitivity triangles associated to the diagram of
rings

(1.12.6) A—> B, —> B,

|

A——B——> By

|

A——> By — By

we obtain a commutative diagram

(1.12.7) Lp,/a ®p, Bo—>Lp, /5 ®p Bo— 11 ®p, Bo[l]
Lgo/a Lpy/B 1]
]LBO/BQ

in D(Byp). The two right horizontal arrows are the truncations 7>_; and the composition
given by the top row is e(B;) ®p, Bo, where

e(B,) € Ext'(Lp, /4, I1)

corresponds to the algebra extension B; (1.1.2) under the fundamental theorem (II1.1.2.3) .
Under the tor-independence assumption (1.11), the base change properties of the cotangent
complex (I1.2.2) imply that the composition Lp, /4 ®%1 By — Lp,,p, in this diagram is
an isomorphism. Combining this isomorphism with the one given by the bottom row of
(1.12.5) yields a natural isomorphism

1 L _ L
(1.12.8) kLB (5ol Bala] ©Bolio] BolFol = Lp,ja @5, Fo,
hence the bottom arrow in (1.12.2) may be viewed as a morphism
(1.12.9) ra(fo) : No — Lp, 4 ®p, Fo

which we will call the reduced Atiyah class of the quotient fy. It will be further studied
in Section 2.

By assembling the diagrams (1.12.2), (1.12.5), and (1.12.7)@%0F0 and using the isomor-
phisms noted above, we obtain a commutative diagram

(1.12.10)  No ——=K'Li 15} pis) @[ BolFol — I @, F[1]
Lp,/a @8, Fo

in D(By). The composition of the top row and ug[1] is the obstruction w (1.8.8). We have
proved the following (c.f. (IV.3.1.8), (IV.3.2.14), and Theorem 2.9 in [HT)):
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1.13. Theorem. Assume By is flat over A. Then the obstruction w € Ext!(Ny, K) of
(1.3) can be written as the composition

up[1]

I ®Bo Fo[l]

No ——Lp, /4 ®%1 Ey K[1],

where the first arrow is given by the reduced Atiyah class of fo (1.12.9) and the second is
e(By) ®p, Fo, where e(B;) € Extl(LBl/A,Il) corresponds to B, under the fundamental
theorem (I11.1.2.3).

1.14. For later use, we will now determine the map induced on HY by the reduced Atiyah
class No — Lp, /4 ®%1 Fy (1.12.9). Recall that this map was constructed from the natural
diagram of solid arrows

(1141) No —— k! LBQ[EO]/BZ[EZ] ®BO[EO] [FO]

va

Lg,/8, ®5, Fo

Tg

Lp, /a ®I§1 Fy

and the fact that the indicated arrows are isomorphisms under the assumption (1.11)
that By is flat over A. These isomorphisms were obtained from the base change property
(I1.2.2) of the cotangent complex. Note that, even without the flatness assumption (1.11)
the indicated arrows induce isomorphisms on H? because Kihler differentials commute
with all direct limits, in particular with pushouts.

Taking H of (1.14.1), we obtain the diagram:

(1.14.2) Ny — leBO[EO]/BQ[EQ] ® By [Eo) BolF0]

Qp,/B, @B, Fo

Qp,/a OB, Fo

The horizontal arrow is just the “connecting homomorphism” from the long exact se-
quence obtained from the triangle associated to the bottom row of (1.12.1) (note Ny =

(Lgo [Fo]/Bo[Eo]))' Viewing Ny as a submodule of Fy = By ® 4 E5, this map is given by
by ® e d(b; ® e) ® 1. Note b; ® e is in the degree one part of By[Fyl, so d(b; ® e) is in

leBo[Eo}/Bo[Fo]' Notice that
dbi@e)®1l = d(1®e)(b1®1))®
®1

(1®e)-db1®1)®
= dbhi1®1l)® f(le )



14 W. D. GILLAM
is the image of db; ® fo(1 ® e) under the vertical isomorphisms, so the map induced on

H° by the reduced Atiyah class is given by

(1.14.3) H'(ra(fy)) : No — Qp, /4 ®5, Fo
bhh®e — dby® fo(l®e).

Notice that this map is By linear because b1 ® e € Ny C Ej.

2. REDUCED ATIYAH CLASS

In this section, we give an independent treatment of the reduced Atiyah class, first
introduced in (1.12.9) above. The results of this section are not needed elsewhere; our
purpose here is only to further examine the reduced Atiyah class and give an alternative
construction of it via principal parts.

2.1. Let B — C be a ring homomorphism and let £ be a C module. Recall (I11.1.2.6.3)
the principal parts sequence

(2.1.1) 0— Q¢/p @c E — Php(E) = E—0
of E. The cokernel map in (2.1.1) admits a natural B linear section

(2.1.2) s:E — Php(E)
e — 1®1®e,

which yields a B module splitting of (2.1.1). The map s is generally not C' linear, since

s(cre)—c-s(e) = 1@1®c-e—c-(101®e)
= 10c®e-—c®1®e
= de®e.

Now suppose that £ = C' ®p M is obtained by extension of scalars from a B module
M. Then I claim the map ¢ : £ — Pé/B(E) given by

(2.1.3) t:CepM — ((CopC)/IX)®c (Cop M)
cOmMm — cR®lrleom
provides a C' linear splitting
(2.1.4) Plp(E) = Qup@EGE
of (2.1.1). Obviously this is a splitting; it is C' linear by the following computation:

tid-com)—c -tlceam) = tled@m)—c - (c@1®1xm)
= de@llom—-—Cderllem
= 0.



DEFORMATION OF QUOTIENTS ON A PRODUCT 15

2.2. Continue to assume F = C ® g M and suppose

(2.2.1) 0—>=N—=FE = —0

is an exact sequence of C' modules. From the naturality of the principal parts sequence
we obtain a commutative diagram

(2.2.2) 0 0 0

0%(20/3 ®CF*>P61’/B(F)*>F*>O
Qc/®f f

OHQC’/B(@CEHP&'/B(E)HEHO

OHQC/B(@CN*)PC%/B(N)*)N*)O

with exact rows and columns.

Using the splitting (2.1.4) and the diagram (2.2.2) we obtain a morphism of double
complexes of C' modules

(2.2.3) Qo/p®c B == CQc/p®@c F Qc/p ®c E
T =
Qcyp ®c N —— Pgp(N) Qcyp ©o N

(where Qc/p ®c N is placed in degree (0, —1)) by projecting onto the quotient complex.
The induced map on H? is given by
(2.2.4) HB):N — Qcp®cF
com — de® f(1®@m).
Indeed, H%(3)(c ® m) can be computed by choosing (locally) a lift of ¢ ® m to Pé/B(E),
then applying Q2c/p ® f to the component of this lift in 2c/p @ F under the splitting
(2.1.4) (the result will be independent of the lift of c®@ m € N C E and will yield a C
linear map). We may as well choose the lift systematically be means of the B linear map s
in (2.1.2). Since the splitting (2.1.4) is defined via ¢, the Q¢/p ® E' component of s(c®@m)
is given by s(c ® m) — t(c ® m). Now we simply compute
HB)cam) = (s @ f)(s(c@m)—tlcwm))

= Qpeflleleceam—-—cel®1®m)

= QpeHlecrleam—celeel®m)
(Qc/p @ f)(de®1®@m)
= de® f(1®@m).

Notice that this map is the same as the one in (1.14.3).
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2.3. In order to generalize the results of (2.1) and (2.2) by replacing Kéhler differentials
with the cotangent complex it becomes necessary to impose some additional hypotheses.
This is because, even though Pclv / p(E) splits naturally when E is pulled back from B,
there is no reason to think that P}; / p(E) splits when P = PgpC'is the standard simplicial
resolution of C' by free B algebras and F is viewed as a P module by restriction of scalars
along the augmentation P — C. What is needed is a particularly nice choice of resolution
of C. We adopt, for the remainder of this section, the setup of (1.1) and we assume, as in
(1.11) that Bj is flat over A. To simplify notation, we will just write N, E' = B; ® 4 Bo, F
(as in the previous section) instead of Ny, Ey, Fy, since we will not consider here any
problem of lifting module maps over algebra extensions.

Let P, = P4 B be the standard simplicial resolution of By by free A algebras. Since the
homology B; of P; (viewing P; just as a complex of A modules) is A flat, taking homology
commutes with tensoring with any A module. In particular, P := P} ® 4 Bs is a simplicial
resolution of By = By ® 4 Bs by free Bs algebras and hence the cotangent complex Lg, /B>
is the image in D(Bo) of Qp/p, ®p Bo (I11.2.1.2). Note that the natural isomorphism
Qp/B, = p,j4 ®a Bz corresponds to the natural derived category isomorphism

(2.3.1) Lpop, = Lpa®p Bo

obtained from the base change theorem (I1.2.2). (Actually, this is more-or-less how one
proves the base change properties of the cotangent complex.) Set V = P} ® 4 Ea, so V is
obtained from the By module Fs by extension of scalars along Bs — P and hence, just as
in (2.1), we obtain a natural map ¢ : V' — P})/BQ(V) yielding a splitting

(2.3.2) Ppp, (V) = Qpsp, @p V&V

of the principal parts sequence of V. The augmentation map V — B; ®4 Fs = F is a
quasi-isomorphism of P modules (viewing E as a P module via restriction of scalars along
P — By), again because the homology of P; is flat over A. We have a morphism of P
module extensions

(2.3.3) 0 —Qp/p, ®pV —— Qp/p, @p V)&V —=V ——0

T

0—Qp/B, ®PE P}’/BQ(E) E 0,

where the vertical arrows are quasi-isomorphisms (by the Five Lemma and the fact that
Qp/p, is a flat P module) so that the parts sequence of E is quasi-isomorphic to a split
sequence of P modules.
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As in (2.2), the exact sequence (2.2.1) yields a commutative diagram

(2.3.4) 0 0 0

OHQP/Bz ®PF*>P}1:'/B2(F)*>F*>O
OHQP/BZ ®PE4>P]13/B2(E)4>E4>O

0 —Qp/p, ®p N —= P}

of P modules with exact rows and columns (except here {2p,p, is a flat P module, so the
complex is “more exact”). Consider the two term complex

(2.3.5) W = [Qpp, ®pF &V —— Py p (F)]

of P modules (in degrees 0, 1), where the map V — P113/32 (F) is the composition of the
map V — P}J/B2(E) appearing in (2.3.3) and the natural map Pllg/BQ(E) — P}J/BZ(F).
From the exactness of (2.3.4) and the quasi-isomorphisms in (2.3.3) it follows that W is

quasi-isomorphic to N.* This is clear once we note that W is quasi-isomorphic to the
double complex below.

(2.3.6) (Qp/B, ®p E) &V —— Ppp (E)
Qp/B, ®p N Plg/BQ(N)

There is an obvious morphism of complexes §: W — Qp,p, @p F' obtained by projecting
to the quotient complex. After extending scalars along P — By and using the isomorphism
(2.3.1), we may view (3 as a D(By) morphism

(2.3.7) B:N —Lp a®p F
called, suggestively, the reduced Atiyah class of the quotient f: E — F.

2.4. We now explain the appellation “reduced Atiyah class.” Notice that the projection
map

(24.1) [Qp/p, @ F —— Ppp (F)]  ——  Qpp,@pF
obviously factors through § by including the domain complex as a subcomplex of W.
3This is probably bad terminology. We don’t mean that the homology of W' is isomorphic to N as a P

module, but only that the homology of W is quasi-isomorphic to N as simplicial abelian groups. In other
words, the corresponding double complex of abelian groups has homology N.
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By (IV.2.3.7.3) the image of this projection map in the derived category D(By) coincides
(up to a shift) with the Atiyah class

(2.4.2) atp, p,(F): F' — Lpys, ®%p, F[1]

of F relative to Ba — By (see (IV.2.3) for the construction of the Atiyah class via the
graded cotangent complex). Note that the aforementioned inclusion of subcomplexes is
naturally isomorphic in D(By) to the map F[—1] — N obtained from (2.2.1). Hence, in
D(By), we obtain a commutative diagram

(2.4.3) F[-1]

l wjm (1]

B
N%LB()/BQ ®LF

factoring the (shift of the) Atiyah class of F' through the reduced Atiyah class 3.

2.5. The relationship between the reduced Atiyah class of (2.3) and the one introduced
in (1.12.9) can be explained as follows. From the transitivity triangle of graded cotangent
complexes associated to the diagram of graded rings

(2.5.1) By[Ep] — Bo[E] — Bo[F]
fl Jlo Bo[F]

we obtain a commutative diagram

(2.5.2) N—— leBO[E]/B2[E2] @%O[E] By[F]

Tg

T atp, /B, (F)[—1]
— I["BO/B2 ®%0 F

Fl-1]

where the bottom horizontal arrow is the Atiyah class of F' relative to By — By. Since
By[E] = Ba|FE3] ®p, By and By is flat over Bs, it follows from the base change theorem
(I1.2.2) that the right vertical arrow is an isomorphism.

2.6. Theorem. The diagram

(2.6.1) N_—— leBo[E]/Bz[Ez] ®%0[E] Bo[F]

| e T

F[-1] Lg,/B, @, F

obtained from (2.5.2) by inserting the reduced Atiyah class is commutative.
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Proof. We already saw in (2.4.3) that the lower triangle commutes, so we focus now on
the upper triangle. Consistently with the previous notation, set

= PusB

= P, ®aDBs
= Pi®ak
.= PSEP[F]

= PpiPIF),

5O < 93

where, for example, Pﬁ 8" P[F] is the diagonal of the standard bisimplicial graded resolution
of P[F] by graded free P algebras. The diagram of graded simplicial rings

(2.6.2) By E,] PlV] R
]
By P Q

admits a natural augmentation quasi-isomorphism to the diagram (2.5.1) and the transi-
tivity triangle of graded cotangent complexes associated to (2.5.1) is naturally identified
with the map of D(By[F]) triangles associated to the map of short exact sequences of R
modules

(2.6.3) 0 ——=QpPW)/Ba[Ey] @pPV] 8 ——= Qr/By[Ey) —— Qr/PV] — 0

! T

0 QP/Bg ®p R QQ/32 ®QR*>QQ/P ®oR——0

after extending scalars along the composition R — P[F] — By[F] of the augmentation
maps. Note that the left vertical arrow in (2.6.3) is an isomorphism because the left square
in (2.6.2) is cocartesian and note that the sequences are exact on the left because R is free
term-by-term over P[V] and @Q is free term-by-term over P (I1.1.1.2.13).

The composition N — Lpg /g, ®%O F of the top horizontal arrow and the right vertical
arrow in (2.6.1) is the image in D(By) of the quotient complex projection

(2.6.4) [Qp/B, ®p R —— k'Qp/p, [k, ] ——  Qp/p, ®p R'
obtained from the degree one part of the diagram (2.6.3) (after extending scalars from

RY := k'R to By = k"By[F]). Note that the terms in the domain complex of (2.6.4)
should be placed in degrees 0,1 since we have natural isomorphisms

k'Qp piv) ®po Bo = k'L, /5,5 = N[1]-

From the graded ring map By — Ba[Es] — R, the fact that Qp, g, /B, = k'Qp, (Es]/Bs =
E5 and the fact that R is free term-by-term over By[Fs|, we obtain an exact sequence

(2.6.5) 0— By ®p, R —=Kk'Qp/p,ipy) — k' Qr/p, —0
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of R® modules. From (I1.1.2.6.7) and the proof of (IV.2.3.7.3) we obtain a morphism

(2.6.6) 0 —= Qp/p, ®p R' —= Ppp, (R R! 0

| e
0 —> Qpy, ©p R — k(L) — Qo — 0
of exact sequences of RY modules. Since P — R is a quasi-isomorphism in degree zero and

P is supported in degree zero, the right vertical arrow is a quasi-isomorphism (IV.2.2.5),
hence so is the middle vertical arrow.

We now have a sequence of quasi-isomorphisms compatible with the projections to
Qp/p, ®p R! as follows.
[Qp/p, ©p R' — k'QR B, 5, |
~ [(Qp/p, ©p R') & (B2 ®p, R®) — k'Qp/p, |
~ [(Qp/p, @p R') & (B2 ®p, R®) — Pllﬂ/B2 (R') ]

~ [(Qp/p, @pF) @VHP}D/BQ(F) J.
Note that the last quasi-isomorphism is compatible with the quasi-isomorphism
Qp/p, ®p R' = Qp/p, @p L.

The first is obtained using the sequence (2.6.5) and the second is obtained using (2.6.6).
The other quasi-isomorphisms are obtained from the natural augmentation maps: for ex-
ample R’ ~ P and R' ~ F are the degree 0, 1 parts of the augmentation quasi-isomorphism
R ~ P[F]. This completes the proof.

2.7. The reduced Atiyah class is functorial in various ways that we leave to the reader to
make precise. We only point out that, given a morphism of By module extensions of the
form

2.7.1) 0—=N—>E—>F 0
0 N’ E F’ 0,
we have a commutative diagram in D(By):
B
(2.7.2) N ——Lp,/p, @5, F

|,

B
N'—=Lpy/p, @, F'
It is a good exercise to prove this using both constructions of the reduced Atiyah class.
2.8. Exercise. Show that the Atiyah class factors through the reduced Atiyah class as

in (2.4.2) by using the constructions of the two classes via the graded cotangent complex
(instead of using principal parts as we have done).
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3. PERFECT QUOTIENTS

3.1. We continue with the setup (1.1) and the assumptions (1.11). We also assume that

the extension (1.1.2) is trivialized:
] By

(311) Bl = 0 I Bl[Il
A,

and that Fj is flat over Bj.

The extension (1.1.4) is also naturally trivialized: B = By[I]. Given an A algebra
section s : By — By[[1] of Bi[I1] — Bi, we obtain a flat deformation (c.f. (1.5))

s* fo := B1[11] ®s fo

of fo over B. Here we write B1[[1|®; instead of Bi[[1]®p, to emphasize that Bj[l;] is
regarded as a B module via restriction of scalars along s. Note that s*Fy is naturally
identified with E via the isomorphism

(3.1.2) Bi[h] ®s (B1 ®a E2) — Bi[li] ®4 E»
(br+i1) @by ®ey — (b +i1)s(b) @ e
of B modules. Set Fy := B;[I1] ®5 Fy. The solution s*fy to (1.2) can be explicitly written

(3.1.3) 0——11®4 By —— B1[[1] ®4 Fy — B1 ®4 EFs —=0
Il®fol l lfo
00— 11 ®pB, Fo E, F 0

Since Fy is flat over By, note that the kernel of E — F; is Ny := B1[[1] ®s Ny and the
kernel of Iy ® g, By — I1 ®p, Fp is I1 ®p, No. Let so : By — Bi[[1] denote the zero section
bl — b1 of Bl[Il] — Bl.

We say that the surjection fy: Eg — Fp is a perfect quotient if the map
{A algebra sections of B1[[;] — B1 } — { flat deformations of fy over Bi[I;] }
s = s fo

is bijective for every By module I7.

Given an A algebra section s of By[[1] — Bi, let ds : By — I be the corresponding A
linear derivation and let gs : 2, /4 — I1 be the corresponding map of By modules.
3.2. Lemma. The map Nog — Iy ®p, Fy defined by the map of complexes
(3.2.1) I ®p, No —— N,

FJ’LO — Fp.

as in Remark 1.7 coincides with the map induced by the composition

(3.2.2) N04>L31/A QL FOHQBl/A QL Fy— 11 ®pB, Iy
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of the truncated reduced Atiyah class of fo and gs ® Fy. Both maps are given by
(3.2.3) No — L ®p Fy
bi®ex +— dsby @ fo(1 @ ea).

Proof. The maps s, g5, and ds are related by the formulas

(3.2.4) S(bl) = b1 + dj(b1>
gs(db1) = d;(br),

so the fact that (3.2.2) is given by (3.2.3) follows from (2.2.4).

To calculate the map defined by (3.2.1), we will make use of the natural Bj linear section
n+— 1®@n of Ny — Ny. Note that the isomorphism E, = E,, obtained by identifying both
Es and Ey, with E via the natural isomorphism (3.1.2) can be explicitly written:

(325) (Bl [Il] XA BQ) Xs (Bl XA EQ) — (Bl [Il] XA Bz) R s (Bl XA EQ)
(b14i1) @b @by ®ex +— (b1 +1i1)s(by) @by ®1® es.

The map defined by (3.2.1) can be computed on n = b; ® e; € N = Ker fy by following
1®1® b1 ® ey through the sequence of maps

(Bi[I1] ®4 B2) ®5 (B1 ®4 E2)
:l(3.2.5)
(Bi[l1] ®a B2) @, (B1 ®4 E»)
(B1[11]) ®4 E2) ®s, Fo
and noting that the result is in (I} ® 4 B2) ®p, Fp. Carrying this out, we find:

1010bh®es — s(b)®1Q1®es
= hR1R1RQe+db R1Q1RQ ey
= 101 ®e+dbj ®1R1®ey
= 1®1 fo(b ®e2) +dshi ® 1@ fo(l @ e2)
= dib1 ®1® fo(l®es).
Of course we drop the 1 in the middle when we make the natural identification
(I1 ®4 B2) ®p, Iy = 11 ®p, Fo.

We have now shown that the map induced by (3.2.1) is also given by (3.2.3), so the proof
is complete.

4. APPLICATIONS TO THE QUOT SCHEME

4.1. Setup. We work throughout in the category Sch of schemes over a field k, which we
refer to simply as “schemes”. All relative constructions done without explicit reference to
a morphism are assumed to be relative to the terminal object, so, for example, Lx = Lx 3,
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X xY =X x, Y, etc. Let Y be a scheme, E a quasi-coherent sheaf on Y. We assume
that the functor

(4.1.1) Sch°? — Ens
X +— { quotients of 73 F on X x Y flat over X }

is representable by a scheme @ (the Quot scheme). This holds, for example, if YV is
projective and E is coherent, in which case the components of @) are projective [Gro].
The Quot functor (4.1.1) is representable by an algebraic space in much more generality.
Assuming the basic machinery of Serre duality, etc. for algebraic spaces, the results of this
section carry over to that setting as well.

Since we work over a field, for schemes X and Y we have Lxxy = m{Lx & m5Ly and
Lxxy/v = 7{Lx (the projections are flat). For an exact sequence

(4.1.2) 0—>N—>mE e p

on X x Y (with F flat over X) we let 3(f) : N — mfLx ®" F (or just 8 if f is clear from
context) denote the reduced Atiyah class of f (1.12.9).* Recall the natural transformation

B :Hompx)(Lx, -) — Hompxxy)(N,7] - ®" F)
B(M)(g) = (mjg@" F)g.

from the introduction. By abuse of notation, we write f : X — @ for the morphism
corresponding to the quotient f.

Since all the technical results are already in place, the proof of the next theorem will
amount to little more than unwinding various definitions. I view this theorem as the main
result of this paper.

4.2. Theorem. The following are equivalent:

(1) f is a perfect quotient.
(2) B(I) is an isomorphism for every quasi-coherent sheaf I on X.
If f + X — Q is formally étale, then these two equivalent conditions hold, and, furthermore,
B(I[1)]) : Ext'(Lx,I) — Ext!(N,7iI ® F)
is injective for every quasi-coherent sheaf I on X.

Proof. For a quasi-coherent sheaf I, let ¢y : X < X|[I] be the trivial square zero closed
immersion with ideal I. By Lemma 3.2 we have a commutative diagram

B(1)

(4.2.1) Hom(Qx, I)

{ retracts of 17 } —— { flat deformations of f over X[I] }

Hom(N,njI ® F)

41t is not necessary to derive the tensor product in 77 M ®% F because

MemiM@F=m"M®, 1, F

X

is an exact functor from X modules to X x Y modules since F' is flat over X
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where the bottom arrow is given by pullback. By defintion, the latter is an isomorphism
for every I iff f is a perfect quotient, so the equivalence of the two conditions is clear.

If f: X — Q is formally étale, then by defintion of “formally étale” s — fs gives a
bijection between retracts of ¢t; and completions of the solid diagram

X — X[1)

1,

Q

in Sch. On the other hand, by definition of ), such completions are the same thing as
flat deformations of f over X[I]. This proves the second statement.

For the final statement, note that the fundamental theorem of the cotangent complex
(I11.1.2.3) identifies Ext'(Lx, ) with (isomorphism classes of) square zero thickenings
X — X’ of X with ideal sheaf I. According to (1.13), the map

B(I1]) : Ext!(Lx, ) — ExtY(N,7{I ® F)
takes the class e(X’) : Lx — I[1] of the thickening X — X’ to “the” obstruction
w = (nfe(X) ® )3

to finding a flat deformation of f over X’. But by definition of the Quot scheme @, finding
such a flat deformation is the same thing as finding a commutative diagram of solid arrows

X—X
]
X —=Q

and by defintion of formally étale every such diagram can be completed to a commutative
diagram as indicated by the dotted arrow. Such a dotted arrow is the same thing as a
retract of X — X', which is the same thing as an identification of X’ with the trivial
thickening: X’ = X[I]. If B(I[1]) failed to be injective we would therefore find some
nontrivial thickening X’ with a retract, which is absurd.

4.3. Lemma. LetZ be a scheme. Suppose F' € D(Z) is a complex with finite perfect am-
plitude whose rank r is prime to the characteristic of k. Let L, N be arbitrary complexes of
Ox modules and let 3 : N — L®YF be a morphism in D(Z). Set FY := R #om(F,Oy).
For any E € D(Z), there is an isomorphism

Hompz) (N, E ®" F) — Hompz) (N @ FV, E),
natural in E.
Proof. Since F has finite perfect amplitude, we have F @ FV = R #om(F, F), and we
have a trace morphism

tr: RAom(F, F) — Oy

and a “scalar multiplication” morphism

id: 0z - RAZom(F,F)

satisfying (tr)(id) = -r. The desired isomorphism is given by g — (F ® tr)(g ® FV). Its
inverse is given by h +— (h ® F)(N ® r~tid).
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4.4. Lemma. Let A be an abelian category with enough injectives and let B be a full
abelian subcategory of A. Let f : E — F be a map in D(A) between complexes with
cohomology in B and vanishing in positive degrees. Then the following are equivalent:

(1) HO(f) is an isomorphism.
(2) Hom(F,I) — Hom(E,I) is an isomorphism for every I in B.

If these equivalent conditions are satisfied and the following are equivalent:

(1) H=Y(f) is surjective.
(2) Ext!(F,I) — Ext}(E, I) is injective for every I in B.

Proof. This is standard. Let I — J be an injective resolution of I. Then we can compute
Ext™(E,I) as H" of the double complex Hom®(E, J). By first taking cohomology in the
FE direction, we obtain a spectral sequence

ExtP(H™Y(E),I) = ExtP*4(E, )
natural in E, I. Since H>(E) = H>Y(F) = 0, the map
f*:Hom(F,I) — Hom(E,I)
is identified with the B morphism
HO(f)* : Hom(H*(F),I) — Hom(H"(E), ),

so the first statement follows from Yoneda’s Lemma. From the naturality of the low order
terms in this spectral sequence, we obtain a commutative diagram

0 — Ext!(HY(E),I) — Ext(E,I) — Hom(H Y(E),I) — Ext?(H(E), I)
HO(f)* T: f*T Hl(f)*T HO(f)* T:
0 — Ext}(H(F),I) — Ext!(F,I) — Hom(H Y(F),I) — Ext*(H°(F), I)

with exact rows and natural in /. Assuming H°(f) is an isomorphism, so are the indicated
arrows. By the Subtle Five Lemma,” H~1(f)* is injective iff f* is injective. On the other
hand, H~1(f)* is injective for every I in B iff the B morphism H~!(f) is surjective.

4.5. Remark. One could also use the long exact sequence obtained by applying Hom( _, I)
to the map of truncation triangles

TgflE[l] — F —— TZ()E

L

Tgle[l] — F —— TZ()F

instead of the low order terms in the spectral sequence, though this amounts to the same
thing.

5This isn’t so subtle since we have much more exactness than necessary for the desired conclusion.
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4.6. Theorem. Suppose Y is a projective Gorenstein scheme of pure dimension d, F is a
coherent sheaf on'Y , and f : 715 E — F' is a surjection of sheaves on X XY with F' flat over
X and of finite perfect amplitude. Assume that the rank of F' is prime to the characteristic
of k and that N := Ker f is also of finite perfect amplitude. Then the functor

D(X) — Vecty
I — Hompxyy)(N,7{I @ F)
1s represented by
E:=RFom(Rm.RAom(N,F),Ox) € D(X).

If f defines a formally étale map from X to the Quot scheme, then the map H°(E — Lx)
is an isomorphism and the map H 1 (E — LLx) is surjective.

Proof. By the hypotheses on Y, there is an invertible sheaf wy on Y and an isomorphism
(4.6.1) R Zom(Rm. A, B) = Rm,. R om(A, 7] B ® mawyld])
(Grothendieck-Serre duality) in D(X) natural in A € D(X x Y) and B € D(X). There

are natural isomorphisms
Homp(yxy)(N, 711 @ F) = Homp(yxy)(N @ FY,xiI)
= Homp(xxy)(N @" F¥ @ mjwy[d], 71 ® mjwy[d))
= Homp(x)(R7.(N @ F¥ @ mwy[d)), 1),
where the first isomorphism is obtained from Lemma 4.3, the second isomorphism simply
reflects the fact that @m3wy [d] is an automorphism of D(X xY') since mwy is an invertible

sheaf, and the third isomorphism is obtained from the Serre duality isomorphism (4.6.1)
by applying RT and taking H°.

Using Serre duality and the various perfection hypotheses, we obtain a sequence of
natural isomorphisms

E = RZomRm.RAom(N,F),Ox)
= R (RAZom(R A om(N,F),wyld]))
= R (RAom(R A om(N,F),Oxxy) @ mowyld])
= R (RAom(NY @Y F,0xyy) @ miwyd])
= R (N FY® ciwyld]).
Putting this together with the isomorphism from the previous paragraph proves the first
part of the theorem.

The second statement follows from Theorem 4.2 and Lemma 4.4 (applied with A =
Mody, B = quasi-coherent sheaves).

4.7. Lemma. Suppose Y = C is a projective curve. Then for any quasi-compact scheme
X and any ezxact sequence (4.1.2) with F' flat on X x C and N locally free, the complex

E=RFom(Rm,.RAom(N,F),Ox) € D(X)

is of perfect amplitude C [—1,0].
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Proof. 1t suffices to show that the complex R 7. R.#Zom(N, F) is of perfect amplitude
C [0,1]. Since N is locally free we have R #om(N, F) = ##om(N, F). Let D C C be an
effective Cartier divisor. Then we have an exact sequence

(4.7.1) 0—=Hom(N,F)— Hom(N,F)(D) —= #om(N,F)(D)|xxp—=0

on X x C (writing D for 73D to save notation). Since F is flat over X and X is quasi-
compact, it follows from the basic cohomology and base change theorems that for any
sufficiently positive such D we have R>71,#0om(N, F)(D) = 0. In this case, by Grauert’s
Criterion, 7145 0om(N, F)(D) will be a vector bundle on X. Since s#om(N, F)(D)|xxp
is supported in relative dimension zero over X, we conclude similarly that

Ry, #0m(N,F)(D)|xxp =0

and that m,.7Zom(N,F)(D)|xxp is a vector bundle on X. From the usual spectral
sequences argument we conclude that

R RAom(N, F) = n.0om(N,F)(D) — w1, 0m(N, F)(D)|xxp

in D(X), where the two term complex on the right is placed in degrees 0, 1. Since the two
terms in this complex are vector bundles, the proof is complete.

4.8. Corollary. Suppose C is a projective Gorenstein curve, E is a vector bundle on C,
and X 1s an open subset of Quot E on which the universal kernel N C w3 E is locally free
(this always holds if C' is smooth). Then the map

R Zom(Rm. R A om(N,F),Ox) — Lx
obtained from the reduced Atiyah class defines a perfect obstruction theory on X.

Proof. Note that if C' is a smooth curve, O¢ is a sheaf of PIDs so any (quasi-coherent)
subsheaf of a vector bundle is a vector bundle. If IV is locally free, then from the exact
sequence (4.1.2) it is clear that F' has finite perfect amplitude (C [—1,0] in fact), so this
follows immediately from the previous results of this section.

4.9. Remark. If Y is smooth, then 71 : X x Y — X is also smooth, so flatness of F’
(hence N) over X implies perfection of F' and N by [SGA6.111.3.6]. It may be possible to
weaken some of the perfection hypotheses.
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