CONSTRUCTING RATIONAL CURVES ON K3 SURFACES

FEDOR BOGOMOLOV, BRENDAN HASSETT, AND YURI TSCHINKEL

Abstract. We develop a mixed-characteristic version of the Mori- Mukai technique for producing rational curves on K3 surfaces. We reduce modulo p, produce rational curves on the resulting K3 surface over a finite field, and lift to characteristic zero. As an application, we prove that all complex K3 surfaces with Picard group generated by a class of degree two have an infinite number of rational curves.

Contents

1. Introduction 1 2. Guiding questions and examples 3 3. Background results 5 4. Deformation results for stable maps 6 5. K3 surfaces over finite fields 8 6. Curves on K3 surfaces in positive and mixed characteristic 10 7. Proof of the Main Theorem 12 References 14

1. Introduction

Let K be an algebraically closed field and S a K3 surface defined over K. It is known that S contains rational curves—see Mori-Mukai [18], as well as Theorem 7 and Proposition 17 below. In fact, an extension of the argument in [18] shows that the general K3 surface of given degree has infinitely many rational curves (see Theorem 9 and [7]). The idea is to specialize the K3 surface S to a K3 surface S_0 with Picard group of rank 2, where some multiple of the polarization can be expressed as a sum of linearly independent classes of smooth rational curves. The union of these rational curves deforms to an irreducible

Date: November 26, 2010. 1

rational curve on S. This idea applies to K3 surfaces parametrized by points outside a countable union of subvarieties of the moduli space. In particular, a priori it doesn’t apply to K3 surfaces over countable fields, such as F_p and Q. Of course, there are also other techniques proving density of rational curves on special K3 surfaces, e.g., certain Kummer surfaces [18], surfaces with infinite automorphism groups [4, proof of Thm. 4.10], or with elliptic fibrations (see Remark 6 below). These K3 surfaces have Picard rank ≥ 2, and all except finitely many lattices in rank ≥ 3 correspond to K3 surfaces with infinite automorphisms or elliptic fibrations [19, 28].

Moreover, in [5] it is proved that, over k = F_p, every algebraic point on a Kummer K3 surface lies on an irreducible rational curve. The proof of this result uses the Frobenius endomorphism on the covering abelian surface.

The following is the main theorem of this paper:

Theorem 1. Let S be a K3 surface over an algebraically closed field of characteristic zero with Pic(S) = Z, generated by a divisor of degree two. Then S contains infinitely many rational curves.

The motivation for our argument comes from a result of Bogomolov and Mumford [18]: Let (S, f) be a general K3 surface of degree 2g − 2. We can degenerate S to a Kummer K3 surface (S_0, f), which has infinitely many rational curves. Indeed, we can produce examples where there are infinitely many (reducible) rational curves in |Nf|, N ≥ 1, consisting of unions of smooth components meeting transversally. A deformation argument shows that these deform to infinitely many (irreducible) rational curves in nearby fibers. However, on subsequent specializations, distinct rational curves might collapse onto each other. If there were an infinite number of such collisions, the specialized K3 surfaces might only have a finite number of rational curves.

Here we emulate the argument in [18] in mixed characteristic. K3 surfaces over finite fields play the rôle of the Kummer surface; the ‘general’ K3 surface is a K3 surface over a number field with Picard group of rank one. The main technical issue is that we cannot assume a priori that the rational curves on the reduction mod p have mild singularities. Thus we are forced to use more sophisticated deformation techniques.

Acknowledgments: The first author was supported by NSF grant 0701578; the second author was supported by NSF grant 0554491; the third author was supported by NSF grants 0554280 and 0602333. The first author also acknowledges support from a grant of the Ministry of Education of the Russian Federation, “Laboratory of Algebraic Geometry”. We are grateful to Yuri Zarhin for useful discussions and comments, Matthias Schütt for remarks on an early version of this paper, and Najmuddin Fakhruddin and Ramesh Sreekantan for their constructive comments on the proof of Theorem 18.

2. Guiding questions and examples

The following is well-known but hard to trace in the literature:

Conjecture 2 (Main conjecture). Let K be an algebraically closed field of arbitrary characteristic and S a projective K3 surface over K. There exist infinitely many rational curves on S.

In characteristic zero, we can reduce this to the case of number fields:

Theorem 3. Assume that for every K3 surface S_0 defined over a number field K_0, there are infinitely many rational curves in

S_0 := S_0 ×_{Spec(K0)} Spec(Q).

Then Conjecture 2 holds over fields of characteristic zero.

Proof. Let S be a K3 surface defined over a field of characteristic zero, which we may assume is the function field of a variety B defined over a number field F . Shrinking B as necessary, we obtain a smooth projective morphism π : S → B with generic fiber S.

We claim there exists a point b ∈ B(Q) such that the specialization map to the fiber S_b = π^{−1}(b)

Pic(S) → Pic(S_b)

is surjective. The argument is essentially the same as the proof of the main result of [10]. The only difference is that Ellenberg considers the Galois representation on the full primitive cohomology of a polarized K3 surface, whereas here we restrict to the representation on the transcendental cohomology of S, i.e., the orthogonal complement to Pic(S) ⊂ H^2(S, Z).

Our assumption is that S_b admits infinitely many rational curves. We claim each of these lifts to a rational curve of S, perhaps after a generically-finite base-change ~B → B. Suppose we have a morphism ϕ_b : P^1 → S_b, birational onto its image. The class ϕ_{b∗}[P^1] remains algebraic in the fibers of S → B. Consider the normal bundle N_{ϕb} , which in this context is the cokernel of the differential

dϕ : T_P1 → ϕ^∗_b T_{Sb} ;

in Lemma 11 below, we use a more general formulation. Riemann-Roch shows that χ(N_{ϕb} ) = −1. Consider the space of morphisms

Mor_B (P^1 × B, S),

i.e., morphisms from P^1’s into the fibers of S over B. Its dimension is at least dim(B) + χ(N_{ϕb} ) = dim(B) − 1 [16, II.2], but here we can do better: A result of Ran, which builds on earlier work of Voisin [29] and Bloch [3], shows the relative dimension is at least dim(B)+χ(N_{ϕb} )+1 = dim(B). See [23, Cor. 3.2 and 3.3] for the general statement and [23, §5] for the computation of the relevant parameters when the source is a curve. K3 surfaces are not uniruled in characteristic zero, therefore ϕ_b admits no deformations in S_b and ϕ_b lifts to a morphism ϕ : P^1 → S. □

Remark 4. We do not know whether the positive-characteristic case of Conjecture 2 can be reduced to the case of finite fields.

Example 5. Here we show that any Kummer K3 surface over an arbitrary algebraically-closed field of characteristic ≠ 2 admits an infinite number of rational curves.

Let A be an abelian surface with Kummer surface S: S ↓ A → A/± Note that A is isogenous to the Jacobian J of a genus two curve C. (Every abelian surface is isogenous to a principally-polarized surface, which is either a Jacobian or a product E_1 × E_2 of elliptic curves. In the latter case, if we express E_1 and E_2 as branched coverings on P^1 at {0, ∞, α_1, β_1} and {0, ∞, α_2, β_2} with the α_i and β_i distinct, then the genus-two double cover C → P^1 branched at {0, ∞, α_1, β_1, α_2, β_2} will work. Indeed, E_1 and E_2 are Prym varieties of C.)

We choose the embedding C → J such that a Weierstrass point is mapped to zero. Then the images of n · C in A/± are distinct rational curves. Indeed, multiplication-by-n commutes with ±, and acts on C via the hyperelliptic involution.

Remark 6. Elliptic complex K3 surfaces always have infinitely many rational curves: see [4, Thm. 1.8] or [14, Cor. 8.12, Prop. 9.10, Rem. 9.7] and Example 5 above for the degenerate case where the elliptic surface arises from a Kummer construction.

3. Background results

A polarized K3 surface (S, f) consists of a K3 surface and an ample divisor f that is primitive in the Picard group. Its degree is the positive even integer f · f. Let K_g, g ≥ 2 denote the moduli space (stack) of complex polarized K3 surfaces of degree 2g − 2, which is smooth and connected of dimension 19.

The following result was initially presented by the first author in October 1981 at Mori’s seminar at IAS; the proof was based on deformationtheoretic ideas developed several years earlier. A different argument was presented in [18]; Mori and Mukai indicate that Mumford also had a proof.

Theorem 7. Every complex projective K3 surfaces contains a rational curve.

Remark 8. The argument yields a more precise statement [14, 6.10]: Let S be a complex projective K3 surface, D a nonzero effective divisor on S, such that D is indecomposable in the effective monoid, i.e., it cannot be written as a sum of two nonzero effective divisors. Then there exists a rational curve in |D|.

The following theorem has been known to experts; the first published proof is in [7]. (Xi Chen attributes a special case to S. Nakatani.)

Theorem 9. Fix N ≥ 1. Then for a generic (S, f) ∈ K_g there exists an irreducible rational curve in |Nf|.

Corollary 10. A very general K3 surface of degree 2g − 2 contains an infinite number of rational curves.

The proof in [7] involves specializing the K3 surface to a union of two rational normal scrolls, meeting transversely along an elliptic curve. Xi Chen identifies reducible rational curves on this surface that can be deformed back to irreducible rational curves on a general K3 surface.

For our purposes this argument is not sufficiently flexible. Our technique entails analyzing the reductions mod p of a K3 surface defined over a number field. We cannot expect these reductions to be unions of rational normal scrolls.

4. Deformation results for stable maps

In this section, we work over a field of arbitrary characteristic. Let Y be a smooth projective variety and β a curve class on Y .

Consider the open substack

M^∘_0(Y, β) ⊂ M_0(Y, β)

corresponding to maps ϕ : T → Y that are generic embeddings, i.e., there exists a dense open subset T^′ ⊂ T over which ϕ is an embedding. Note that M^∘_0(Y, β) is a quasi-projective scheme, since generic embeddings have trivial automorphism groups.

This open set dominates the locus Ξ in the Chow variety consisting of cycles

C = C_1 ∪ . . . ∪ C_r ⊂ Y, r� i=1 [C_i] = β,

of rational curves C_i with each component having multiplicity one; the induced morphism is finite-to-one. Indeed, there is a finite collection of connected seminormal curves T factoring

C^′ := r� j=1 P^1 → T → C,

where C^′ is the disjoint union of the normalizations of C_1, . . . , C_r.

The obstruction theory over M^∘_0(Y, β) takes a particularly simple form: Given a stable map ϕ : T → Y , first-order deformations and obstructions are given by

H^i(RHom_{OT} (Ω^•_ϕ, O_T )), i = 1, 2,

where Ω^•_ϕ is the complex

dϕ^t : ϕ^∗Ω^1_Y → Ω^1_T

supported in degrees −1 and 0 [13, p. 61].

We shall require the following result; our analysis is similar to the discussion in [13], except that we work under slightly less restrictive assumptions:

Lemma 11. Let ϕ : T → Y be a stable map to a smooth variety that is unramified at the generic point of each irreducible component of T . Then the complex RHom_{OT} (Ω^•_ϕ, O_T ) is quasi-isomorphic to N_ϕ[−1] for some sheaf N_ϕ.

The sheaf N_ϕ is called the normal sheaf of ϕ. In the special case where the domain T is smooth, N_ϕ is the cokernel of the differential dϕ : T_T → ϕ^∗T_Y . First order deformations of ϕ are given by H^0(N_ϕ); obstructions are given by H^1(N_ϕ).

Proof. Let T be a nodal projective curve. Suppose that p ∈ T is a node expressed as xy = 0 in local étale/analytic coordinates. Then Ω^1_T = (O_T dx + O_T dy)/ ⟨ydx + xdy⟩ and Ω^1_T admits a local resolution in O_T -modules 0 → E_1^{f1}→ E_0 → Ω^1_T → 0, where E_1 is invertible and E_0 is locally free of rank two.

Given a bounded complex of O_T -modules

E^• = {0 · · · E^{−p−1} → E^{−p} → E^{−p+1} → · · · 0} we compute RHom_{OT} (E^•, O_T ) using the spectral sequence E^{p,q}_1 = Ext^q_{OT} (E^{−p}, O_T ) ⇒ Ext^{p+q}_{OT} (E^•, O_T ).

Note that

• Ext^q_{OT} (ϕ^∗Ω^1_Y , O_T ) = 0 for q > 0 as Ω^1_Y is locally free; • Ext^q_{OT} (Ω^1_T , O_T ) = 0 for q > 1 by the explicit resolution above.

In particular, only the following terms can be nonzero

Hom_{OT} (ϕ^∗Ω^1_Y , O_T ), Hom_{OT} (Ω^1_T , O_T ), Ext^1_{OT} (Ω^1_T , O_T ). We focus on the unique interesting arrow d_1 : E^{0,0}_1 → E^{1,0}_1 dϕ : Hom_{OT} (Ω^1_T , O_T ) → Hom_{OT} (Ω^1_Y , O_T ).

Since Hom_{OT} (Ω^1_T , O_T ) is torsion-free, dϕ is injective if and only if it is injective at generic points of T , which was one of our assumptions.

Thus we have

E^{1,0}_2 = Hom_{OT} (ϕ^∗Ω^1_Y , O_T )/Hom_{OT} (Ω^1_T , O_T ) and E^{0,1}_2 = Ext^1_{OT} (Ω^1_T , O_T ).

Consequently RHom_{OT} (Ω^•_ϕ, O_T ) is supported in degree one, and the associated sheaf N_ϕ fits into an exact sequence 0 → Hom_{OT} (ϕ^∗Ω^1_Y , O_T )/Hom_{OT} (Ω^1_T , O_T ) → N_ϕ → Ext^1_{OT} (Ω^1_T , O_T ) → 0.

Note that the first term corresponds to deformations that leave the nodes of T unchanged; the last term is the local versal deformation space of these nodes. □

Remark 12. In fact, N_ϕ is locally-free if ϕ is unramified (see, for example, [13, §2])). Conversely, if ϕ is ramified at a smooth point then N_ϕ necessarily has torsion.

5. K3 surfaces over finite fields

For general background and definitions, we refer the reader to [24]. A K3 surface over an algebraically closed field of characteristic p is ordinary if its formal Brauer group has height one [24, p. 1513] and supersingular (in the sense of Artin [2]) if its formal Brauer group has infinite height. Thus supersingular K3 surfaces fail to be ordinary in a dramatic way. Shioda proposes an alternate definition [24, §5]: a K3 surface is supersingular if its Picard group has rank twenty two. This condition implies supersingularity in the sense of Artin [24, §9, Prop. 2]; the converse remains open.

Let S_0 be a K3 surface over a finite field F_q, and S_0 the resulting surface over F_q. Consider the Picard group Pic(S_0) and the ℓ-adic cohomology group H^2(S_0, Q_ℓ(1)), which are related by the cycle-class map Pic(S_0) → H^2(S_0, Q_ℓ(1)).

Frobenius acts on both these groups compatibly with this map, and preserving the intersection form.

The following application of the Tate conjecture is well-known to experts (and was ascribed to Swinnerton-Dyer in [2, p. 544]) but we are not aware of a reference:

Theorem 13. Let S_0 be a non-supersingular K3 surface over a finite field of characteristic ≥ 5. Then Pic(S_0) has even rank.

Proof. The Frobenius action on H^2(S_0, Q_ℓ(1)) is diagonalizable over Q_ℓ with eigenvalues α_1, . . . , α_{22} [9]. Since this factors through the orthogonal group, if α appears as an eigenvalue then α^{−1} also appears. Consequently, we conclude that the following sets have an even number of elements

• the eigenvalues that are not roots of unity;

• the eigenvalues that are roots of unity but are not equal to ±1; • the total number of times ±1 appears as an eigenvalue.

Results of Nygaard and Ogus on the Tate conjecture for K3 surfaces [20, 21] imply Galois-invariant cohomology classes are in the image of the cycle map, at least rationally. □

We shall use the following result:

Proposition 14. Let X be a smooth projective surface over an algebraically closed field with Néron-Severi group NS(X). If X is uniruled then rank NS(X) = b_2(X), where b_2(X) is the second Betti number. In particular, if X is a K3 surface then rank Pic(X) = rank NS(X) = 22 and thus is supersingular.

This follows from [24, §2 Prop. 2]; while the argument there assumes unirational rather than uniruled, the weaker condition suffices.

For supersingular K3 surfaces, it may happen that an invertible sheaf fails to deform in families even where its p-th power does deform. For detailed discussion of this phenomenon, see [2, §7] where the Artin invariant is first introduced. This behavior does not occur for ordinary K3 surfaces:

Proposition 15. Let B be the spectrum of a complete discrete valuation ring with residue field F_q. Let S → B be a smooth proper morphism with K3 surfaces as fibers, with geometric generic fiber S and special fiber S_0. Let Q_{tors} denote the torsion part of the cokernel of the specialization homomorphism

NS(S) → NS(S_0).

Then Q_{tors} is a p-group [17, Prop. 3.6] (see also [12, §3]) and is trivial if S_0 is ordinary [22, 1.16].

Suppose S is a K3 surface over a number field F with an integral model S → Spec(o_F ), which is smooth away from a finite set of primes. For each finite extension F^′/F , consider the set of primes

Ord_F ′ (S) = {p ∈ Spec(o_F ′ ) : S_p is smooth and ordinary }.

After passing to a suitably large finite extension F^′/F , the set Ord_F ′ (S) has Dirichlet density one. This is due to Tankeev [27] in the special case where the Hodge group of S_C is semisimple, and to Joshi-Rajan [15, §6] and Bogomolov-Zarhin [6] in general.

6. Curves on K3 surfaces in positive and mixed characteristic

Let k be an algebraically closed field of characteristic p > 0. We shall require some general results on lifting to characteristic zero. In particular, we shall need to set up the formalism in order to discuss stable maps in the relative context of a universal family over the versal deformation space.

We first review deformation and lifting results for K3 surfaces, established in [8, §1] and [22, 2.2] using fine analysis of Chern classes and crystalline cohomology:

Theorem 16. Let S_0 be a K3 surface defined over k. Then the formal versal deformation space of S_0 is smooth over the Witt vectors W (k) of relative dimension twenty.

Let L be a non-trivial divisor on S_0 and Σ_L the locus in the formal versal deformation space corresponding to K3 surfaces over which L deforms. Then Σ_L is a Cartier divisor, not contained in the closed fiber over Spf(W (k)).

Let (S_0, f) denote a polarized K3 surface. Then (S_0, f) admits a lifting to a polarized K3 surface (S, f) after passing to an extension of W (k). If S_0 is not supersingular then Σ_f is smooth.

Note that we continue to assume f is primitive in the Picard group of S_0.

Proposition 17. Let S_0 be a projective K3 surface over an algebraically closed field of characteristic p. Then S_0 contains a rational curve.

More precisely, let D be a nonzero effective divisor on S_0 that is indecomposable in the effective monoid. Assume that D is ample or S_0 is ordinary. Then S_0 contains a rational curve in |D|.

Proof. The first statement is a corollary of Theorems 16 and 7. Lift S_0 to a projective K3 surface S in characteristic zero; rational curves on S specialize to unions of rational curves on S_0.

We recall a result of Saint-Donat [25, 2.6, 2.7]: Let D be a nonzero indecomposable effective divisor on a K3 surface S_0. Then the higher cohomology of D vanishes.

Assume first that D is ample. In the application of Theorem 16, we may assume that D lifts to a polarization on S. Now assume S_0 is ordinary. Take S to be the canonical lift of S_0 to characteristic zero; specialization induces an isomorphism Pic(S)^∼→ Pic(S_0) [20, 1.8]. In either case, since H^i(O_{S0} (D)) = 0 for i > 0 semicontinuity implies D lifts to an effective divisor on S. This clearly remains indecomposable. By Remark 8, S admits a rational curve with class [D], which specializes to a rational curve in S_0. □

Theorem 18. Let (S_0, f) be a polarized ordinary K3 surface over k. Suppose that C = C_1 + . . . + C_r is a connected union of distinct rational curves C_i ⊂ S_0, such that [C] = Nf. Let (S, f) be a polarized K3 surface over the Witt vectors W (k) reducing to (S_0, f). Then there exists a relative curve R ⊂ S, defined over a finite extension of W (k), such that R reduces to C and each irreducible component of R is rational.

Proof. Consider the formal versal deformation space of S_0

S → B,

where B ≃ Spf(W (k)[[x_1, . . . , x_{20}]]), i.e., a smooth formal scheme of dimension 20 over W (k). Let b ∈ B denote the distinguished closed point. For each N ≥ 1, consider the relative stable map space

M^∘_0(S/B, Nf) → B,

consisting of generic embeddings. This is a formal scheme over B, as generic embeddings have only trivial automorphisms. We refer the reader to [1, §8] for a discussion of the construction of moduli spaces of stable maps for proper (but not necessarily projective) schemes. We apply this over systems of Artinian local rings approximating B.

General deformation-theoretic arguments (cf. [16, I.2.15]) show that the relative dimension of M^∘_0(S/B, Nf) over B at ϕ is at least

χ(T, N_ϕ) + dim(B) = dim(B) − 1.

Take T to be a nodal connected curve of genus zero factoring through the normalization C^ν → T → C.

The induced ϕ : T → S_0 is a stable map unramified at the generic point of each component, i.e., ϕ ∈ M^∘_0(S/B, Nf). Since S is not uniruled by Proposition 14, we conclude that ϕ does not deform to another genus-zero stable map to S_0.

In either case, the dimensions of M^∘_0(S/B, Nf) and its image in B are at least 20. On the other hand, this image is contained in the locus

Σ_{Nf} ⊂ B

parametrizing K3 surfaces admitting Nf as a polarization. Indeed, in each fiber (ϕ_t)_∗T_t = Nf.

By Theorem 16, the formal scheme Σ_{Nf} has dimension 20 and is not contained in the fiber over the closed point of Spf(W (k)). The same must hold for M^∘_0(S/B, Nf), so there are formal lifts of ϕ : T → S to genus-zero maps in characteristic zero.

We show these formal deformations are algebraic. For this purpose, we restrict to the polarized deformation space

S_{ΣNf} → Σ_{Nf} ,

which is projective in the sense that it admits a formal embedding into a projective space P^d_{ΣNf} , d = χ(S, O_S (Nf)) − 1. This deformation is algebraizable by standard results of Grothendieck (see [26, 2.5.13], for example.) It follows that the associated moduli spaces of stable maps are algebraizable as well. Indeed, moduli spaces of stable maps into projective schemes are proper stacks with projective coarse moduli spaces.

Thus we have two algebraizable formal subschemes

Σ_f ⊂ Σ_{Nf} ⊂ B,

both of pure codimension one and flat over W (k). The former is smooth (by Theorem 16) and contains the deformation corresponding to (S, f). The latter has at least one irreducible component over which C deforms to cycles of rational curves, i.e., the images of the stable maps in M^∘_0(S/B, Nf). However, Proposition 15 shows that Σ_f = Σ_{Nf} , at least set-theoretically. We conclude that C deforms to a cycle R of rational curves in S. □

7. Proof of the Main Theorem

In light of Theorem 3, it suffices to restrict to S defined over a number field F . Let S → Spec(o_F ) be an integral model. For each prime p, let S_p denote the reduction modulo p and S_p its basechange to the algebraic closure of the corresponding finite field.

Assume Pic(S) is generated by an ample class f, of arbitrary degree. Suppose S admits only a finite number of rational curves R_1, . . . , R_s with classes [R_i] = m_if and write m = max{m_1, . . . , m_s}.

Lemma 19. There are only a finite number of primes p such that there exists a curve C ⊂ S_p with [C] ∉ Zf and

C · f ≤ mf · f.

Proof. Consider the Hilbert scheme H → Spec(o_F ) parametrizing curves of degree ≤ m in fibers of S → Spec(o_F ); this is projective over Spec(o_F ). For each irreducible component dominating Spec(o_F ), the corresponding curves have class Nf for some N > 0. Curves C with [C] ∉ Zf are therefore contained in many ‘fibral components’ of H, i.e., components supported over primes p ∈ Spec(o_F ). However, there can be at most finitely many such components, lying over finitely many primes. □

Now we assume S has degree two. Let ι : S → S denote the involution associated to the branched double cover S → P^2. It acts on the primitive cohomology of S via multiplication by −1. We shall derive a contradiction by producing an irreducible rational curve in a class Nf for some N > m.

Choose p to a prime satisfying the following conditions: (1) S_p is of good and ordinary reduction (see Section 5), so that S_p is not uniruled by Proposition 14;

(2) f_p, the restriction of f to S_p, remains a polarization; (3) ι_p, the reduction of ι mod p, remains an involution fixing f_p and acting via multiplication by −1 on the primitive part of Picard group;

(4) p is not in the finite set of primes specified in Lemma 19. Since Pic(S_p) has rank ≥ 2, there exist numerous effective divisors not proportional to f_p; choose an indecomposable class in the effective monoid with this property. Proposition 17 implies there exists an irreducible rational curve C_p ⊂ S_p with this class. Write C^′_p = ι(C_p), which is distinct from C_p; since C_p + C^′_p is invariant under ι_p, we have

[C_p + C^′_p] = Nf_p

for some N. Note that N > 2m by our assumption on p and Lemma 19.

We claim C_p ∪ C^′_p lifts to an irreducible rational curve R over Q. Consider the chain of two P^1’s

T = {xy = 0} ⊂ P^2 and choose a birational morphism ϕ : T → C_p ∪ C^′_p. Let j : T → S_p be the induced morphism; then T is the specialization of a rational curve over the Witt vectors by Theorem 18. Since this curve does not deform—S_p is not uniruled—it can be lifted to Q. □

While Theorem 1 applies to general degree two K3 surfaces, it does not apply to every such surface. A crucial aspect of the proof is that, for K3 surfaces with Picard group of rank one (or odd rank), the Picard groups of the reductions mod p jump. The resulting surfaces over finite fields have additional curve classes, which are necessary for our lifting argument.

We give an example of a degree two K3 surface with Picard group of rank two, for which we do not know whether there are infinitely many rational curves, over Q or F_p.

Example 20. Let S be a K3 surface over an algebraically closed field such that the Picard group is generated over Q by smooth rational curves C_1 and C_2 satisfying

(7.1)

C_1 C_2 C_1 −2 6 C_2 6 −2

and generated over Z by C_1 and f = (C_1 + C_2)/2. Note that (S, f) can be realized geometrically as the double cover of P^2 branched over a plane sextic curve that admits a six-tangent conic.

Surfaces of this type can be defined over F_3 [11, Ex. 6.1], e.g.,

w^2 = (y^3−x^2y)^2+(x^2+y^2+z^2)(2x^3y+x^3z+2x^2yz+x^2z^2+2xy^3+2y^4+z^4).

The technique of [10] can be used to obtain examples over Q. Indeed, the moduli space of lattice-polarized K3 surfaces of type (7.1) is unirational: The sextic plane curves six-tangent to a fixed conic plane curve D are parametrized by a P^{15}-bundle over P^6, and these dominate our moduli space. We can apply Ellenberg’s Hilbert irreducibility argument [10] directly to this rational variety.

References

[1] D. Abramovich & A. Vistoli – “Compactifying the space of stable maps”, J. Amer. Math. Soc. 15 (2002), no. 1, p. 27–75 (electronic).

[2] M. Artin – “Supersingular K3 surfaces”, Ann. Sci. École Norm. Sup. (4) 7 (1974), p. 543–567 (1975).

[3] S. Bloch – “Semi-regularity and deRham cohomology”, Invent. Math. 17 (1972), p. 51–66.

[4] F. Bogomolov & Y. Tschinkel – “Density of rational points on elliptic K3 surfaces”, Asian J. Math. 4 (2000), no. 2, p. 351–368.

[5] , “Rational curves and points on K3 surfaces”, Amer. J. Math. 127 (2005), no. 4, p. 825–835.

[6] F. Bogomolov & Y. Zarhin – “Ordinary reduction of K3 surfaces”, Cent.

Eur. J. Math. 7 (2009), no. 2, p. 206–213.

[7] X. Chen – “Rational curves on K3 surfaces”, J. Algebraic Geom. 8 (1999), no. 2, p. 245–278.

[8] P. Deligne – “Relèvement des surfaces K3 en caractéristique nulle”, in Algebraic surfaces (Orsay, 1976–78), Lecture Notes in Math., vol. 868, Springer, Berlin, 1981, Prepared for publication by Luc Illusie, p. 58–79.

[9] P. Deligne – “La conjecture de Weil pour les surfaces K3”, Invent. Math.

15 (1972), p. 206–226.

[10] J. S. Ellenberg – “K3 surfaces over number fields with geometric Picard number one”, in Arithmetic of higher-dimensional algebraic varieties (Palo Alto, CA, 2002), Progr. Math., vol. 226, Birkhäuser Boston, Boston, MA, 2004, p. 135–140.

[11] A.-S. Elsenhans & J. Jahnel – “K3 surfaces of Picard rank one which are double covers of the projective plane”, in Higher-Dimensional Geometry over Finite Fields, IOS Press, Amsterdam, 2008, p. 63–77.

[12] , “The Picard group of a K3 surface and its reduction modulo p”, 2010, arXiv:1006.1972.

[13] T. Graber, J. Harris & J. Starr – “Families of rationally connected varieties”, J. Amer. Math. Soc. 16 (2003), no. 1, p. 57–67 (electronic).

[14] B. Hassett – “Potential density of rational points on algebraic varieties”, in Higher dimensional varieties and rational points (Budapest, 2001), Bolyai Soc. Math. Stud., vol. 12, Springer, Berlin, 2003, p. 223–282.

[15] K. Joshi & C. Rajan – “Frobenius splitting and ordinarity”, 2001, arXiv:math/0110070v1 (but not in the published version).

[16] J. Kollár – Rational curves on algebraic varieties, Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics, vol. 32, Springer-Verlag, Berlin, 1996.

[17] D. Maulik & B. Poonen – “Néron-Severi groups under specialization”, 2009, arXiv:math/0907.4781v3.

[18] S. Mori & S. Mukai – “The uniruledness of the moduli space of curves of genus 11”, in Algebraic geometry (Tokyo/Kyoto, 1982), Lecture Notes in Math., vol. 1016, Springer, Berlin, 1983, p. 334–353.

[19] V. V. Nikulin – “Discrete reflection groups in Lobachevsky spaces and algebraic surfaces”, in Proceedings of the International Congress of Mathematicians, Vol. 1, 2 (Berkeley, Calif., 1986) (Providence, RI), Amer. Math. Soc., 1987, p. 654–671.

[20] N. O. Nygaard – “The Tate conjecture for ordinary K3 surfaces over finite fields”, Invent. Math. 74 (1983), no. 2, p. 213–237.

[21] N. Nygaard & A. Ogus – “Tate’s conjecture for K3 surfaces of finite height”, Ann. of Math. (2) 122 (1985), no. 3, p. 461–507.

[22] A. Ogus – “Supersingular K3 crystals”, in Journées de Géométrie Algébrique de Rennes (Rennes, 1978), Vol. II, Astérisque, vol. 64, Soc. Math. France, Paris, 1979, p. 3–86.

[23] Z. Ran – “Hodge theory and deformations of maps”, Compositio Math. 97 (1995), no. 3, p. 309–328.

[24] A. N. Rudakov & I. R. Shafarevich – “Surfaces of type K3 over fields of finite characteristic”, in Current problems in mathematics, Vol. 18, Akad. Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Informatsii, Moscow, 1981, translation in Journal of Mathematical Sciences, Volume 22, Number 4, July, 1983, pages 1476–1533, p. 115–207.

[25] B. Saint-Donat – “Projective models of K − 3 surfaces”, Amer. J. Math. 96 (1974), p. 602–639.

[26] E. Sernesi – Deformations of algebraic schemes, Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 334, Springer-Verlag, Berlin, 2006.

[27] S. G. Tankeev – “On the weights of an l-adic representation and the arithmetic of Frobenius eigenvalues”, Izv. Ross. Akad. Nauk Ser. Mat. 63 (1999), no. 1, p. 185–224, translation in Izv. Math. 63 (1999), no. 1, 181–218.

[28] È. B. Vinberg – “Discrete reflection groups in Lobachevsky spaces”, in Proceedings of the International Congress of Mathematicians, Vol. 1, 2 (Warsaw, 1983) (Warsaw), PWN, 1984, p. 593–601.

[29] C. Voisin – “Sur la stabilité des sous-variétés lagrangiennes des variétés symplectiques holomorphes”, in Complex projective geometry (Trieste, 1989/Bergen, 1989), London Math. Soc. Lecture Note Ser., vol. 179, Cambridge Univ. Press, Cambridge, 1992, p. 294–303.

Courant Institute, New York University, New York, NY 10012, USA E-mail address: bogomolo@cims.nyu.edu

Department of Mathematics, Rice University, MS 136, Houston, Texas 77251-1892, USA

E-mail address: hassett@rice.edu

Courant Institute, New York University, New York, NY 10012, USA E-mail address: tschinkel@cims.nyu.edu