CREMONA TRANSFORMATIONS AND DERIVED EQUIVALENCES OF K3 SURFACES

BRENDAN HASSETT AND KUAN-WEN LAI

Abstract. We exhibit a Cremona transformation of Ř^4 such that the base loci of the map and its inverse are birational to K3 surfaces. The two K3 surfaces are derived equivalent but not isomorphic to each other. As an application, we show that the difference of the two K3 surfaces annihilates the class of the affine line in the Grothendieck ring of varieties.

Introduction

Let X be a smooth complex projective variety that is rational, i.e., admits a birational map ϱ : Ř^r � X where r = dim(X). The map ϱ blows up various subvarieties of Ř^r — to what extent are these determined by X? We can always precompose ϱ by a birational automorphism of Ř^r (i.e., a Cremona transformation) so we must take this into account.

For small dimensions these subvarieties are determined by X. When r = 1, ϱ extends to an isomorphism; if r = 2, ϱ is resolved by blowing up points in Ř^2. The case of threefolds was analyzed by Clemens and Griffiths [CG72]. We may assume that ϱ (resp. ϱ^{−1}) is resolved by blowing up a finite number of points and nonsingular irreducible curves; let C_1, . . . , C_k (resp. D_1, . . . , D_l) denote those of positive genus. Comparing the Hodge structures on middle cohomology groups using the blow-up formula, we obtain an isomorphism of principally polarized abelian varieties:

J(C_1) × · · · × J(C_k) ≃ J(X) × J(D_1) × · · · × J(D_l).

The factors are Jacobians of curves and the intermediate Jacobian of X. Principally polarized abelian varieties admit unique decompositions into irreducible factors and the Jacobian of a curve is irreducible with respect to the natural polarization. It follows that J(X) can be expressed as a product of Jacobians of curves C_{i1} , . . . , C_{it} , {i_1, . . . , i_t} ⊂ {1, . . . , k}, and these curves are determined up to isomorphism by the Torelli Theorem.

Therefore, we focus on fourfolds and their middle cohomology. Suppose that a smooth projective surface Σ is contained in the base locus of ϱ. The blow-up formula gives a homomorphism of Hodge structures

β : H^2(Σ, Ž)(−1) → H^4(X, Ž); 1

can we recover Σ from its image? Keeping track of divisor classes of Σ is complicated, as they might disappear under subsequent blow-downs. Thus all we can expect to recover is the transcendental cohomology T (Σ) ⊂ H^2(Σ, Ž).

Mukai and Orlov [Orl97] have shown that K3 surfaces offer many examples of non-birational surfaces R and R̂ with T (R) ≃ T (R̂) as integral Hodge structures. These are explained through the notion of derived equivalence. There are cubic fourfolds [Has16] whose Hodge structures show the trace of several derived equivalent K3 surfaces. However, these are not known to be rational. Nevertheless, this raises a question:

Question 0.1. Let R and R̂ be derived equivalent K3 surfaces. Do there exist smooth projective fourfolds X, P, and P̂ and birational maps

ϱ : P � X, ϱ̂ : P̂ � X,

such that R and R̂ are birational to components of the base loci of ϱ and ϱ̂ respectively, and the induced

β : H^2(R, Ž)(−1) → H^4(X, Ž), β̂ : H^2(R̂, Ž)(−1) → H^4(X, Ž)

induce an isomorphism T (R) ≃ T (R̂)?

In other words, are derived equivalences of K3 surfaces induced by birational maps? It makes sense to start with the case where P ≃ P̂ ≃ Ř^4. Are derived equivalences of K3 surfaces induced by Cremona transformations?

This last question may be too ambitious, as the base loci of Cremona transformations are highly constrained. According to Crauder and Katz [CK89], the Cremona transformation of Ř^4 which can be resolved by blowing up along a smooth and irreducible surface S ⊂ Ř^4 occurs as one of the following two cases:

(1) S is a quintic elliptic scroll S = Ř_C (E), where C is an elliptic curve and E is a rank two vector bundle with e = − deg(

�_2 E) = −1.

(2) S is a degree 10 determinantal surface given by the vanishing of the 4 × 4 minors of a 4 × 5 matrix of linear forms.

Here we present an example where derived equivalences of K3 surfaces are explained through Cremona transformations, and offer further evidence that such examples are quite rare. We can explain derived equivalences among degree 12 K3 surfaces in this way; however, we do not know how to realize derived equivalences of higher degree K3 surfaces.

Our construction gives new examples of zero-divisors in the Grothendieck ring of complex algebraic varieties. The difference of each derived equivalent pair is non-vanishing in the ring and annihilated by the class of the 2

affine line. The first example in this direction is given by the Pfaffian- Grassmannian Calabi-Yau threefolds [Bor15]. Other examples include Calabi- Yau threefolds from Grassmannians of type G_2 [IMOU16a, Kuz16]. Kuznetsov and Shinder [KS16] have formulated general conjectures relating derived equivalence to zero-divisors in the Grothendieck ring; our example is an instance of [KS16, Conj. 1.6]. The relationship between zero-divisors in the Grothendieck ring and approaches to the rationality of cubic fourfolds is discussed in [GS14].

Section 1 presents preliminary results on Cremona transformations with singular base loci. The construction of our rational map is in Section 2 and we verify the non-trivial derived equivalence in Section 3. We apply the results to study the Grothendieck ring in Section 4. Section 5 shows these constructions do not admit obvious extensions through a generalization of the classification of Crauder and Katz; the underlying computations are also used to analyze the maps defined in Section 2.

Acknowledgments: We are grateful for conversations with Lev Borisov that inspired this work. The manuscript benefited from correspondence with Alexander Kuznetsov. The authors are grateful for the support of the National Science Foundation through DMS-1551514.

1. Cremona transformation with singular base locus

1.1. Terminology and notation. A Cremona transformation of Ř^n is a birational map f : Ř^n � Ř^n. Its base locus Bs( f ) is the subscheme where f is undefined.

Throughout this paper, we consider the Cremona transformation f : Ř^4 � Ř^4 with base locus resolved by blowing up an irreducible surface S , with singular locus consisting of transverse double points, which means a point where the surface has two smooth branches meeting transversally.

Suppose S has δ transverse double points which form a subset Δ ⊂ Ř^4. The blowup of Ř^4 along S can be factored as follows:

(1) Blow up Ř^4 along Δ, introducing δ exceptional divisors E_1, ..., E_δ isomorphic to Ř^3. Let P denote the resulting fourfold and S^′ the proper transform of S , which is now smooth.

(2) Blow up P along S^′ to obtain P^′. Let E denote the resulting exceptional divisor and E^′_1, ..., E^′_δ the proper transforms of the first group of exceptional divisors. Each E^′_i is isomorphic to E_i ≃ Ř^3 blown up along two skew lines Q^′_i , Q^{′′}_i ⊂ E_i.

(3) Each E^′_i is a Ř^1-bundle over Ř^1 × Ř^1. Indeed, through each p ∈ E_i not on Q^′_i and Q^{′′}_i passes a unique line l intersecting Q^′_i and Q^{′′}_i . The bundle map is given by p → (l ∩ Q^′_i , l ∩ Q^{′′}_i ) ∈ Q^′_i × Q^{′′}_i . Blow down each E^′_i to Ř^1 × Ř^1. The resulting X is isomorphic to Bl_S Ř^4. 3

Remark. The blowup X → Ř^4 has a quadric surface Q_i, i = 1, ...δ, over each transverse double point of S . Then P^′ is obtained as the blowup of X along these quadrics.

Let π_1 : X → Ř^4 be the blowup along S and π_2 : X → Ř^4 the resolution of f so that π_2 = π_1 ∘ f . We organize these maps into a diagram:

P^′ � � � � � � � � � P � � � � X π_1 � � � �_{π2} � � � � Ř^{4 f} � Ř^4 Note that, by the definition of blowup, X is exactly the graph of f . Let L (resp. M) denote the divisor of the hyperplane class of the left (resp. right) Ř^4. We also use L (resp. M) to denote its pullbacks to X, P and P^′ (resp. X and P^′).

It’s clear that L^4 = 1. We have

(1.1) M^4 = 1

on X as f is birational. We define n by

(1.2) L^3 M = n

and ξ by

(1.3) LM^3 = ξ.

We may interpret n and ξ as the degrees of the homogeneous forms inducing f and f^{−1} respectively. Define m as the multiplicity of S in the base locus. It is clear that M = nL − m � E + 2Σ^δ_{i=1}E^′_i � on P^′.

Since a nondegenerate subvariety in projective space has degree greater than one, the linear system in |M| inducing P^′ → Ř^4 must be complete. Thus we have

(1.4) h^0 � P^′, M � = 5.

We use these equations in our classification of Cremona transformations below.

1.2. Computing the intersection numbers. Let Σ denote the normalization of S and let K_Σ be its canonical class. Then the blowup of Σ along the preimage of the transverse double points is isomorphic to S^′. We denote by C a general sectional curve of S and also its preimages in Σ and S^′. Let d = C^2 = deg S . Note that E_i ∩ S^′ = Q^′_i ∪ Q^{′′}_i are exactly the exceptional curves on S^′ over the i-th double point._4

Lemma 1.1. We have LE^′_i = 0. We also have E^3E^′_i = −4, E^2E^{′2}_i = 2, EE^{′3}_i = 0 and E^{′4}_i = −1.

Proof. First, LE^′_i = 0 since their intersection is empty.

Recall that E^′_i is isomorphic to E_i ≃ Ř^3 blown up at skew lines Q^′_i and Q^{′′}_i . Write Pic(E^′_i ) = � H, ~Q^′, ~Q^{′′} � where H is the polarization from Ř^3 while ~Q^′ and ~Q^{′′} are the exceptional divisors over the lines. We clearly have ~Q^′ ~Q^{′′} = 0 and ~Q^′H^2 = ~Q^{′′}H^2 = 0. Since N_{Q′i /Ř3} = O_{Q′i} (1) ⊕ O_{Q′i} (1) then writing ζ = c_1(O_{Ř(NQ′i /Ř3 )}(1)) we obtain ζ^2 + 2Hζ = 0 in the Chow group of ~Q^′ = Ř(N_{Q′i /Ř3} ). We have ~Q^′|_{~Q′} = −ζ so that

~Q^{′2}H = −ζH = −1, ~Q^{′3} = ζ^2 = −2Hζ = −2.

We have N_E′_{i /P}′ = O(−H) and E|_E′_i = ~Q^′ + ~Q^{′′}. Thus we obtain

E^3E^′_i = ( ~Q^′ + ~Q^{′′})^3 = ~Q^{′3} + ~Q^{′′3} = −4 E^2E^{′2}_i = ( ~Q^′ + ~Q^{′′})^2(−H) = 2 EE^{′3}_i = ( ~Q^′ + ~Q^{′′})(−H)^2 = 0 E^{′4}_i = (−H)^3 = −1. □ Lemma 1.2. The intersection numbers involving L and E are (1) L^3E = 0 and L^2 E^2 = −d (2) LE^3 = −5d − K_ΣC (3) E^4 = −15d − 5K_ΣC − c_2(Σ) + 6δ (3’) E^4 = d^2 − 25d − 10K_ΣC − K_Σ^2 + 4δ

Proof. L^3 E = 0 since a general line doesn’t intersect S . We have L^2 E^2 = − deg S^′ = −d.

Assume that C = S ∩ L for some hyperplane L ≃ Ř^3. Then LE^3 = s(C, L)_0 the zeroth Segre class of C in L, which equals [c(N_{C/L})^{−1}]_0 = [c(C)c(ι^∗T_Ř3 )^{−1}]_0 = [([C] − K_ΣC − C^2)([C] − 4d)]_0 = −5d − K_ΣC.

We have E^4 = −s(S^′, P)_0 = −[c(N_S ′_{/P})^{−1}]_0 = −[c(S^′) c(P)|^{−1}_S ′ ]_0. Let ϵ : P → Ř^4 be the blowup. The blowup formula for Chern classes gives c(P) = ϵ^∗c(Ř^4) + (1 + Σ_iE_i)(1 − Σ_iE_i)^4 − 1 = ([P] + L)^5 + Σ_i(−3E_i + 2E_i^2 + 2E_i^3 − 3E_i^4).

Thus we have

c(P)|_S ′ = ([S^′] + 5C + 10C^2) + Σ_i[−3(Q^′_i + Q^{′′}_i ) + 2(Q^{′2}_i + Q^{′′2}_i )] = [S^′] + 5C − 3Σ_i(Q^′_i + Q^{′′}_i ) + 10d − 4δ and also c(P)|^{−1}_S ′ = [S^′] − 5C + 3Σ_i(Q^′_i + Q^{′′}_i ) + 15d − 14δ. 5

Let τ : S^′ → Σ be the blowup. Then we have

c(S^′) = [S^′] − τ^∗K_Σ − Σ_i(Q^′_i + Q^{′′}_i ) + c_2(Σ) + 2δ.

Multiply the results to get E^4 = −15d − 5K_ΣC − c_2(Σ) + 6δ.

Another expression for E^4 is derived from

−[c(N_S ′_{/P})^{−1}]_0 = c_2(N_S ′_{/P}) − c_1(N_S ′_{/P})^2.

We have c_2(N_S ′_{/P}) = d^2 − 4δ. On the other hand

c_1(N_S ′_{/P}) = c_1(T_P)|_S ′ − c_1(T_S ′ ) = − (−5L + 3Σ_iE_i)|_S ′ − (−K_S ′ ) = 5C + τ^∗K_Σ − 2Σ_i(Q^′_i + Q^{′′}_i ),

hence we deduce

c_1 � N_S ′_{/P}′

�_2

= 25d + 10K_ΣC + K_Σ^2 − 8δ

and also

E^4 = � d^2 − 4δ � − � 25d + 10K_ΣC + K_Σ^2 − 8δ � = d^2 − 25d − 10K_ΣC − K_Σ^2 + 4δ. □ 2. Construction of our example

In this section, we use Mukai’s construction [Muk88] to produce an explicit example of a degree 12 K3 surface R ⊂ Ř^7 together with three points p_1, p_2, p_3 ∈ R. This example helps us prove the following theorem:

Theorem 2.1. Let R ⊂ Ř^7 be a generic K3 surface of degree 12 and Π := {p_1, p_2, p_3} ⊂ R a generic triple of points.

(1) projection from Π maps R to a surface S ⊂ Ř^4 with three transverse double points;

(2) the complete linear system M of quartics vanishing along S cuts out S scheme-theoretically;

(3) M induces a birational map f : Ř^4 � Ř^4;

(4) the base locus of the inverse f^{−1} is also a projection of a degree 12 K3 surface from three points.

2.1. Orthogonal Grassmannian. Let V be a 10-dimensional vector space equipped with a nondegenerate quadratic form q. The 5-dimensional subspaces of V isotropic with respect to q form a subvariety S of the Grassmannian G(5, V). It has two components S^+ and S^− which are isomorphic to each other. They are called orthogonal Grassmannians and are denoted by OG(5, V)._6

Fix a 5-subspace W ∈ OG(5, V) and let W^∗ be its orthogonal complement with respect to q. Then OG(5, V) can be identified scheme theoretically as the zero locus in

Ř(Č ⊕ 2� W ⊕ 4� W) ≃ Ř^{15}

of the quadratic form [IM04, §2]

(2.1) det W ⊕

�_2

W ⊕ W^∗ −→

�_4 W ⊕ W (x, Ω, v) −→ (x(v) +^1_2 Ω ∧ Ω, Ω(v)).

Here we choose an isomorphism Č ≃ det W. This induces an isomorphism �_4

W ≃ W^∗.

Let x = (x_0, ..., x_{15}) be the homogeneous coordinate for Ř^{15}. Then (2.1) can be explicitly written down as ten quadrics:

(2.2) x_0 x_{11} + x_5 x_{10} − x_6 x_9 + x_7 x_8 −x_1 x_{12} + x_2 x_{13} − x_3 x_{14} + x_4 x_{15} x_0 x_{12} + x_2 x_{10} − x_3 x_9 + x_4 x_8 x_1 x_{11} − x_5 x_{13} + x_6 x_{14} − x_7 x_{15} x_0 x_{13} + x_1 x_{10} − x_3 x_7 + x_4 x_6 −x_2 x_{11} + x_5 x_{12} − x_8 x_{14} + x_9 x_{15} x_0 x_{14} + x_1 x_9 − x_2 x_7 + x_4 x_5 x_3 x_{11} − x_6 x_{12} + x_8 x_{13} − x_{10} x_{15} x_0 x_{15} + x_1 x_8 − x_2 x_6 + x_3 x_5 −x_4 x_{11} + x_7 x_{12} − x_9 x_{13} + x_{10} x_{14}.

2.2. An explicit example. Mukai [Muk88, §3] proves that a generic K3 surface of degree 12 appears as a linear section of OG(5, V) and vice versa.

For example, the Ř^7 ⊂ Ř^{15} spanned by the rows of the 8 × 16 matrix

H =

� � � � � � � � � � �

−1 3 2 0 2 −3 −1 0 3 1 0 3 0 2 0 −3 1 0 −3 0 −2 1 1 0 −2 −1 −1 −1 0 4 0 2 −1 −3 −2 0 −3 0 3 2 −1 −3 −1 2 −1 2 0 3 3 0 0 2 2 3 0 1 2 −1 0 2 −1 −2 2 3 0 −1 1 −1 0 1 −3 3 2 2 1 3 0 −3 0 −3 1 0 0 0 0 −1 0 1 0 0 0 0 0 0 0 0 2 1 0 1 0 0 0 1 0 0 1 0 0 0 0 0 3 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0

� � � � � � � � � � � cuts out a degree 12 K3 surface R on OG(5, V). More explicitly, let z = (z_0, ..., z_7) be homogeneous coordinates for Ř^7. We define the inclusion ι : Ř^7 → Ř^{15} by x = z · H.

Then we get R = ι^{−1}(OG(5, V)).

The last three rows of H are chosen as solutions of (2.2) so that they form a triple of points Π = {p_1, p_2, p_3} ⊂ R. With this choice the projection from Π is exactly the map

π : Ř^7 � Ř^4 (z_0, ..., z_7) → (z_0, ..., z_4)

which takes R to S = π(R)._7

We manipulate this example in a computer algebra system^1 over the finite field Ę_7. We compute that S is singular along three transverse double points {a_1, a_2, a_3} and is the base locus of a Cremona transformation

f : Ř^4 � Ř^4.

Moreover, the base locus of the inverse ( f )^{−1} is again a surface T singular along three transverse double points {b_1, b_2, b_3}. The matrix H is chosen such that the preimage of {a_1, a_2, a_3} on R and the preimage of {b_1, b_2, b_3} on the normalization of T are Ę_7-rational points. This is the smallest field where our computer could quickly find such an H.

2.3. Proof of Theorem 2.1. We prove Theorem 2.1 for our example first.

We confirm the following properties by computer over Ę_7: (1) S is singular along three points. The preimage of each singular point on R has two points outside Π. So they are transverse double points.

(2) The ideal of S is generated by five quartics f_0, ..., f_4. The double-point formula [Ful98, Thm. 9.3] indicates that the three transverse double points of (1) exist over characteristic zero. Indeed, let ϵ : Σ → S be the normalization. Then Σ is isomorphic to R blown up at three points. The double-point class Ď(ϵ) ∈ CH_0(Σ) is given by the formula Ď(ϵ) = ϵ^∗ϵ_∗[Σ] − [ϵ^∗c(Ř^4) · c(Σ)^{−1}]_0

= ⟨S, S ⟩_Ř4 − (ϵ^∗c_2(Ř^4) − ϵ^∗c_1(Ř^4) · c_1(Σ) − c_1(Σ)^2 + c_2(Σ)).

It’s easy to verify that Ď(ϵ) = 6. The quantity^1_2 Ď(ϵ) = 3 counts the number of singularities on S with multiplicity if the singular locus is a finite set. Therefore (1) implies that the singular locus of S consists of three transverse double points. This proves Theorem 2.1(1).

The five quartics f_0, ..., f_4 lift to a basis f_0, ..., f_4 for the ideal of S over characteristic zero. In particular Theorem 2.1(2) holds. The forms f_0, ..., f_4 define a rational map

f := ( f_0, ..., f_4) : Ř^4 � Ř^4

which reduces to f := ( f_0, ..., f_4) : Ř^4 � Ř^4 over Ę_7. The degree of f is computed by the self-intersection M^4, which can be expanded as the right-hand side of equation (5.2). It’s easy to check that our example satisfies

(n, m, d, δ) = (4, 1, 9, 3), K_ΣC = 3 and c_2(Σ) = 27.

Inserting these data into (5.2) we get M^4 = 1, i.e. the map f is birational. Thus Theorem 2.1(3) holds.

1The main program we use in this work is Singular [DGPS15] 8

The inverse ( f )^{−1} can be calculated by computer. It consists of five quartics also and the base locus is a surface T singular along three points. These are transverse double points since each point has two preimage points on the normalization. By the same reasons as above, the base locus of f^{−1} is again a surface cut by five quartics and singular along three transverse double points. Then Theorem 2.1(4) follows from Theorem 5.1.

Next we prove Theorem 2.1 in the generic case.

It’s clear that (1), (2) and (3) of the theorem are open conditions, so they hold for a generic example. As a consequence of Theorem 5.1, property (4) holds once Bs( f^{−1}) is a surface cut out by five quartics and singular along three transverse double points. These are open conditions again so Theorem 2.1 holds for a generic example.

2.4. Some geometry of the construction. Let f be a Cremona transformation of Theorem 2.1. It has a resolution X π_1 � � � �_{π2} � � � � Ř^{4 f} � Ř^4.

Let S_L and S_M be the base locus of f and its inverse f^{−1}, respectively. Then π_1 is the blowup along S_L. Recall that X coincides with the graph of f as well as f^{−1}. Therefore, π_2 is the blowup along S_M.

This example has d = 9, K_ΣC = 3, c_2(Σ) = 27, δ = 3 and M = 4L − E − 2Σ^3_{i=1}E^′_i .

Evaluating Lemmas 1.1 and 1.2 with this data yields

Corollary 2.2. We have

(1) LE^′_i = 0, E^3E^′_i = −4, E^2E^{′2}_i = 2, EE^{′3}_i = 0, E^{′4}_i = −1, (2) L^3E = 0, L^2E^2 = −9, LE^3 = −48, E^4 = −159.

Thus consequently,

(3) L^3 M = 4, L^2 M^2 = 7, LM^3 = 4, M^4 = 1.

Let X_0, ..., X_4 be the homogeneous coordinates for Ř^4. The Cremona transformation f is ramified along the locus Θ where the Jacobian matrix

D f = � ∂ f_i ∂X_j � 5×5 is degenerate. So Θ is a degree 15 hypersurface in Ř^4 defined by det(D f ) = 0.

This locus is called P-locus, which is classically defined as the image of the exceptional divisor of the blowup π_2 [Dol12, §7.1.4]. In particular, Θ is 9

irreducible. It also follows that Θ is the locus contracted by f and its image is the base locus S_M.

Proposition 2.3. The locus Θ ⊂ Ř^4 contracted by f is an irreducible hypersurface of degree 15. It has multiplicity four along S_L. Moreover, it equals the union of all of the 4-secant lines to S_L. The analogous statement holds for the inverse f^{−1} by symmetry.

Proof. Let m be the multiplicity of Θ along S_L. Then the divisor class of its pullback to X equals Θ_X = 15L − mE_X.

Here we use E_X to denote the exceptional divisor of the blowup π_1. Because Θ is contracted onto a surface, we have 0 = M^3Θ_X = M^3(15L − mE_X) = 60 − mM^3E_X.

By definition, E_X is mapped onto the P-locus of the inverse map f^{−1}. In particular, it is again a degree 15 hypersurface in Ř^4 by symmetry. So M^3E_X = 15, which implies m = 4.

Let F_X be the exceptional locus of the blowup π_2. We have L = 4M − F_X by symmetry, hence F_X = 4M − L.

(Note that this equals 15L − 4E_X = Θ_X) The fiber of the map F_X → S_M over a smooth point is represented by the class

l_X =

F_X M^2 deg S_M = 1 9 F_X M^2.

The image l = π_1(l_X) is a rational curve of degree

L · l_X = 1 9 LF_X M^2 = 1 9 L(4M − L)M^2 = 1 9 (16 − 7) = 1.

The intersection number between l and S_L can be computed by E_X · l_X =^1_9 E_X F_X M^2 =^1_9 (4L − M)(4M − L)M^2 =^1_9 (64 − 28 − 4 + 4) = 4.

Hence the fibers of F_X → S_M away from the double points is mapped by π_1 to 4-secant lines to S_L. In other words, S_L admits a family of 4-secant lines parametrized by the smooth locus of S_M.

Conversely, every 4-secant line l to S_L satisfies l · M = l · (4L − E_X) = 4 − 4 = 0.

So l is contracted to a point by f . Hence the union of the 4-secant lines to S_L forms a 3-fold contained in Θ and thus coincides with Θ. □ 10

3. Derived equivalences of K3 surfaces

Let’s keep the notation of Section 2.4. By Theorem 2.1, there exists two degree 12 K3 surfaces R_L and R_M projected onto the base loci S_L and S_M, respectively. This section is devoted to the following:

Theorem 3.1. The two K3 surfaces R_L and R_M are derived equivalent. They are non-isomorphic if they have Picard number one.

Corollary 3.2. There is a birational map σ : R^{[3]}_L � R^{[3]}_M between the Hilbert schemes of length three subschemes.

3.1. Derived equivalences and general strategy. Let R and R̂ denote K3 surfaces and T (R) and T (R̂) the corresponding transcendental lattices. Recall that R and R̂ are derived equivalent if and only if T (R) and T (R̂) are Hodge isometric [Orl97]. Suppose that R has Picard rank one and degree 2n. Let τ(n) be the number of prime factors of n. Then the number of isomorphism classes of K3 surfaces derived equivalent to R is equal to 2^{τ(n)−1} [HLOY03]. Thus a general degree 12 K3 surface admits a unique such partner.

Our general approach is to prove that T (R_L) is isometric to T (R_M) by showing that both of them can be identified as the transcendental sublattice of H^4(X, Ž). Then we show that the induced isomorphism on the discriminant groups is nontrivial, which implies that R_L and R_M are not isomorphic to each other.

3.2. The middle cohomology of X. Retain the notation of Section 1. Let H_L be the polarization of R_L. Let F_1, F_2 and F_3 be the exceptional curves from the projection R_L � S_L. We consider H_L, F_1, F_2 and F_3 as curves on S_L. Their strict transforms ~H_L, ~F_1, ~F_2, ~F_3 on X together with L^2 and the quadrics Q_1, Q_2, Q_3 form a rank 8 sublattice A_L(X) ⊂ H^4(X, Ž). We have ~H^2_L = −H^2_L = −12, ~F^2_i = −F^2_i = 1 and Q^2_i = −E^{′4}_i = 1

where i = 1, 2, 3. These classes are mutually disjoint, so the intersection matrix for A_L(X) is

(3.1)

L^2 ~H_L ~F_{1,2,3} Q_{1,2,3} L^2 1 ~H_L −12 ~F_{1,2,3} I_{3×3} Q_{1,2,3} I_{3×3} where I_{3×3} is the identity matrix of rank 3.

Lemma 3.3. There is a decomposition H^4(X, Ž) ≃ H^4(X, Ž)_{alg} ⊕_⊥ T (R_L)(−1). 11

where H^4(X, Ž)_{alg} is the sublattice spanned by algebraic classes. We have

H^4(X, Ž)_{alg} = A_L(X)

when R_L has Picard number one. Here we use Λ(−1) to denote a lattice Λ equipped with the negative of its original product.

Proof. We apply the blowup formula for cohomology to the composition P^′ → P → Ř^4 and the map P^′ → X to obtain two decompositions for H^4(P^′, Ž). Then we compare them to get our result.

Let S^′_L ⊂ P be the strict transform of S_L. Recall that S^′_L is isomorphic to R_L blown up at 3+6=9 points, where 3 are from the projection R_L � S_L while 6 are from the resolution S^′_L → S_L. Thus we have

H^2(S^′_L, Ž) ≃ � F_i, Q^′_i , Q^{′′}_i

�_{i=1,2,3} ⊕ H^2(R_L, Ž).

Let ~Q^′_i and ~Q^{′′}_i be the strict transforms of Q^′_i and Q^{′′}_i on P^′. Since P^′ → P is the blowup along S^′_L, we have

(3.2)

H^4(P^′, Ž) ≃ H^4(P, Ž) ⊕ H^2(S^′_L, Ž)(−1) ≃ � L^2, E^{′2}_i , ~F_i, ~Q^′_i , ~Q^{′′}_i � i=1,2,3 ⊕ H

2(R_L, Ž)(−1).

For every i, we have

~Q^{′2}_i = −Q^{′2}_i = 1, ~Q^{′′2}_i = −Q^{′′2}_i = 1, E^{′2}_i ~Q^′_i = E^{′2}_i ~Q^{′′}_i = 0

and E^{′4}_i = −1. With these it’s straightforward to prove the isometry � E^{′2}_i , ~Q^′_i , ~Q^{′′}_i � ≃ � E^{′2}_i + ~Q^′_i , E^{′2}_i + ~Q^{′′}_i , E^{′2}_i + ~Q^′_i + ~Q^{′′}_i � , whence (3.2) equals

(3.3)

H^4(P^′, Ž) ≃ � E^{′2}_i + ~Q^′_i , E^{′2}_i + ~Q^{′′}_i , E^{′2}_i + ~Q^′_i + ~Q^{′′}_i , L^2, ~F_i � i=1,2,3

⊕H^2(R_L, Ž)(−1).

By the description of the map E_i � Q_i, the two fiber classes on Q_i ≃ Ř^1 × Ř^1 pullback to hyperplanes in E_i containing either Q^′_i or Q^{′′}_i , which correspond to the classes −E^{′2}_i − ~Q^′_i or −E^{′2}_i − ~Q^{′′}_i on P^′, respectively. The map P^′ → X is the blowup along Q_i, i = 1, 2, 3, so

(3.4) H^4(P^′, Ž) ≃ � E^{′2}_i + ~Q^′_i , E^{′2}_i + ~Q^{′′}_i � i=1,2,3 ⊕ H

4(X, Ž)

Combining (3.3) and (3.4) we get

H^4(X, Ž) ≃ � E^{′2}_i + ~Q^′_i , E^{′2}_i + ~Q^{′′}_i

�_⊥

i=1,2,3 ≃ � E^{′2}_i + ~Q^′_i + ~Q^{′′}_i , L^2, ~F_i � i=1,2,3 ⊕ H

2(R_L, Ž)(−1). 12

Both Q_i and E^{′2}_i + ~Q^′_i + ~Q^{′′}_i are orthogonal to L^2, ~F_{i=1,2,3} and H^2(R_L, Ž), and Q^2_i = (E^{′2}_i + ~Q^′_i + ~Q^{′′}_i )^2 = 1, so Q_i = ±(E^{′2}_i + ~Q^′_i + ~Q^{′′}_i ). Therefore

H^4(X, Ž) ≃ � Q_i, L^2, ~F_i � i=1,2,3 ⊕ H

2(R_L, Ž)(−1) ≃ � Q_i, L^2, ~F_i � i=1,2,3 ⊕ NS (RL)(−1) ⊕⊥ T (RL)(−1)

≃ H^4(X, Ž)_{alg} ⊕_⊥ T (R_L)(−1) where NS (R_L) is the Néron-Severi lattice of R_L.

When R_L has Picard number one, we have NS (R_L)(−1) ≃ � ~H_L � . In this case H^4(X, Ž)_{alg} ≃ � Q_i, L^2, ~F_i, ~H_L � i=1,2,3 = AL(X). □ Lemma 3.3 also proves the decomposition H^4(X, Ž) ≃ H^4(X, Ž)_{alg} ⊕_⊥ T (R_M )(−1) from the side of f^{−1}. So there is an isometry T (R_L) ≃ H^4(X, Ž)^⊥_{alg}(−1) ≃ T (R_M ) which allows us to conclude that Proposition 3.4. R_L and R_M are derived equivalent.

3.3. The discriminant groups. For an arbitrary lattice Λ with dual lattice Λ^∗ := Hom(Λ, Ž), we denote by dΛ := Λ^∗/Λ its discriminant group.

Let A_M (X) be the lattice constructed in the same way as A_L(X) from the side of f^{−1}. Assume R_L and R_M have Picard number one. Then Lemma 3.3 implies that there is an isometry φ : A_M (X) ⊕_⊥ T (R_M )(−1)^∼−→ A_L(X) ⊕_⊥ T (R_L)(−1) such that φ = φ_A ⊕ φ_T with respect to the decompositions. It induces the commutative diagram

dA_M (X)^{φA∗}_∼ � ∼ � dA_L(X) ∼ � dT (R_M )^{φT∗}_∼ � dT (R_L).

These groups are all isomorphic to Ž/12Ž. From the intersection matrix (3.1) we know that dA_L(X) is generated by − ~H_L/12. Similarly, dA_M(X) is generated by − ~H_M /12 where H_M is the polarization of R_M and ~H_M is the strict transform on X.

Lemma 3.5. We have the following equations in H^4(X, Ž)

(1) M^2 = 7L^2 − 3 ~H_L + 4(~F_1 + ~F_2 + ~F_3) + 2(Q_1 + Q_2 + Q_3) 13

(2) ~H_M = 36L^2 − 17 ~H_L + 24(~F_1 + ~F_2 + ~F_3) + 12(Q_1 + Q_2 + Q_3) Proof. The following computation is based on Corollary 2.2.

Assume that

M^2 = aL^2 + b ~H_L + f_1 ~F_1 + f_2 ~F_2 + f_3 ~F_3 + g_1Q_1 + g_2Q_2 + g_3Q_3. Then a = L^2 M^2 = 7. For i = 1, 2, 3, we have g_i = M^2Q_i = −M^2E^{′2}_i = −(4L − E − 2Σ_jE^′_j)^2E^{′2}_i = −(−E − 2Σ_jE^′_j)^2E^{′2}_i = −E^2E^{′2}_i − 4EE^{′3}_i − 4E^{′4}_i = −2 − 0 + 4 = 2.

Let ~C be the strict transform of the sectional curve C on P^′. Note that LM = 4L^2 − LE = 4L^2 − ~C = 4L^2 − ~H_L + Σ_i ~F_i, so we find

4 = LM^3 = (LM)M^2 = (4L^2 − ~H_L + Σ_i ~F_i)(7L^2 + b ~H_L + Σ_i f_j ~F_j + 2Σ_k Q_k) = 28 + 12b + f_1 + f_2 + f_3 and thus (3.5) f_1 + f_2 + f_3 = −12b − 24. We also have 1 = M^4 = (7L^2 + b ~H_L + Σ_i f_j ~F_j + 2Σ_kQ_k)^2 = 49 − 12b^2 + f^2_1 + f^2_2 + f^2_3 + 12 which is equivalent to (3.6) f^2_1 + f^2_2 + f^2_3 = 12b^2 − 60. By the Cauchy-Schwarz inequality (3.7)

( f_1 + f_2 + f_3)^2 = ((1, 1, 1) · ( f_1, f_2, f_3))^2 ≤ (1, 1, 1)^2( f_1, f_2, f_3)^2 = 3( f^2_1 + f^2_2 + f^2_3 ).

Applying (3.5) and (3.6) we get (−12b − 24)^2 ≤ 3(12b^2 − 60), i.e. 3b^2 + 16b + 21 = (3b + 7)(b + 3) ≤ 0.

The only integer solution is b = −3. Because (3.7) becomes an equality in this case, we have ( f_1, f_2, f_3) = f (1, 1, 1) for some integer f . We obtain f = 4 by setting b = −3 in (3.5). As a result, we find

M^2 = 7L^2 − 3 ~H_L + 4(~F_1 + ~F_2 + ~F_3) + 2(Q_1 + Q_2 + Q_3). Next, assume that ~H_M = aL^2 + b ~H_L + f_1 ~F_1 + f_2 ~F_2 + f_3 ~F_3 + g_1Q_1 + g_2Q_2 + g_3Q_3. 14

By symmetry, ~H_LL^n M^{2−n} = ~H_M M^nL^{2−n} for n = 0, 1, 2. In particular, a = ~H_M L^2 = ~H_L M^2 = −3 ~H^2_L = 36.

We have

12 = ~H_L(4L^2 − ~H_L + Σ_i ~F_i) = ~H_L(LM) = ~H_M (ML) = (36L^2 + b ~H_L + Σ_i f_i ~F_i + Σ_jg_jQ_j)(4L^2 − ~H_L + Σ_i ~F_i) = 144 + 12b + f_1 + f_2 + f_3.

Rearrange to obtain (3.8) f_1 + f_2 + f_3 = −12b − 132. Applying the symmetry again, we get

0 = ~H_LL^2 = ~H_M M^2 = (36L^2 + b ~H_L + Σ_i f_i ~F_i + Σ_jg_jQ_j)(7L^2 − 3 ~H_L + 4Σ_i ~F_i + 2Σ_jQ_j) = 252 + 36b + 4( f_1 + f_2 + f_3) + 2(g_1 + g_2 + g_3) whence 2( f_1 + f_2 + f_3) + (g_1 + g_2 + g_3) = −18b − 126 and combining with (3.8) gives (3.9) g_1 + g_2 + g_3 = 6b + 138. We also have

−12 = ~H^2_L = ~H^2_M = (36L^2 + b ~H_L + Σ_i f_i ~F_i + Σ_jg_jQ_j)^2 = 1296 − 12b^2 + f^2_1 + f^2_2 + f^2_3 + g^2_1 + g^2 + g^2_3, from which we obtain (3.10) f^2_1 + f^2_2 + f^2_3 + g^2_1 + g^2 + g^2_3 = 12b^2 − 1308. By the Cauchy-Schwarz inequality,

(3.11)

(−12b − 132)^2 = ( f_1 + f_2 + f_3)^2 = ((1, 1, 1) · ( f_1, f_2, f_3))^2 ≤ (1, 1, 1)^2( f_1, f_2, f_3)^2 = 3( f^2_1 + f^2_2 + f^2_3 ) and (3.12)

(6b + 138)^2 = (g_1 + g_2 + g_3)^2 = ((1, 1, 1) · (g_1, g_2, g_3))^2 ≤ (1, 1, 1)^2(g_1, g_2, g_3)^2 = 3(g^2_1 + g^2 + g^2_3).

Add the two inequalities and then apply (3.10) to get

(3.13)

(−12b − 132)^2 + (6b + 138)^2 ≤ 3( f^2_1 + f^2_2 + f^2_3 + g^2_1 + g^2 + g^2_3) = 3(12b^2 − 1308) which can be arranged as 2b^2 + 67b + 561 = (2b + 33)(b + 17) ≤ 0.

The only integer solution is b = −17 which makes (3.13) an equality. This forces (3.11) and (3.12) to be equalities also. Therefore ( f_1, f_2, f_3) = 15

f (1, 1, 1) and (g_1, g_2, g_3) = g(1, 1, 1) for some integers f and g. We get

f = 24 from (3.8) and g = 12 from (3.9). As a consequence,

~H_M = 36L^2 − 17 ~H_L + 24(~F_1 + ~F_2 + ~F_3) + 12(Q_1 + Q_2 + Q_3). □ Proposition 3.6. The isomorphism φ_{A∗} : dA_M(X)^∼−→ dA_L(X) equals multi-

plication by 7 on Ž/12Ž.

Proof. Recall that φ_A acts as the identity map on H^4(X, Ž)_{alg}, thus φ_A( ~H_M ) =

~H_M. By Lemma 3.5 we have

φ_A( ~H_M ) = 36L^2 − 17 ~H_L + 24(~F_1 + ~F_2 + ~F_3) + 12(Q_1 + Q_2 + Q_3).

as a map from A_M (X) to A_L(X). Therefore

φ_{A∗}(−^1_{12} ~H_M) = −3L^2 +^{17}_{12} ~H_L − 2(~F_1 + ~F_2 + ~F_3) − (Q_1 + Q_2 + Q_3)

= −17 · (−^1_{12} ~H_L) mod A_L(X)

= 7 · (−^1_{12} ~H_L) mod A_L(X). □ Remark. By the symmetry the Cremona transformation f , the rank-8 lat-

tice H^4(X, Ž)_{alg} is also spanned by the classes

{M^2, ~H_M, ~G_1, ~G_2, ~G_3, K_1, K_2, K_3}

constructed in a similar way from the right-hand side. Here ~G_1, ~G_2, ~G_3 are

from the exceptional curves and K_1, K_2, K_3 are from the transverse double

points. The full transformation between the two set of bases is � � � � � � � � � � � � �

M^2

~H_M

~G_1

~G_2

~G_3

K_1

K_2

K_3

� � � � � � � � � � � � �

=

� � � � � � � � � � � � �

7 −3 4 4 4 2 2 2

36 −17 24 24 24 12 12 12

4 −2 3 3 3 2 1 1

4 −2 3 3 3 1 2 1

4 −2 3 3 3 1 1 2

2 −1 2 1 1 1 1 1

2 −1 1 2 1 1 1 1

2 −1 1 1 2 1 1 1

� � � � � � � � � � � � �

·

� � � � � � � � � � � � �

L^2

~H_L

~F_1

~F_2

~F_3

Q_1

Q_2

Q_3

� � � � � � � � � � � � � This expression is unique up to the ordering of the exceptional curves and

the transverse double points on each side. The top two rows are computed

by Lemma 3.5. The other rows can be computed in a similar way. 16

3.4. Proofs of Theorem 3.1 and its Corollary. We first prove the theorem.

The derived equivalence follows from Proposition 3.4. Note that this implies that the Picard numbers of R_L and R_M are the same.

Assume R_L and R_M have Picard number one. Suppose they are isomorphic. Then there is an isometry

θ : T (R_L) ~→ T (R_M)

which induces the isomorphism

θ_∗ : dT (R_L) ~→ dT (R_M) −^{~HL}_{12} → −^{~HM}_{12}

under the identifications dT (R_L) ≃ dA_L(X) and dT (R_M ) ≃ dA_M(X).

By Proposition 3.6, the composition φ_A ∘ θ is an automorphism on T (R_L) acting as multiplication by 7 on dT (R_L). This contradicts the fact that the only automorphism on T (R_L) is the identity [Ogu02]. Hence R_L and R_M can’t be isomorphic to each other.

Next we prove the corollary.

The corollary is trivial if R_L and R_M are isomorphic, so we assume that they are non-isomorphic.

Given a generic triple of points Π_L ∈ R^{[3]}_L , we determine a degree 12 K3 surface R_M and a triple of points Π_M ∈ R^{[3]}_M through the following steps:

(1) Project R_L from Π_L to obtain S_L ⊂ Ř^4, whose ideal defines a Cremona transformation f : Ř^4 � Ř^4.

(2) The base locus of f^{−1} is a surface S_M singular along three transverse double points. Normalize S_M to get Σ_M.

(3) Σ_M is the blowup of a degree 12 K3 surface R_M along three points.

The three exceptional curves on Σ_M are contracted to Π_M ∈ R^{[3]}_M .

Recall that a pair of derived equivalent K3 surfaces of degree 12 uniquely determines each other up to isomorphism. So R_M is independent of the choice of Π_L ∈ R^{[3]}_L by Theorem 3.1. Hence there is a rational map

σ : R^{[3]}_L � R^{[3]}_M Π_L → Π_M .

It is birational because Π_L is uniquely determined by Π_M through the same process as above.

3.5. Connections between our construction and other approaches. The derived equivalence and geometric connections between the degree 12 K3 surfaces (R_L, H_L) and (R_M, H_M) admit several interpretations. 17

3.5.1. Mukai lattices. For a K3 surface R, the Mukai lattice ~H(R, Ž) := H^0(R, Ž) ⊕ H^2(R, Ž) ⊕ H^4(R, Ž), equipped with a weight-two Hodge structure, i.e., the standard Hodge structure on the middle summand and the outer summands taken as (1, 1) classes. This is polarized by

(r_1, D_1, s_1) · (r_2, D_2, s_2) = D_1 · D_2 − r_1 · s_2 − r_2 · s_1. Each coherent sheaf E yields a Mukai vector v(E) = (r(E), c_1(E), s(E)), where r(E) is the rank and r(E) + s(E) = χ(E). Mukai [Muk87] has shown that the second cohomology of a moduli space M_v(R) may be expressed

H^2(M_v(R), Ž) = � � � v^⊥ if v · v ≥ 2 v^⊥/Žv if v · v = 0 provided v is primitive and satisfies certain technical conditions. A derived equivalence between R and R̂ induces an isomorphism of Hodge structures Φ : ~H(R, Ž)^∼→ ~H(R̂, Ž) which may be chosen so that R̂ = M_v(R) with Φ(v) = (0, 0, 1).

We return to our degree 12 K3 surfaces R_M and R_L. We may interpret R_M as a moduli space of vector bundles on R_L and vice versa [Muk99]. Let M_{(2,HL,3)}(R_L) denote the moduli space of rank-two stable bundles E with c_1(E) = H_L and χ(R_L, E) = 5, which is isomorphic to R_M. The universal bundle E → R_L × R_M induces a Hodge isometry Φ : ~H(R_L, Ž)^∼→ ~H(R_M , Ž) described above. We have Φ(2, H_L, 3) = (0, 0, 1), Φ(0, 0, 1) = (2, H_M, 3) and Φ restricts to the isogeny on transcendental cohomology mentioned in §3.1. It follows formally that Φ(1, 0, −2) = (−1, 0, 2), thus after a shift the Mukai vector of ideal sheaves of length-three subschemes of R_L goes to the Mukai vector of length-three subschemes of R_M. We obtain an isomorphism H^2(R^{[3]}_L , Ž) ≃ H^2(R^{[3]}_M , Ž) of Hodge structure arising from Mukai lattices. Thus the Torelli Theorem [Mar11, Cor. 9.9] yields a birational equivalence R^{[3]}_L^∼� R^{[3]}_M . 18

Corollary 3.2 is quite natural from this perspective.

Remark: We also have Φ(1, 0, −1) = (1, H_M , 5). Elements of M_{(1,HM ,5)}(R_M) may be interpreted as I_Z (H_M ) where Z ⊂ R_M has length two. Similar reasoning gives R^{[2]}_L^∼� R^{[2]}_M .

3.5.2. Homological projective duality. Mukai [Muk99, Ex. 1.2] proposed an interpretation of the derived equivalence via linear algebra, which was explored in detail by Iliev and Markushevich [IM04]. The key observation is that the components S^+ and S^− described in §2.1 are naturally embedded in dual projective spaces

S^+ ⊂ Ř^{15}, S^− ⊂ Ř̌^{15}.

Codimension r subspaces Ř ⊂ Ř^{15} correspond to codimension (16 − r) subspaces Ř^⊥ ⊂ Ř̌^{15}. When r = 8, the K3 surfaces R = S^+ ∩ Ř and Ř = S^− ∩ Ř^⊥ are dual. These are derived equivalent and generally nonisomorphic. Kuznetsov [Kuz06, §6.2] has interpreted this derived equivalence via Homological Projective Duality.

It would be interesting to construct the Cremona transformation through this mechanism, by introducing the data of the three points on the K3 surface into the duality construction.

4. Zero divisors in the Grothendieck ring

Let K_0(Var/Č) denote the Grothendieck ring of complex algebraic varieties. It is the abelian group generated by isomorphism classes of complex algebraic varieties subject to the relation

[Z] = [U] + [Z − U]

where U is an open subvariety of Z. The multiplication is induced by the Cartesian product: [X][Y] = [X × Y] which is associative and commutative with unit 1 = [Spec Č]. More generally, if Z → X is a Zariski locally trivial bundle with fibers isomorphic to Y, by stratifying the base it’s easy to prove that

[X][Y] = [Z].

Let Ň = [Ą^1] be the class of the affine line in K_0(Var/Č). Consider a pair of non-isomorphic smooth projective varieties X and Y which are derived equivalent. It is interesting to know if there exists k ≥ 0 satisfying

(4.1) ([X] − [Y])Ň^k = 0

and what the minimal k is if it exists [KS16]._{19}

When X is a generic K3 surface of degree 12, Ito, Miura, Okawa and Ueda [IMOU16b] proves that there exists Y non-trivially derived equivalent to X such that (4.1) holds for k = 3. Actually, it can be improved to k = 1 straightforwardly from the point of view of the Cremona transformation.

Theorem 4.1. Let R_L and R_M be a generic pair of K3 surfaces associated with our Cremona transformation. Then we have

([R_L] − [R_M ])Ň = 0.

in K_0(Var/Č). The relation is minimal in the sense that [R_L] − [R_M] � 0.

Proof. Recall that Σ_L is the normalization of S_L as well as the blowup of R_L at three points. Hence we have

[S_L] = [Σ_L] − 3 = [R_L] + 3Ň − 3.

From the blowup π_1 : X → Ř^4 we obtain

(4.2)

[X] = ([Ř^4] − [S_L]) + [π^{−1}_1 (S_L)] = ([Ř^4] − [S_L]) + (([S_L] − 3)[Ř^1] + [Q_1] + [Q_2] + [Q_3]) = ([Ř^4] − [S_L]) + (([S_L] − 3)[Ř^1] + 3[Ř^1]^2) = [Ř^4] + 3[Ř^1]([Ř^1] − 1) + [S_L]([Ř^1] − 1) = [Ř^4] + 3[Ř^1]Ň + [S_L]Ň = [Ř^4] + 3[Ř^1]Ň + [R_L]Ň + 3Ň^2 − 3Ň.

By symmetry, we also have

(4.3) [X] = [Ř^4] + 3[Ř^1]Ň + [R_M ]Ň + 3Ň^2 − 3Ň.

Subtracting (4.3) from (4.2) we get

([R_L] − [R_M ])Ň = 0.

Next we show that [R_L] � [R_M ], and it is sufficient to show that [R_L] � [R_M] modulo Ň. According to [LL03], [R_L] = [R_M] mod Ň if and only if R_L and R_M are stably birational. Because a K3 surface is not rationally connected, this implies that R_L and R_M are birational and thus isomorphic, contradicting Theorem 3.1. □

5. Exclusion of alternative constructions

This section shows that there exists just one class of Cremona transformations of Ř^4 that can be resolved by blowing up an irreducible surface S with transverse double points, i.e., the class constructed in Section 2. Recall that [CK89] classified the case where S is smooth.

Theorem 5.1. Let S ⊂ Ř^4 be an irreducible surface of degree d with δ > 0 transverse double points. Assume there exists a Cremona transformation

f : Ř^4 � Ř^4 20

resolved by blowing up S . Let n and ξ denote the degrees of the homogeneous forms inducing f and f^{−1} respectively, and m the multiplicity of S in the base locus. Then we have

n = ξ = 4, m = 1, δ = 3,

and S is obtained by projecting a degree 12 K3 surface from three points.

The remainder of this section is devoted to the proof of Theorem 5.1.

5.1. Extracting Diophantine equations. By Lemmas 1.1 and 1.2, equation (1.3) can be expressed as

(5.1) ξ = n^3 − 3nm^2d + m^3 (K_ΣC + 5d) .

Similarly, equation (1.1) can be expressed as

(5.2) 1 = n^4 − 6n^2m^2d + 4nm^3(K_ΣC + 5d) − m^4(15d + 5K_ΣC + c_2(Σ) − 6δ)

and equivalently as

(5.2’) 1 = n^4 −6n^2m^2d+4nm^3(K_ΣC+5d)+m^4(d^2 −25d−10K_ΣC−K_Σ^2 +4δ).

The two formulas follow from the two expressions Lemma 1.2 (3) and (3’) for E^4, respectively. The right-hand sides of these equations are arranged as polynomials in n and m. Note that only the coefficients of m^4 reflect the appearance of transverse double points.

5.2. Enumeration of combinatorial cases.

Lemma 5.2. Only the following (n, m, ξ) can occur. n m ξ (a) 3 1 2 (b) 4 1 4 (c) 7 2 3 (d) 9 2 9 (e) 43 10 7 (f) 24 5 24 (g) 49 10 49

Proof. In the smooth case, the same list [CK89, Theorem 1.6] is obtained by using [CK89, Lemma 0.2] and [CK89, Formulae 0.3]. The proof of the former proceeds unchanged even with the transverse double points. The latter can be derived from (5.1) and (5.2) and only the terms with power of m up to two matter, so transverse double points don’t change the result. Therefore the same elimination process works and we obtain the same list. □ 21

5.3. Exclusion of cases. Here we show that only Case (b) can occur. Lemma 5.3. Cases (c) and (e) do not occur.

Proof. The proof is similar to the smooth case [CK89, Lemma 3.2].

Assume Case (c) holds. Then (5.1) reduces to 2K_ΣC = 11d − 85 and (5.2) reduces to 465 = 62d − 2c_2(Σ) + 12δ.

This is odd on the left and even on the right, a contradiction.

Assume Case (e) holds. Now (5.1) reduces to 79d = 795 + 10K_ΣC, so d is divisible by 5. On the other hand, (5.2) becomes −34188 = −11094d + 1720(K_ΣC + 5d) − 100(15d + 5K_ΣC + c_2(Σ) − 6δ). Note that 5 divides the right but not the left, a contradiction. □ Lemma 5.4. Cases (d), (f) and (g) do not occur.

Proof. Let I_S be the ideal sheaf of S ⊂ Ř^4. Generally, the global sections of I^m_S (n) and O_P′ (M) are bijective canonically. So we have (5.3) h^0(Ř^4, I^m_S (n)) = h^0(P^′, M) = 5 by equation (1.4).

We prove the lemma case by case. In each case, we prove by contradiction in the following situations h^0(Ř^4, I_S (4)) = 0, = 1 and ≥ 2.

Assume Case (d) holds.

Suppose h^0(Ř^4, I_S (4)) = 0. Consider the surjective map (5.4) � k_1+k_2=9

H^0(Ř^4, I_S (k_1)) ⊗ H^0(Ř^4, I_S (k_2)) ↠ H^0(Ř^4, I^2_S (9)).

By hypothesis h^0(Ř^4, I_S (k)) = 0 for all k ≤ 4. Since k_1 + k_2 = 9 implies k_1 ≤ 4 or k_2 ≤ 4, the left-hand side of (5.4) vanishes. Thus h^0(Ř^4, I^2_S (9)) = 0, contradicting (5.3).

Let X_0, ..., X_4 be a basis of degree one forms on Ř^4 in what follows. Suppose h^0(Ř^4, I_S (4)) = 1. Let A ∈ H^0(Ř^4, I_S (4)) be a generator. This forces h^0(Ř^4, I_S (k)) = 0 for all k ≤ 3. It follows that H^0(Ř^4, I^2_S (8)) is generated by A^2. Then (5.3) indicates that A^2X_0, ..., A^2X_4 form a basis for H^0(Ř^4, I^2_S (9)). As a result, the linear system |I^2_S (9)| defines an automorphism of Ř^4 instead of a Cremona transformation._{22}

Suppose h^0(Ř^4, I_S (4)) ≥ 2. Let A, B ∈ H^0(Ř^4, I_S (4)) be independent. Then A^2 and AB are independent in H^0(Ř^4, I^2_S (8)). We claim that there exists an i such that A^2X_i is not a linear combination of ABX_j, j = 0, ..., 4. Suppose not, i.e. A^2X_i = ABL_i for some linear form L_i, i = 0, ..., 4. Then we have A B =^{L0}_{X0} =^{L1}_{X1} , which implies that L_0 =^{X0L1}_{X1} , so X_1 divides L_1. Therefore A B =^{L1}_{X1} is a scalar, thus A and B are dependent, a contradiction. As a result, there exists an i such that A^2X_i and ABX_0, ..., ABX_4 form an independent subset of H^0(Ř^4, I^2_S (9)). Thus h^0(Ř^4, I^2_S (9)) ≥ 6 > 5, a contradiction.

Assume Case (f) holds.

Suppose h^0(Ř^4, I_S (4)) = 0. Then h^0(Ř^4, I_S (k)) = 0 for all k ≤ 4. Now we consider the map

(5.5) � k_1+···+k_5=24

H^0(Ř^4, I_S (k_1)) ⊗ · · · ⊗ H^0(Ř^4, I_S (k_5)) ↠ H^0(Ř^4, I^5_S (24)).

At least one k_i ≤ 4, i = 1, ..., 5, if their sum equals 24. Hence the left-hand side of (5.5) vanishes. Thus h^0(Ř^4, I^2_S (24)) = 0 � 5.

Suppose h^0(Ř^4, I_S (4)) ≥ 1. Let A ∈ H^0(Ř^4, I_S (4)) be a nonzero element. Then A^5 ∈ H^0(Ř^4, I^5_S (20)). Multiplication by A^5 defines an injection

·A^5 : H^0(Ř^4, O_Ř4 (4)) → H^0(Ř^4, I^5_S (24)).

Thus h^0(Ř^4, I^5_S (24)) ≥

�_8 4 � = 70 > 5, a contradiction.

The elimination of Case (g) is similar to Case (f). In Case (g), we use the surjection � k_1+···+k_{10}=49

H^0(Ř^4, I_S (k_1)) ⊗ · · · ⊗ H^0(Ř^4, I_S (k_{10})) ↠ H^0(Ř^4, I^{10}_S (49))

to rule out the situation h^0(Ř^4, I_S (4)) = 0. If H^0(Ř^4, I_S (4)) contains A � 0, then multiplication of A^{10} with 9-forms produces

�_{13} 4 � = 715 independent elements in H^0(Ř^4, I^{10}_S (49)), which is not allowed. □

Lemma 5.5. In cases (a) and (b) we have (a) (3, 1, 2) (b) (4, 1, 4) d ≤ 8 ≤ 15 K_ΣC 4d − 25 7d − 60 K^2_Σ d^2 − 11d + 4δ + 30 d^2 + d + 4δ − 105 c_2(Σ) 19d − 95 + 6δ 46d − 405 + 6δ 12χ(O_Σ) d^2 + 8d − 65 + 10δ d^2 + 47d − 510 + 10δ g(C)^{5d−23}_2 4d − 29

The invariants d and δ satisfy (d−5)^2 = 2δ in Case (a) and (d−10)(d−15) = 2δ in Case (b) respectively._{23}

Proof. In order to compute the invariants in the list, we first use (5.1) to express K_ΣC in d with given n, m and ξ. Then (5.2) (resp. (5.2’)) allows us to express c_2(Σ) (resp. K^2_Σ) in d and δ. We compute 12χ(O_Σ) and g(C) by Noether’s formula and the genus formula, respectively. The upper bound for d comes from the inequality d < (n/m)^2 which holds generally [CK89, Formulae 0.3 (v)].

We have h^0(Ř^4, I_S (n)) = h^0(P^′, M) = 5 by (1.4). On the other hand, h^1(Ř^4, I_S (n)) = 0 by [Dol12, Prop. 7.1.4]. Hence h^0(Ř^4, I_S (n)) = χ(Ř^4, I_S (n)) = χ(P, I_S ′ (n)) where the second equality follows from the functoriality of the Euler characteristic. The short exact sequence 0 → I_S ′ (nL − 2Σ_iE_i) → O_P(nL − 2Σ_iE_i) → O_S ′ (nC − 2Σ_i(Q^′_i + Q^{′′}_i )) → 0 implies that

χ(P, I_S ′ (n)) = χ(P, nL − 2Σ_iE_i) − χ(S^′, nC − 2Σ_i(Q^′_i + Q^{′′}_i )). χ(P, nL − 2Σ_iE_i) counts the dimension of the space of degree n polynomials singular along Δ, so

χ(P, nL − 2Σ_iE_i) = � n + 4 4 � − 5δ.

By the previous computations and the Riemann-Roch formula, we have

χ(S^′, nC − 2Σ_i(Q^′_i + Q^{′′}_i )) =

�_{112} (d_2 − 10d + 385 − 62δ) for (a) 1 12 (d^2 − 25d + 930 − 62δ) for (b) whence

χ(P, I_S ′ (n)) =

� −_{112} (d_2 − 10d − 35 − 2δ) for (a) −^1_{12} (d^2 − 25d + 90 − 2δ) for (b).

Then the two equations are obtained by setting χ(P, I_S ′ (n)) = 5. □ Lemma 5.6. Case (a) does not occur.

Proof. Assume (a) is satisfied. Then the same argument as in [CK89, Theorem 3.3] implies that d = 5. By Lemma 5.5 we have δ = 0. □

5.4. Geometric analysis of the remaining case. To complete the proof of Theorem 5.1, it remains to analyze the last possible case. Lemma 5.7. We have (d, δ) = (8, 7) or (9, 3). The invariants in these cases are (d, δ) K_ΣC K^2_Σ c_2(Σ) χ(O_Σ) g(C) (8, 7) −4 −5 5 0 3 (9, 3) 3 −3 27 2 7 24

Proof. By the previous part only Case (b) is allowed.

By Lemma 5.5, we have d ≤ 15 and g(C) = 4d − 29 ≥ 0. Hence 8 ≤ d ≤ 15. Then (d − 10)(d − 15) = 2δ and our hypothesis δ > 0 force d = 8 or 9, which implies that δ = 7 or 3, respectively.

The invariants are computed directly by using Lemma 5.5. □

Consider the linear system |K_Σ + C| for both cases of Lemma 5.7. We have h^1(K_Σ + C) = 0 by Kodaira vanishing and h^2(K_Σ + C) = h^0(−C) = 0 by Serre duality.

Lemma 5.8. The case (d, δ) = (8, 7) is not allowed.

Proof. By the Riemann-Roch formula,

h^0(K_Σ + C) = χ(K_Σ + C) = χ(O_Σ) +^1_2 (K_Σ + C)C = 0 +^1_2 (−4 + 8) = 2

Because c_2(Σ) = 5, Σ can’t be Ř^2, Ř^1 × Ř^1 or a minimal ruled surface. It implies that O_Σ(K_Σ + C) is generated by global sections [Som81, Prop. 2.2]. Hence the system |K_Σ + C| defines a morphism

ϕ : Σ → Ř^1,

the adjunction mapping.

Consider the Stein factorization Σ r � � � � � ϕ � Ř^1

Σ^′ s � � � � � where r is a proper morphism with connected fibers and s is a finite morphism. By [Som81, (2.3)], this leads to two possible situations:

(1) dim ϕ(Σ) = 0. Here we have g(C) = 1, a contradiction. (2) dim ϕ(Σ) = 1. Then there exists a Ř^1-bundle π : R → Σ^′ such that r factors as Σ r � � � � � ϵ � R � Σ^′,

where Σ is the blowup of R in at most one point of each fiber blown up, and C meets the generic fiber with degree two. Furthermore, the map s is an isomorphism except possibly if g(C) = 3 and h^{1,0}(Σ) = 1._{25}

Let’s analyze Situation (2): The map s can’t be an isomorphism. Otherwise, R is a Hirzebruch surface and χ(O_Σ) = χ(O_R) = 1, a contradiction. Hence we obtain g(Σ^′) = h^{1,0}(R) = h^{1,0}(Σ) = 1.

Then χ(O_Σ) = 0 and c_2(Σ) = 5 implies that Σ has Hodge diamond 1 1 1 0 7 0.

Since the Néron-Severi group of R has rank two, we conclude that Σ is the blowup of R along five points on distinct fibers, and R is ruled over the elliptic curve Σ^′.

Let h be the class of a section on R and f be the class of a fiber so that h^2 = m, h f = 1, and f^2 = 0 for some integer m. According to the description of (2), the image of C in R gives a class H = 2h + b f for some integer b and C = ϵ^∗H −

�_{5i=1} F_i where F_1, ..., F_5 are the exceptional curves on Σ. Note that K_Σ = ϵ^∗K_R +

�_{5i=1}

F_i.

Thus we have 8 = C^2 = H^2 − 5 ⇒ H^2 = 13 −4 = K_ΣC = K_RH + 5 ⇒ K_RH = −9 and consequently χ(H) = χ(O_R) +^1_2 H(H − K_R) = 0 +^1_2 (13 + 9) = 11.

On the other hand, one can use the exact sequence 0 → O_R → O_R(h) → O_h(m) → 0 to get χ(h) = m, and then use 0 → O_R(h) → O_R(2h) → O_h(2m) → 0 to obtain χ(2h) = 3m. Then an induction on n with the sequence 0 → O_R(2h + (n − 1) f ) → O_R(2h + n f ) → O_f (2) → 0 implies that χ(H) = χ(2h + b f ) = 3m + 3b. But this implies 11 = χ(H) is divisible by 3, a contradiction. □ Proposition 5.9. If S has a transverse double point, then it can only be the image of a K3 surface R ⊂ Ř^7 of degree 12 projected from three points on R, and the number of transverse double points must be δ = 3. 26

Proof. By the Riemann-Roch formula, h^0(K_Σ + C) = χ(K_Σ + C) = χ(O_Σ) +^1_2 (K_Σ + C)C = 2 +^1_2 (3 + 9) = 8.

Because c_2(Σ) = 27, Σ can’t be Ř^2, Ř^1 × Ř^1 or a minimal ruled surface. It follows that O_Σ(K_Σ +C) is generated by global sections [Som81, Prop. 2.2]. Hence |K_Σ + C| defines an adjunction morphism with Stein factorization Σ r � � � � � ϕ � Ř^7

Σ^′. s � � � � � There are three possible situations [Som81, (2.3)]:

(1) dim ϕ(Σ) = 0. We have g(C) = 1, a contradiction.

(2) dim ϕ(Σ) = 1. Then r : Σ → Σ^′ is again obtained by blowing up a Ř^1-bundle, with no more than one point in a fiber blown up. In particular, 1 ≥ χ(O_Σ) = 2, a contradiction.

(3) dim ϕ(Σ) = 2. Then r : Σ → Σ^′ expresses Σ as the blowup of a smooth surface Σ^′ along a finite set with F · C = 1 for any positive dimensional fiber F of r. Moreover, s : Σ^′ → Ř^7 is an embedding.

Now we are in Situation (3). Let F_1, ..., F_k be the exceptional curves on Σ relative to r and let H be the very ample divisor on Σ^′ which defines s. Then

C = r^∗H − k� i=1 F_i and K_Σ = r^∗K_Σ′ + k� i=1 F_i

and it follows that 9 = C^2 = H^2 − k 3 = K_ΣC = K_Σ′ H + k −3 = K^2_Σ = K^2_{Σ′} − k.

By the Riemann-Roch formula, 8 = χ(H) = χ(O_Σ′ ) +^1_2 H(H − K_Σ′ ) = 2 +^1_2 ((9 + k) − (3 − k)) = 5 + k, which implies that k = 3. Hence Σ is obtained by blowing up Σ^′ along three distinct points, and Σ^′ ⊂ Ř^7 has

deg(Σ^′) = H^2 = 12, K_Σ′ H = K^2_Σ′ = 0, c_2(Σ^′) = 24, χ(O_Σ′ ) = 2.

We claim that Σ^′ is a K3 surface. Indeed, its Kodaira dimension κ � 2 since K_Σ′ H = 0. If κ = 1, then Σ^′ has minimal model R an elliptic surface, such that nK_R is numerically equivalent to a positive linear combination of 27

some fiber classes if n is large enough [Bea96, Prop. IX.3]. This implies that K_Σ′ is numerically effective which contradicts to the fact that K_Σ′ H = 0. If κ = −∞, then h^{1,0}(Σ^′) = 0 and thus 1 ≥ χ(O_Σ′ ) = 2, a contradiction. As a result, Σ^′ has κ = 0 and thus is a K3 surface.

Besides, the birational map R � Σ → S can be realized as the projection from three points on R. Furthermore, the fact that δ = 3 can also be verified directly by the double-point formula as in Section 2.3. □

References

[Bea96] Arnaud Beauville. Complex Algebraic Surfaces, volume 34 of London Mathematical Society Student Texts. Cambridge University Press, Cambridge, second edition, 1996. Translated from the 1978 French original by R. Barlow, with assistance from N. I. Shepherd-Barron and M. Reid.

[Bor15] Lev Borisov. The class of the affine line is a zero divisor in the Grothendieck ring, 2015. arXiv:1412.6194v3.

[CG72] C. Herbert Clemens and Phillip A. Griffiths. The intermediate Jacobian of the cubic threefold. Ann. of Math. (2), 95:281–356, 1972.

[CK89] Bruce Crauder and Sheldon Katz. Cremona transformations with smooth irreducible fundamental locus. Amer. J. Math., 111(2):289–307, 1989.

[DGPS15] Wolfram Decker, Gert-Martin Greuel, Gerhard Pfister, and Hans Schönemann. Singular 4-0-2 — A computer algebra system for polynomial computations. http://www.singular.uni-kl.de, 2015.

[Dol12] Igor V. Dolgachev. Classical Algebraic Geometry: A Modern View. Cambridge University Press, Cambridge, 2012.

[Ful98] William Fulton. Intersection theory, volume 2 of Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics. Springer-Verlag, Berlin, 2nd edition, 1998.

[GS14] Sergey Galkin and Evgeny Shinder. The Fano variety of lines and rationality problem for a cubic hypersurface, 2014. arXiv:1405.5154v2.

[Has16] Brendan Hassett. Cubic fourfolds, K3 surfaces, and rationality questions. In Rationality Problems in Algebraic Geometry, volume 2172 of Lecture Notes in Mathematics. Springer, Cham; Fondazione C.I.M.E., Florence, 2016.

[HLOY03] Shinobu Hosono, Bong H. Lian, Keiji Oguiso, and Shing-Tung Yau. Fourier- Mukai partners of a K3 surface of Picard number one. In Vector bundles and representation theory (Columbia, MO, 2002), volume 322 of Contemp. Math., pages 43–55. Amer. Math. Soc., Providence, RI, 2003.

[IM04] Atanas Iliev and Dimitri Markushevich. Elliptic curves and rank-2 vector bundles on the prime Fano threefold of genus 7. Adv. Geom., 4(3):287–318, 2004.

[IMOU16a] Atsushi Ito, Makoto Miura, Shinnosuke Okawa, and Kazushi Ueda. The class of the affine line is a zero divisor in the Grothendieck ring: via G_2- Grassmannians, 2016. arXiv:1606.04210v2.

[IMOU16b] Atsushi Ito, Makoto Miura, Shinnosuke Okawa, and Kazushi Ueda. The class of the affine line is a zero divisor in the Grothendieck ring: via K3 surfaces of degree 12, 2016. arXiv:1612.08497v1. 28

[KS16] Alexander Kuznetsov and Evgeny Shinder. Grothendieck ring of varieties, Dand L-equivalence, and families of quadrics, 2016. arXiv:1612.07193v1.

[Kuz06] A. G. Kuznetsov. Hyperplane sections and derived categories. Izv. Math., 70(3):447–547, 2006.

[Kuz16] Alexander Kuznetsov. Derived equivalence of Ito-Miura-Okawa-Ueda Calabi-Yau 3-folds, 2016. arXiv:1611.08386v1.

[LL03] Michael Larsen and Valery A. Lunts. Motivic measures and stable birational geometry. Mosc. Math. J., 3(1):85–95, 259, 2003.

[Mar11] Eyal Markman. A survey of Torelli and monodromy results for holomorphicsymplectic varieties. In Complex and differential geometry, volume 8 of Springer Proc. Math., pages 257–322. Springer, Heidelberg, 2011.

[Muk87] S. Mukai. On the moduli space of bundles on K3 surfaces. I. In Vector bundles on algebraic varieties (Bombay, 1984), volume 11 of Tata Inst. Fund. Res. Stud. Math., pages 341–413. Tata Inst. Fund. Res., Bombay, 1987.

[Muk88] Shigeru Mukai. Curves, K3 surfaces and Fano 3-folds of genus ≤ 10. In Algebraic geometry and commutative algebra, Vol. I, pages 357–377. Kinokuniya, Tokyo, 1988.

[Muk99] Shigeru Mukai. Duality of polarized K3 surfaces. In New trends in algebraic geometry (Warwick, 1996), volume 264 of London Math. Soc. Lecture Note Ser., pages 311–326. Cambridge Univ. Press, Cambridge, 1999.

[Ogu02] Keiji Oguiso. K3 surfaces via almost-primes. Math. Res. Lett., 9(1):47–63, 2002.

[Orl97] D. O. Orlov. Equivalences of derived categories and K3 surfaces. J. Math. Sci. (New York), 84(5):1361–1381, 1997. Algebraic geometry, 7.

[Som81] Andrew John Sommese. Hyperplane sections. In Algebraic geometry (Chicago, Ill., 1980), volume 862 of Lecture Notes in Math., pages 232–271. Springer, Berlin-New York, 1981.

Department of Mathematics, Brown University, Box 1917, 151 Thayer Street, Providence, RI 02912, USA

E-mail address: bhassett@math.brown.edu E-mail address: kwlai@math.brown.edu

29