
On the e�e
tive 
one of the moduli spa
e of pointed rational
urvesBrendan Hassett and Yuri Ts
hinkelAbstra
t. We 
ompute the e�e
tive 
one of the moduli spa
e of stable 
urvesof genus zero with six marked points.1. Introdu
tionFor a smooth proje
tive variety, Kleiman's 
riterion for ample divisors statesthat the 
losed ample 
one (i.e., the nef 
one) is dual to the 
losed 
one of e�e
tive
urves. Sin
e the work of Mori, it has been 
lear that extremal rays of the 
oneof e�e
tive 
urves play a spe
ial role in birational geometry. These 
orrespond to
ertain distinguished supporting hyperplanes of the nef 
one whi
h are negative withrespe
t to the 
anoni
al 
lass. Contra
tions of extremal rays are the fundamentaloperations of the minimal model program.Fujita [F℄ has initiated a dual theory, with the (
losed) 
one of e�e
tive divi-sors playing the 
entral role. It is natural then to 
onsider the dual 
one and itsgenerators. Those whi
h are negative with respe
t to the 
anoni
al 
lass are 
alled
oextremal rays, and have been studied by Batyrev [Ba℄. They are expe
ted toplay a fundamental role in Fujita's program of 
lassifying �ber-spa
e stru
tures onpolarized varieties.There are relatively few varieties for whi
h the extremal and 
oextremal raysare fully understood. Re
ently, moduli spa
es of pointed rational 
urves M0;nhave attra
ted 
onsiderable attention, espe
ially in 
onne
tion with mathemati
alphysi
s and enumerative geometry. Keel and M
Kernan �rst 
onsidered the `Fulton
onje
ture': The 
one of e�e
tive 
urves of M0;n is generated by one-dimensionalboundary strata. This is proved for n � 7 [KeM
℄. The analogous statement fordivisors, namely, that the e�e
tive 
one of M0;n is generated by boundary divisors,is known to be false ([Ke℄ and [Ve℄). The basi
 idea is to 
onsider the mapr :M0;2g ,!Mg ; n = 2g;identifying pairs (i1i2); (i3i4); : : : ; (i2g�1i2g) of marked points to nodes. There existe�e
tive divisors in Mg restri
ting to e�e
tive divisors not spanned by boundary1991 Mathemati
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2 BRENDAN HASSETT AND YURI TSCHINKELdivisors (see Remark 4.2). However, it is true that for ea
h n the 
ones of Sn-invariant e�e
tive divisors are generated by boundary divisors [KeM
℄.In re
ent years it has be
ome apparent that various arithmeti
 questions abouthigher dimensional algebrai
 varieties de�ned over number �elds are also 
loselyrelated to the 
one of e�e
tive divisors. For example, given a variety X over anumber �eld F , a line bundle L in the interior of NE1(X), an open U � X overwhi
h LN (N � 0) is globally generated, and a height HL asso
iated to someadeli
 metrization L of L, we 
an 
onsider the asymptoti
 behavior of the 
ountingfun
tion N(U;L; B) = #fx 2 U(F ) jHL(x) � Bg B > 0:There is a heuristi
 prin
iple that, after suitably restri
ting U ,N(U;L; B) = 
(L)Ba(L) log(B)b(L)�1(1 + o(1));as B !1 (see [BT℄). Herea(L) := inffa 2 R j aL +KX 2 NE1(X)g;b(L) is the 
odimension of the fa
e of NE1(X) 
ontaining a(L)L+KX (provided thatNE1(X) is lo
ally polyhedral at this point), and 
(L) > 0 is a 
onstant dependingon the 
hosen height (see [BM℄ and [BT℄ for more details). Noti
e that the expli
itdetermination of the 
onstant 
(L) also involves the knowledge of the e�e
tive 
one.Su
h asymptoti
 formulas 
an be proved for smooth 
omplete interse
tions inPn of small degree using the 
lassi
al 
ir
le method in analyti
 number theoryand for varieties 
losely related to linear algebrai
 groups, like 
ag varieties, tori
varieties et
., using adeli
 harmoni
 analysis ([BT℄ and referen
es therein). No gen-eral te
hniques to treat arbitrary varieties with many rational points are 
urrentlyavailable. To our knowledge, the only other variety for whi
h su
h an asymptoti
is known to hold is the moduli spa
e M0;5 (Del Pezzo surfa
e of degree 5) in itsanti
anoni
al embedding [dB℄. Upper and lower bounds, with the expe
ted a(L)and b(L), are known (see [VW℄) for the Segre 
ubi
 threefoldSeg = f(x0; : : : ; x5) : 5Xj=0 x3j = 5Xj=0 xj = 0g:This admits an expli
it resolution by the moduli spa
eM0;6 (Remark 3.1); see [Hu℄for the relationship between the Segre 
ubi
 and moduli spa
es.Our main result (Theorem 5.1) is a 
omputation of the e�e
tive 
one of M0;6.Besides the boundary divisors, the generators are the lo
i in M0;6 �xed under� = (i1i2)(i3i4)(i5i6) 2 S6; fi1; i2; i3; i4; i5; i6g = f1; 2; 3; 4; 5; 6g:This equals the 
losure of r�h \ M0;6, where h is the hyperellipti
 lo
us in M3.The e�e
tive and moving 
ones of M3 are studied in detail by Rulla [Ru℄. Rulla'sindu
tive analysis of the moving 
one is similar to the method outlined in Se
tion 2.Results on the ample 
one of M0;6 have been re
ently obtained by Farkas andGibney [FG℄.The arithmeti
 
onsequen
es of Theorem 5.1 will be addressed in a future paper.



ON THE EFFECTIVE CONE 3A
knowledgments: We are grateful to Se�an Keel for helpful dis
ussions, espe-
ially 
on
erning the moving 
one of M0;6, and to William Rulla, for pointing outan error in an early version of this paper. The dis
ussion of the examples of Q-Fano�brations bene�tted from a remark by Gavril Farkas.2. Generalities on e�e
tive 
onesLet X be a nonsingular proje
tive variety with N�eron-Severi group NS(X) andgroup of one-
y
les N1(X). The 
losed e�e
tive 
one of X is the 
losed 
onvex 
oneNE1(X) � NS(X)
 Rgenerated by e�e
tive divisors on X . Let NM1(X) be the dual 
one NE1(X)� inN1(X)
 R. Similarly, let NE1(X) be the 
one of e�e
tive 
urves and NM1(X) itsdual, the nef 
one.We review one basi
 strategy, used in Se
tion 5, for 
omputing NE1(X). Sup-pose we are given a 
olle
tion � = fA1; : : : ; Amg of e�e
tive divisors that we expe
tto generate the e�e
tive 
one and a subset � � �: For any e�e
tive divisor E, wehave a de
ompositionE =M� +B�; B� = a1A1 + : : :+ amAm; aj � 0;where B� is the �xed part of jEj supported in �. The divisor M� may have �xed
omponents, but they are not 
ontained in �. Let Mov(X)� denote the 
losed
one generated by e�e
tive divisors without �xed 
omponents in �. To show that� generates NE1(X) it suÆ
es to show that it generates Mov(X)�. Any divisor ofMov(X)� restri
ts to an e�e
tive divisor on ea
h Aj 2 �. Consequently,Mov(X)� � NM1(�; X)�;where NM1(�; X) � N1(X) is generated by the images of the NM1(Ai) and Ai 2 �.To prove that � generates NE1(X), it suÆ
es then to 
he
k thatf
one generated by �g� � NM1(�; X):3. Geometry of M0;n3.1. A 
on
rete des
ription of M0;n. In this se
tion we give a basis forthe N�eron-Severi group of M0;n and write down the boundary divisors and thesymmetri
 group a
tion.We re
all the expli
it iterated blow-up realization�n :M0;n ! Pn�3from [Has℄ (see also a related 
onstru
tion in [Kap℄.) This 
onstru
tion involves
hoosing one of the marked points; we 
hoose sn. Fix points p1; : : : ; pn�1 in lineargeneral position in Pn�3 := X0[n℄. LetX1[n℄ be the blow-up of Pn�3 at p1; : : : ; pn�1,and let E1; : : : ; En�1 denote the ex
eptional divisors (and their proper transformsin subsequent blow-ups). Consider the proper transforms `ij � X1[n℄ of the linesjoining pi and pj . Let X2[n℄ be the blow-up of X1[n℄ along the `ij , with ex
eptionaldivisors Eij . In general, Xk[n℄ is obtained fromXk�1[n℄ by blowing-up along proper



4 BRENDAN HASSETT AND YURI TSCHINKELtransforms of the linear spa
es spanned by k-tuples of the points. The ex
eptionaldivisors are denoted Ei1 ;:::;ik fi1; : : : ; ikg � f1; : : : ; n� 1g:This pro
ess terminates with a nonsingular variety Xn�4[n℄ and a map�n : Xn�4[n℄! Pn�3:One 
an prove that Xn�4[n℄ is isomorphi
 to M0;n. We remark that for a generi
point pn 2 Pn�3, we have an identi�
ation��1n (pn) = (C; p1; p2; : : : ; pn);where C is the unique rational normal 
urve of degree n� 3 
ontaining p1; : : : ; pn(see [Kap℄ for further information).Let L be the pull-ba
k of the hyperplane 
lass on Pn�3 by �n. We obtain thefollowing expli
it basis for NS(M0;n):fL;Ei1 ; Ei1i2 ; : : : ; Ei1 ;:::;ik ; : : : ; Ei1;:::;in�4g:We shall use the following dual basis for the one-
y
les N1(M0;n):fLn�4; (�Ei1)n�4; : : : ; (�Ei1;:::;ik)n�3�kLk�1; : : : ; (�Ei1;:::;in�4)Ln�5g: (y)3.2. Boundary divisors. Our next task is to identify the boundary divisorsof M0;n in this basis. These are indexed by partitionsf1; 2; : : : ; ng = S [ S
; n 2 S and jSj; jS
j � 2;the generi
 point of the divisor DS 
orresponds to a 
urve 
onsisting of two 
opiesof P1 interse
ting at a node �, with marked points from S on one 
omponent andfrom S
 on the other. Thus we have an isomorphismDS ' M0;jSj+1 �M0;jS
j+1; (z)(P1; S) [� (P1; S
) �! (P1; S [ f�g)� (P1; S
 [ f�g):The ex
eptional divisors are identi�ed as follows:Ei1;:::;ik = Di1;:::;ik ;n; fi1; : : : ; ikg � f1; : : : ; n� 1g; k � n� 4:The remaining divisors Di1;:::;in�3;n are the proper transforms of the hyperplanesspanned by (n� 3)-tuples of points; we have[Di1;:::;in�3;n℄ = L�Ei1 �Ei2 � : : :�Ei1 ;:::;in�4 � : : :� Ei2;:::;in�3 :Remark 3.1. The expli
it resolution of the Segre threefoldR :M0;6 ! Segalluded to in the introdu
tion is given by the linear seriesj2L�E1 �E2 �E3 �E4 �E5j:The image is a 
ubi
 threefold with ten ordinary double points, 
orresponding tothe lines `ij 
ontra
ted by R.



ON THE EFFECTIVE CONE 53.3. The symmetri
 group a
tion on M0;n. The symmetri
 group Sn a
tson M0;n by the rule �(C; s1; : : : ; sn) = (C; s�(1); : : : ; s�(n)):Let F� �M0;n denote the 
losure of the lo
us inM0;n �xed by an element � 2 Sn.We make expli
it the Sn-a
tion in terms of our blow-up realization. Choose
oordinates (z0; z1; z2; : : : ; zn�3) on Pn�3 so thatp1 = (1; 0; : : : ; 0); : : : ; pn�2 = (0; : : : ; 0; 1); pn�1 = (1; 1; : : : ; 1; 1):Ea
h permutation of the �rst (n � 1) points 
an be realized by a unique elementof PGLn�2. For elements of Sn �xing n, the a
tion on M0;n is indu
ed by the
orresponding linear transformation on Pn�3. Now let � = (jn) and 
onsider the
ommutative diagram M0;n �! M0;n�n # # �nPn�3 �09 9 K Pn�3 :The birational map �0 is the Cremona transformation based at the points pi1 ; : : : ; pin�2where fi1; : : : ; in�2; jg = f1; 2; : : : ; n� 1g;e.g., when � = (n� 1; n) we have�(z0; z1; : : : ; zn�3) = (z1z2 : : : zn�3; z0z2 : : : zn�3; : : : ; z0 : : : zn�4):4. Analysis of surfa
es in M0;64.1. The M0;5 
ase.Proposition 4.1. NE1(M0;5) is generated by the divisors Dij ; where fijg �f1; 2; 3; 4; 5g.Sket
h proof: This is well-known, but we sket
h the basi
 ideas to introdu
e notationwe will require later. As we saw in x 3.1, M0;5 is the blow-up of P2 at four pointsin general position. Consider the set of boundary divisors� = fDi5; Dijg = fEi; L�Ei �Ejg; fi; jg � f1; 2; 3; 4gand the set of semiample divisors� = fL�Ei; 2L�E1�E2�E3�E4; L; 2L�Ei�Ej �Ekg; fi; j; kg � f1; 2; 3; 4g:These semiample divisors 
ome from the forgetting maps�i :M0;5 !M0;4 ' P1; i = 1; : : : ; 5and the blow-downs �i :M0;5 ! P2; i = 1 : : : ; 5:Kleiman's 
riterion yieldsC(�) � NE1(M0;5) = NM1(M0;5)� � C(�)�:All the in
lusions are equalities be
ause the 
ones generated by � and � aredual; this 
an be veri�ed by dire
t 
omputation (e.g., using the 
omputer programPORTA [PORTA℄). �



6 BRENDAN HASSETT AND YURI TSCHINKEL4.2. Fixed points and the Cayley 
ubi
. We identify the �xed-point di-visors for the S6-a
tion on M0;6. When � = (12)(34)(56) we have�(z0; z1; z2; z3) = (z0z2z3; z1z2z3; z0z1z2; z0z1z3)and F� is given by z0z1 = z2z3: It follows that[F� ℄ = 2L�E1 �E2 �E3 �E4 �E5 �E13 �E23 �E24 �E14:More generally, when � = (ab)(
d)(j6) we have[F� ℄ = 2L�E1 �E2 �E3 �E4 �E5 �Ea
 �Ead �Eb
 �Ebd:Remark 4.2. Consider (P1; s1; : : : ; s6) 2 F� and the quotient under the 
orre-sponding involutionq : P1 �! P1; q(s1) = q(s2); q(s3) = q(s4); et
.Consider the map r :M0;6 !M3 identifying the pairs (12); (34); and (56) and writeC = q(P1; s1; : : : ; s6), so there is an indu
ed q0 : C ! P1: Thus C is hyperellipti
and F� 
orresponds to the 
losure of r�h\M0;6, where h �M3 is the hyperellipti
lo
us.
1

2 4

3 5

6Figure 1. Trinodal hyperellipti
 
urvesIn Se
tion 5.3 we will use the des
ription of the e�e
tive 
one of the �xed pointdivisors F� . We have seen that these are isomorphi
 to P1 � P1 blown-up at �vepoints p1; : : : ; p5. The proje
tion from p5P3 9 9 KP2indu
es a map ' : F� ! P2, realizing F� as a blow-up of P2: Take four generallines `1; : : : ; `4 in P2 with interse
tions qij = `i [ `j , and blow-up P2 along the qij .We write NS(F�) = ZH+ZG12+ : : :+ZG34;where the Gij are the ex
eptional divisors and H is the pull ba
k of the hyperplane
lass from P2.Proposition 4.3. NE1(F�) is generated by the (�1)-
urvesG12; : : : ; G34; H �Gij �Gkl;and the (�2)-
urvesH �Gij �Gik �Gil; fi; j; k; lg = f1; 2; 3; 4g:



ON THE EFFECTIVE CONE 7Proof: Let � be the above 
olle
tion of 13 
urves. Consider also the following
olle
tion � of 38 divisors, grouped as orbits under the S4-a
tion:typi
al member orbit size indu
ed morphismH 1 blow-down ' : F� ! P2H �G12 6 
oni
 bundle F� ! P12H �G12 �G13 �G23 4 blow-down F� ! P22H �G12 �G23 �G34 12 blow-down F� ! P22H �G12 �G23 �G34 �G14 3 
oni
 bundle F� ! P13H � 2G12 �G13 �G23 �G34 12 blow-down F� ! P(1; 1; 2)Note that ea
h of these divisors is semiample: the 
orresponding morphism is indi-
ated in the table. In parti
ular,C(�) := f
one generated by �g � NE1(F�);C(�) := f
one generated by �g � NM1(F�)and Kleiman's 
riterion yieldsC(�) � NE1(F�) = NM1(F�)� � C(�)�:A dire
t veri�
ation using PORTA [PORTA℄ shows that the 
ones C(�) and C(�)are dual, so all the in
lusions are equalities. �Remark 4.4. The image of F� under the resolution R of 3.1 is a 
ubi
 surfa
ewith four double points, 
lassi
ally 
alled the Cayley 
ubi
 [Hu℄.5. The e�e
tive 
one of M0;6We now state the main theorem:Theorem 5.1. The 
one of e�e
tive divisors NE1(M0;6) is generated by theboundary divisors and the �xed-point divisors F�, where � 2 S6 is a produ
t ofthree disjoint transpositions.5.1. Proof of Main Theorem. We use the strategy outlined in x 2. Considerthe 
olle
tion of boundary and �xed-point lo
i� = fDij ; Dijk ; F� ; � = (ij)(kl)(ab); fi; j; k; l; a; bg = f1; 2; 3; 4; 5; 6ggand the subset of boundary divisors� = fDij ; Dijkg:We 
ompute the 
one NM1(�;M0;6), the 
onvex hull of the union of the imagesof NM1(Dij) and NM1(Dijk) in N1(M0;6). Throughout, we use the dual basis forN1(M0;6) (
f. (y)):fL2; E21 ; E22 ; E23 ; E24 ; E25 ;�LE12;�LE13;�LE14;�LE15;�LE23;�LE24;�LE25;�LE34;�LE35;�LE45g:Re
all the isomorphism (z)(�ijk ; �lab) : Dijk �! P1 � P1; fi; j; k; l; a; b; 
g = f1; 2; 3; 4; 5; 6gso that N1(Dijk) = ZBijk �ZBlab; NM1(Dijk) = R+Bijk + R+Blab;



8 BRENDAN HASSETT AND YURI TSCHINKELwhere Bijk is the 
lass of the �ber of �ijk (and its image in N1(M0;6)). For example,the in
lusion j345 : D345 ,!M6 indu
es(j345)� = � 0 0 0 0 0 0 �1 0 0 0 0 0 0 0 0 01 1 1 0 0 0 �1 0 0 0 0 0 0 0 0 0 �Tusing the bases (y) for N1(M0;6) and fB126; B345g for N1(D345). In parti
ular, we�nd NM1(fDijkg;M0;6) = C(fBijkg); fi; j; kg � f1; 2; 3; 4; 5; 6g;with �63� = 20 generators permuted transitively by S6 (Table 1).The boundary divisorDij is isomorphi
 toM0;5 with marked points fk; l; a; b; �gwhere fi; j; k; l; a; bg = f1; 2; 3; 4; 5; 6g and � is the node (
f. formula (z)). Theproof of Proposition 4.1 gives generators for the nef 
one of Dij . Thus the 
oneNM1(Dij ;M0;6) is generated by the 
lassesfAij ; Aij;k ; Aij;l; Aij;a; Aij;b; Cij ; Cij;k ; Cij;l; Cij;a; Cij;bg � N1(M0;6)
orresponding to the forgetting and blow-down morphismsf�� ; �k; �l; �a; �b; �� ; �k; �l; �a; �bg:As an example, 
onsider the in
lusion j45 : D45 ,!M0;6 withj45� = 0BBBB� 1 0 0 0 0 0 1 1 0 0 1 0 0 0 0 00 1 0 0 0 0 �1 �1 0 0 0 0 0 0 0 00 0 1 0 0 0 �1 0 0 0 �1 0 0 0 0 00 0 0 1 0 0 0 �1 0 0 �1 0 0 0 0 00 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1CCCCAT :Applying this to the nef divisors of D45 gives the generators for NM1(D45;M0;6)(Table 2).However, four of the (�1)-
urves in Dij are 
ontained in Dijk; Dijl; Dija; andDijb, with 
lasses Bijk ; Bijl; Bija; and Bijb respe
tively. Thus we have the relationsCij = Aij;k +Bijk ; Cij;k = Aij +Bijkwhi
h implies that the Cij and Cij;k are redundant:Proposition 5.2. The 
one NM1(�;M0;6) is generated by the Aij , the Aij;k,and the Bijk.These are written out in Tables 1,3, and 4.Our next task is to write out the generators for the dual 
one C(�)�, as 
om-puted by PORTA [PORTA℄. Sin
e � is stable under the S6 a
tion, so are C(�)and its dual 
one. For the sake of brevity, we only write S6-representatives of thegenerators, ordered by anti
anoni
al degree.The dis
ussion of Se
tion 2 shows that Theorem 5.1 will follow from the in
lu-sion C(�)� � NM1(�;M0;6):We express ea
h generator of C(�)� as a sum (with non-negative 
oeÆ
ients) of thefAij ; Aij;k ; Bijkg. Both 
ones are stable under the S6-a
tion, so it suÆ
es to pro-du
e expressions for one representative of ea
hS6-orbit. We use the representatives



ON THE EFFECTIVE CONE 9from Table 5:(1) = A15 +A13 +A35 + 2B246 (2) = A34;5 +B126(3) = A15 +A14 + 2B236 (4) = A25 +B146 +B136(5) = A23 +B146 +B156 +B236 (6) = A15 +A14 +B236 +B246 +B356(7) = A13;5 +A15 +B236 +B246 (8) = A12;5 +A14 +B256 +B356(9) = A24 +A34 +B126 +B136 +B156(10) = A25 +B136 +B146 +B256 +B346(11) = A34;5 +A35;4 +A25;3 +B146 (12) = A12 +A34 + 2B126 + 2B346(13) = A15 +A14 +A23 + 2B146 + 2B236(14) = A23;5 +A15 +A25 +B136 +B146 +B236(15) = A23;5 +A24;5 +A15 +B156 +B346(16) = A24;5 +A15 +B136 +B156 +B236(17) = A23 + 2A25 + 2B136 + 2B146(18) = A12;3 +A34 +B126 +B136 +A36;1(19) = A12;5 +A15 +A25 +B136 +B246 +B346(20) = A13;5 +A35 +A45 + 2B126 +B456(21) = A12 +A13 +B126 +B136 +B246 +B346 +B456(22) = A15 +A23 +A34 +B126 +B146 +B156 + 2B236(23) = A13;5 +A14;5 +A23 +A13 +B256 + 2B456(24) = A15 +A23 +A24 +A34 +B126 +B136 +B146 +B156 + 2B236(25) = 2A14 +A24 + 2A13;5 + 2B256 + 2B356This 
ompletes the proof of Theorem 5.1.�5.2. Geometri
 interpretations of 
oextremal rays. By de�nition, a 
o-extremal ray R+� � NM1(X) satis�es the following� for any nontrivial �1; �2 2 NM1(X) with �1 + �2 2 R+�, �1; �2 2 R+�;� KX� < 0.Batyrev ([Ba℄, Theorem 3.3) shows that, for smooth (or Q-fa
torial terminal) three-folds, the minimal model program yields a geometri
 interpretation of 
oextremalrays. They arise from diagrams X  9 9 K Y# �Bwhere  is a sequen
e of birational 
ontra
tions and � is a Mori �ber spa
e. The
oextremal ray � =  �[C℄, where C is a 
urve lying in the general �ber of �. Theseinterpretations will hold for higher-dimensional varieties, provided the standard
onje
tures of the minimal model program are true.It is natural then to write down these Mori �ber spa
e stru
tures expli
itly.Our analysis makes referen
e to the list of orbits of 
oextremal rays in Table 5 (anduses the same numbering):



10 BRENDAN HASSETT AND YURI TSCHINKEL(1) The �rst orbit in the Table is orthogonal to ea
h of the boundary divisorsDij � M0;6. The Q-Fano �bration asso
iated with this 
oextremal raymust 
ontra
t these divisors. The anti
anoni
al series j �KM0;6 j yields abirational morphism M0;6 ! J � P4onto a quarti
 Q-Fano hypersurfa
e, 
alled the Igusa quarti
 [Hu℄. The�fteen singular points of the Igusa quarti
 are the images of the Dij . The
oextremal ray has anti
anoni
al degree two and 
orresponds to 
urvespassing through the generi
 point, i.e., the 
oni
s in J .(2) Forgetting any of the six marked pointsM0;6 !M0;5yields a Mori �ber spa
e, and the �bers are 
oextremal.(3) We de�ne a 
oni
 bundle stru
ture onM0;6 by expli
it linear series, usingthe blow-up des
ription of Subse
tion 3.1. Consider the 
ubi
 surfa
es inP3 passing through the lines`14; `15; `24; `25; `34; `35:This linear series has additional base points: Any 
ubi
 surfa
e 
ontainingthe lines `14; `24; `34 (resp. `15; `25; `35) must be singular at p4 (resp. p5),and thus 
ontains the line `45 by the Bezout Theorem.Our linear series has proje
tive dimension two. Indeed, 
ubi
 hyper-surfa
es in P3 depend on 19 parameters; the singularities at p4 and p5 ea
himpose four 
onditions, the remaining points p1; p2; p3 impose three fur-ther 
onditions, and 
ontaining the six lines imposes six more 
onditions.Thus we obtain a 
oni
 bundle stru
ture� :M0;6 9 9 KP2
ollapsing the two-parameter family of 
oni
s passing through the six linesabove.(4) For any two disjoint subsets fi; jg; fk; lg � f1; 2; 3; 4; 5; 6g we 
onsider theforgetting maps�ij :M0;6 ! P1; �kl :M0;6 ! P1:Together, these indu
e a 
oni
 bundle stru
ture(�ij ; �kl) :M0;6 ! P1 � P1:The 
lass of a generi
 �ber is 
oextremal.5.3. The moving 
one. Our analysis gives, impli
itly, the moving 
one ofM0;6:Theorem 5.3. The 
losed moving 
one of M0;6 is equal to NM1(�;M0;6)�,where � is the set of generators for NE1(M0;6).In the terminology of [Ru℄, the `indu
tive moving 
one' equals the `moving
one'. Combining Theorem 5.3 with the 
omputation of the ample 
ones to theboundariesDij andDijk and the �xed-point divisors F� (Proposition 4.3) we obtainthe moving 
one. However, �nding expli
it generators for the moving 
one is aformidable 
omputational problem.
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all that M0;6 is a log Fano threefold: �(KM0;6 + �Pij Dij) is amplefor small � > 0 [KeM
℄. Using Corollary 2.16 of [KeHu℄, it follows that M0;6is a `Mori Dream Spa
e'. The argument of Theorem 3.4.4 of [Ru℄ shows that ane�e
tive divisor on M0;6 that restri
ts to an e�e
tive divisor on ea
h generatorAi 2 � is in the moving 
one. �Remark 5.4. Our proof of Theorem 5.1 uses the 
one NM1(�;M0;6)�, ratherthan the (stri
tly) smaller moving 
one. Of 
ourse, if the 
oextremal rays are inNM1(�;M0;6), a fortiori they are in NM1(�;M0;6).Referen
es[Ba℄ V.V. Batyrev, The 
one of e�e
tive divisors of threefolds, Pro
eedings of the InternationalConferen
e on Algebra, Part 3 (Novosibirsk, 1989), 337{352, Contemp. Math., 131, Part 3,Amer. Math. So
., Providen
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 varieties, Nombreet r�epartition de points de hauteur born�ee (Paris, 1996), Ast�erisque 251 (1998), 299{340.[dB℄ R. de la Bret�e
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es de del Pezzo de degr�e5, preprint, Universit�e Paris-Sud (2000).[FG℄ G. Farkas and A. Gibney, The nef 
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12 BRENDAN HASSETT AND YURI TSCHINKELTable 1. Generators for NM1(fDijkg;M0;6)B126 0 0 0 0 0 0 �1 0 0 0 0 0 0 0 0 0B136 0 0 0 0 0 0 0 �1 0 0 0 0 0 0 0 0B146 0 0 0 0 0 0 0 0 �1 0 0 0 0 0 0 0B156 0 0 0 0 0 0 0 0 0 �1 0 0 0 0 0 0B236 0 0 0 0 0 0 0 0 0 0 �1 0 0 0 0 0B246 0 0 0 0 0 0 0 0 0 0 0 �1 0 0 0 0B256 0 0 0 0 0 0 0 0 0 0 0 0 �1 0 0 0B346 0 0 0 0 0 0 0 0 0 0 0 0 0 �1 0 0B356 0 0 0 0 0 0 0 0 0 0 0 0 0 0 �1 0B456 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 �1B123 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 �1B124 1 0 0 1 0 1 0 0 0 0 0 0 0 0 �1 0B125 1 0 0 1 1 0 0 0 0 0 0 0 0 �1 0 0B134 1 0 1 0 0 1 0 0 0 0 0 0 �1 0 0 0B135 1 0 1 0 1 0 0 0 0 0 0 �1 0 0 0 0B145 1 0 1 1 0 0 0 0 0 0 �1 0 0 0 0 0B234 1 1 0 0 0 1 0 0 0 �1 0 0 0 0 0 0B235 1 1 0 0 1 0 0 0 �1 0 0 0 0 0 0 0B245 1 1 0 1 0 0 0 �1 0 0 0 0 0 0 0 0B345 1 1 1 0 0 0 �1 0 0 0 0 0 0 0 0 0Table 2. Generators for NM1(D45;M0;6)A45 1 0 0 0 0 0 1 1 0 0 1 0 0 0 0 1A45;1 1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0A45;2 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0A45;3 1 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0A45;6 2 1 1 1 0 0 0 0 0 0 0 0 0 0 0 1C45;6 1 0 0 0 0 0 1 1 0 0 1 0 0 0 0 0C45;1 2 0 1 1 0 0 1 1 0 0 0 0 0 0 0 1C45;2 2 1 0 1 0 0 1 0 0 0 1 0 0 0 0 1C45;3 2 1 1 0 0 0 0 1 0 0 1 0 0 0 0 1C45 2 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0Table 3. Generators Aij for NM1(fDijg;M0;6)A12 1 0 0 0 0 0 1 0 0 0 0 0 0 1 1 1A13 1 0 0 0 0 0 0 1 0 0 0 1 1 0 0 1A14 1 0 0 0 0 0 0 0 1 0 1 0 1 0 1 0A15 1 0 0 0 0 0 0 0 0 1 1 1 0 1 0 0A16 0 �2 0 0 0 0 1 1 1 1 0 0 0 0 0 0A23 1 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1A24 1 0 0 0 0 0 0 1 0 1 0 1 0 0 1 0A25 1 0 0 0 0 0 0 1 1 0 0 0 1 1 0 0A26 0 0 �2 0 0 0 1 0 0 0 1 1 1 0 0 0A34 1 0 0 0 0 0 1 0 0 1 0 0 1 1 0 0A35 1 0 0 0 0 0 1 0 1 0 0 1 0 0 1 0A36 0 0 0 �2 0 0 0 1 0 0 1 0 0 1 1 0A45 1 0 0 0 0 0 1 1 0 0 1 0 0 0 0 1A46 0 0 0 0 �2 0 0 0 1 0 0 1 0 1 0 1A56 0 0 0 0 0 �2 0 0 0 1 0 0 1 0 1 1



ON THE EFFECTIVE CONE 13Table 4. Generators Aij;k for NM1(fDijg;M0;6)A12;3 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1A12;4 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0A12;5 1 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0A12;6 2 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0A13;2 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1A13;4 1 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0A13;5 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0A13;6 2 0 1 0 1 1 0 1 0 0 0 0 0 0 0 0A14;2 1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0A14;3 1 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0A14;5 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0A14;6 2 0 1 1 0 1 0 0 1 0 0 0 0 0 0 0A15;2 1 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0A15;3 1 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0A15;4 1 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0A15;6 2 0 1 1 1 0 0 0 0 1 0 0 0 0 0 0A16;2 0 �1 0 0 0 0 1 0 0 0 0 0 0 0 0 0A16;3 0 �1 0 0 0 0 0 1 0 0 0 0 0 0 0 0A16;4 0 �1 0 0 0 0 0 0 1 0 0 0 0 0 0 0A16;5 0 �1 0 0 0 0 0 0 0 1 0 0 0 0 0 0A23;1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1A23;4 1 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0A23;5 1 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0A23;6 2 1 0 0 1 1 0 0 0 0 1 0 0 0 0 0A24;1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0A24;3 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0A24;5 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0A24;6 2 1 0 1 0 1 0 0 0 0 0 1 0 0 0 0A25;1 1 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0A25;3 1 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0A25;4 1 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0A25;6 2 1 0 1 1 0 0 0 0 0 0 0 1 0 0 0A26;1 0 0 �1 0 0 0 1 0 0 0 0 0 0 0 0 0A26;3 0 0 �1 0 0 0 0 0 0 0 1 0 0 0 0 0A26;4 0 0 �1 0 0 0 0 0 0 0 0 1 0 0 0 0A26;5 0 0 �1 0 0 0 0 0 0 0 0 0 1 0 0 0A34;1 1 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0A34;2 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0A34;5 1 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0A34;6 2 1 1 0 0 1 0 0 0 0 0 0 0 1 0 0A35;1 1 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0A35;2 1 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0A35;4 1 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0A35;6 2 1 1 0 1 0 0 0 0 0 0 0 0 0 1 0A36;1 0 0 0 �1 0 0 0 1 0 0 0 0 0 0 0 0A36;2 0 0 0 �1 0 0 0 0 0 0 1 0 0 0 0 0A36;4 0 0 0 �1 0 0 0 0 0 0 0 0 0 1 0 0A36;5 0 0 0 �1 0 0 0 0 0 0 0 0 0 0 1 0A45;1 1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0A45;2 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0A45;3 1 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0A45;6 2 1 1 1 0 0 0 0 0 0 0 0 0 0 0 1A46;1 0 0 0 0 �1 0 0 0 1 0 0 0 0 0 0 0A46;2 0 0 0 0 �1 0 0 0 0 0 0 1 0 0 0 0A46;3 0 0 0 0 �1 0 0 0 0 0 0 0 0 1 0 0A46;5 0 0 0 0 �1 0 0 0 0 0 0 0 0 0 0 1A56;1 0 0 0 0 0 �1 0 0 0 1 0 0 0 0 0 0A56;2 0 0 0 0 0 �1 0 0 0 0 0 0 1 0 0 0A56;3 0 0 0 0 0 �1 0 0 0 0 0 0 0 0 1 0A56;4 0 0 0 0 0 �1 0 0 0 0 0 0 0 0 0 1



14 BRENDAN HASSETT AND YURI TSCHINKELTable 5. S6-orbits of 
oextremal rays of M0;6deg�K order(1) 2 1 3 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1(2) 2 6 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0(3) 2 15 2 0 0 0 0 0 0 0 1 1 0 1 1 1 1 0(4) 2 45 1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0(5) 3 60 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1(6) 3 72 2 0 0 0 0 0 0 0 1 1 1 0 1 1 0 0(7) 3 120 2 0 0 0 0 1 0 0 0 1 0 1 0 1 0 0(8) 3 120 2 0 0 0 0 1 0 0 1 0 1 0 0 1 0 0(9) 3 180 2 0 0 0 0 0 0 0 0 1 0 1 1 1 1 0(10) 4 6 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0(11) 4 10 3 0 0 1 1 1 2 0 0 0 0 0 0 0 0 0(12) 4 30 2 0 0 0 0 0 0 0 0 1 0 0 1 0 1 1(13) 4 60 3 0 0 0 0 0 0 0 0 2 1 1 1 1 1 1(14) 4 90 3 0 0 0 0 1 0 0 1 1 0 1 1 2 0 0(15) 4 90 3 0 0 0 0 2 0 1 1 0 1 1 0 0 0 0(16) 4 180 2 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0(17) 4 180 3 0 0 0 0 0 0 0 1 1 1 0 2 2 0 1(18) 4 360 2 0 0 0 0 0 0 0 0 1 0 0 1 1 0 1(19) 4 360 3 0 0 0 0 1 0 0 1 1 1 0 1 2 0 0(20) 4 360 3 0 0 0 0 1 0 1 1 0 1 2 0 0 1 0(21) 5 120 2 0 0 0 0 0 0 0 0 0 0 0 1 0 1 1(22) 5 360 3 0 0 0 0 0 0 0 0 2 0 1 1 2 0 1(23) 5 360 4 0 0 0 0 2 0 1 1 1 2 2 0 0 0 0(24) 6 360 4 0 0 0 0 0 0 0 0 3 0 2 1 2 1 1(25) 6 360 5 0 0 0 0 2 0 1 2 1 2 3 0 0 1 03905


