Abelian fibrations and rational points on symmetric products

Brendan Hassett and Yuri Tschinkel

September 23, 2000

Abstract

Given a variety over a number field, are its rational points potentially dense, i.e., does there exist a finite extension over which rational points are Zariski dense? We study the question of potential density for symmetric products of surfaces. Contrary to the situation for curves, rational points are not necessarily potentially dense on a sufficiently high symmetric product. Our main result is that rational points are potentially dense for the Nth symmetric product of a K3 surface, where N is explicitly determined by the geometry of the surface. The basic construction is that for some N, the Nth symmetric power of a K3 surface is birational to an abelian fibration over P^N . It is an interesting geometric problem to find the smallest N with this property.

1 Introduction

Let X be an algebraic variety defined over a number field K and X(K) its set of K-rational points. We are interested in properties of X(K) imposed by the global geometry of X. We say that rational points on X are potentially dense if there exists a finite field extension L/K such that X(L) is Zariski dense. It is expected - at least for surfaces - that if there are no finite étale covers of X dominating a variety of general type then rational points on X are potentially dense. This expectation complements the conjectures of Bombieri, Lang and Vojta predicting that rational points on varieties of general type are always contained in Zariski closed subsets. This dichotomy holds for curves: the nondensity for curves of genus ≥ 2 is a deep theorem of Faltings and the potential density for curves of genus 0 and 1 is classical.

In higher dimensions there are at present no general techniques to prove nondensity. Of course, potential density holds for abelian and unirational varieties. Beyond this, density results rely on the classification and explicit projective geometry of the classes of varieties under consideration. In dimension two potential density is unknown for K3 surfaces with finite automorphisms and without elliptic fibrations (see [6]). In dimension 3 potential density is unknown, for example, for double covers W_2→P^3 ramified in a smooth surface of degree 6, for general conic bundles, as well as for Calabi-Yau varieties (for density results see [12], [5]).

In this paper we study density properties of rational points on symmetric products X^{(n)} = X^n/S_n. If C is a curve of genus g and n > 2g − 2 the symmetric product admits a bundle structure over the Jacobian Jac(C), with fibers projective spaces P^{n−g}. We see that in this case rational points on C^{(n)} are potentially dense. Contrary to the situation for curves, we are not guaranteed to find many rational points on sufficiently high symmetric products of arbitrary surfaces. In Section 2 we show that if the Kodaira dimension of a smooth surface X is equal to k then the Kodaira dimension of X^{(n)} is is equal to nk. This leads us to expect the behavior of rational points on X^{(n)} and X to be quite similar. At the same time we observe that symmetric products of K3 surfaces admit (at least birationally) abelian fibrations over projective spaces. In fact, even symmetric squares of certain (nonelliptic) K3 surfaces have the structure of abelian surface fibrations over

P^2. This is the starting point for proofs of potential density of rational points.

Let us emphasize that if X is a variety over a number field K then Zariski density of rational points on X defined over degree n field extensions of K is not equivalent to Zariski density of K-rational points on X^{(n)}. Of course, the first condition is weaker than the second. Furthermore, if rational points on X are potentially dense then they are potential dense on X^{(n)} as well.

This paper is organized as follows. In Section 2 we recall general properties of symmetric products and Hilbert schemes of surfaces. Section 3 sets up generalities concerning abelian fibrations A→B. Potential density for A follows once one can find a “nondegenerate” multisection for which potential density holds. In Section 4 we prove widely-known results concerning the existence of elliptic curves on K3 surfaces. Then we turn to potential density for symmetric products of K3 surfaces. First, in Sections 5 and 6, we prove potential density for sufficiently high symmetric powers of arbitrary K3 surfaces. This is followed in Section 7 with more precise results for symmetric squares of K3 surfaces of degree 2m^2.

Throughout this paper, generic means ‘in a nonempty Zariski open subset’ whereas general means ‘in the complement of a countable union of Zariski closed proper subsets.’

Acknowledgements. The first author was partially supported by an NSF postdoctoral fellowship and the Institute of Mathematical Sciences of the Chinese University of Hong Kong. The second author was partially supported by the NSA. We are very grateful to Joe Harris and Barry Mazur for their help and encouragement. We thank D. Matsushita and Y. Namikawa for sending us their preprints, M. Jarden for helpful comments on Proposition 3.1, and K. O’Grady for emphasizing the role of the Fourier-Mukai transform (see Remark 7.4).

2 Generalities on symmetric products

Let X be a smooth projective variety over a field K. Denote by X^n = X ×_K ... ×_K X the n-fold product of X. The symmetric group S_n acts on X^n. The quotient X^{(n)} = X^n/S_n is a projective variety, called the symmetric product.

If X has dimension one then X^{(n)} is smooth and for n > 2g − 2 the symmetric product X^{(n)} is a projective bundle over the Jacobian Jac(X), with fibers projective spaces of dimension n − g (see [22], Ch. 4). In particular, rational points on X^{(n)} are potentially dense for n > 2g − 2.

If X has dimension two then X^{(n)} is no longer smooth. It has Gorenstein singularities since the group action factors through the special linear group (see [31]), i.e., for any point with nontrivial stabilizer, the induced representation of the stabilizer on the tangent space factors through the special linear group. The Hilbert scheme of length n zero-dimensional subschemes is a crepant resolution of X^{(n)}

φ : X^{[n]}→X^{(n)}

(see [2], Section 6 and the references therein). In particular, φ^∗ω_X(n) = ω_X[n] . The same holds for pluricanonical differentials. On the other hand, we have the isomorphism

H^0(X^n, ω^m_Xn)S^n = H^0(X^{(n)}, ω^m_{X(n)} ).

We are using the fact that the quotient map X^n→X^{(n)} is unramified away from a codimension two subset and pluricanonical differentials extend over codimension two subsets. We conclude that pluricanonical differentials on the Hilbert scheme correspond to S_n-invariant differentials on the n-fold product X^n:

H^0(X^{[n]}, ω^m_{X[n]}) ≃ H^0(X^n, ω^m_Xn)S^n.

Since H^0(X^n, ω^m_Xn)S^n ≃ Sym^nH^0(X, ω^m_X )

we obtain the following:

Proposition 2.1 Let X be a smooth surface. If X has Kodaira dimension k then X^{(n)} has Kodaira dimension nk.

Remark 2.2 Arapura and Archava have recently proved a more general statement [1].

If X is a K3 surface we can be more precise: X^{[n]} is a holomorphic symplectic manifold (see [2], Section 6). In particular, the canonical bundle of X^{[n]} remains trivial.

An important ingredient in the proofs of potential density is the construction of a multisection of the abelian fibration. The following proposition will help us verify that certain subvarieties are multisections:

Proposition 2.3 Let X be a smooth projective surface and C_1, ..., C_n distinct irreducible curves. Consider the image Z of C_1 × ... × C_n under the quotient map X^n→X^{(n)}. The scheme-theoretic preimage φ^{−1}(Z) ⊂ X^{[n]} has a unique irreducible component of dimension ≥ n, denoted by C_1∗...∗C_n. In particular, the homology class of C_1 ∗ ... ∗ C_n is uniquely determined by the homology classes of C_1, ..., C_n.

Proof. Let (a_1, .., a_k) be a partition of n and let D_{a1,...,ak} be the corresponding stratum in X^{(n)}. In particular, the D_{a1,...,ak} are disjoint. The intersection of Z with D_{a1,...,ak} has dimension at most #{a_j | a_j = 1}. Each fiber of φ over D_{a1,...,ak} is irreducible of dimension ∑_k j=1(a_j − 1) (see [7]). It follows that the preimage of Z ∩ D_{a1,...,ak} has dimension at most

#{a_j | a_j = 1} + k∑ j=1 (a_j − 1),

which is less than n, provided the a_j are not all equal to 1. �

3 Generalities on abelian fibrations

Let A be an abelian variety defined over a field K (not necessarily a number field). A point σ ∈ A(K) is nondegenerate if the subgroup generated by σ is Zariski dense in A.

Proposition 3.1 Let A be an abelian variety over a number field K. Then there exists a finite field extension L/K such that A(L) contains a nondegenerate point.

Proof. We include an argument for completeness, since we could not find a reference.

Lemma 3.2 Let A be an abelian variety of dimension dim(A) defined over a number field K. Then there exists a finite field extension L/K such that the rank of the Mordell-Weil group A(L) is strictly bigger than the rank of A(K). Proof. As pointed out to us by M. Jarden, this follows from Theorem 10.1 of [9] and the subsequent remark. We provide an alternate proof suggested by B. Mazur.

We first assume dim(A) > 1. Let Γ be the saturation of A(K) in A(K̄) (where K̄ is the algebraic closure of K). This means that Γ consists of all points p such that a positive multiple of p lies in A(K); in particular it contains all torsion points. Find a smooth curve C of genus ≥ 2 in A, defined over a finite extension K_1/K. By Raynaud’s version of the Manin-Mumford conjecture (see [16], I 6.4 or [26] Theorem 1) we have that C ∩ Γ is finite. There exists a L/K_1 such that C(L) contains a point q outside C ∩ Γ. It follows that A(L) has higher rank.

We now do the case of an elliptic curve E. Write A = E × E with projections π_1 and π_2; we have A(K) = E(K) × E(K). The argument above gives a point q ∈ A(L) not contained in the saturation of A(K). It follows that either π_1(q) or π_2(q) is not contained in the saturation of E(K). �

We prove the proposition. We may replace A with an isogenous abelian variety, so we may assume that A is a product of geometrically simple abelian varieties. Our proof proceeds by induction on the number of simple components. Any nontorsion point p of a geometrically simple abelian variety is nondegenerate. Indeed, the Zariski closure of Zp is a finite union of translates of abelian subvarieties. Hence it suffices to prove the inductive step:

Lemma 3.3 Let A_1 and A_2 be abelian varieties over a number field K. Assume that A_2 is geometrically simple and A_1 and A_2 have nondegenerate K-points p_1 and p_2. Then A_1 × A_2 has a nondegenerate point over some finite extension L/K.

Proof. For any pair of abelian varieties A_1, A_2 the group of homomorphisms Hom(A_1, A_2) is finitely generated as a module over Z. After a finite extension, we may assume these are all defined over K. We also consider Hom^0(A_1, A_2) := Hom(A_1, A_2) ⊗ Q, the group of homomorphisms defined up to isogeny (see [25], p. 172-176).

Assume that (p_1, p_2) is contained in a proper abelian subvariety B ( A_1 × A_2. Note that the projections π_i|B are surjective. Let K_1 ⊂ B be the kernel of π_1|B, which may be regarded as an abelian subvariety of A_2. A dimension count shows that K_1 ( A_2, hence K_1 is finite (because A_2 is simple). It follows that π_1|B is an isogeny and we can regard B as an element β ∈ Hom^0(A_1, A_2). In particular, (dβ)(p_1) = dp_2 for some nonzero integer d. We choose a Z-basis (Z_1, ..., Z_k) for Hom(A_1, A_2). There exist integers b_1, ..., b_k, such that (b_1Z_1 + ... + b_kZ_k)(p_1) = dp_2 in the Mordell-Weil group. Hence p_2 is contained in the saturation of the subgroup of A_2(K) generated by the images of p_1 under the Z_i. Conversely, if q is not contained in this subgroup then (p_1, q) is nondegenerate. Applying Lemma 3.2, we obtain a finite field extension L/K and a point q ∈ A_2(L) with the desired property. � Let T be an A-torsor defined over a field K, i.e., there is an action A × T →T so that the induced map A × T →T × T (a, t)→(at, t) is an isomorphism (here all morphisms and fiber products are defined over K.) In particular, if M/K is a finite extension and p ∈ T (M) then the induced map restricts to an isomorphism A(M)→T (M).

Consider the Albanese Alb(T ) (see, for example, [15] II. 3). It is an abelian variety defined over K, such that there is a morphism T ×T →Alb(T ) corresponding to (t_1, t_2) → t_1 − t_2. For each zero-cycle of T , defined over K and of degree zero, we obtain a point in Alb(T )(K). Interpret T as the zero-cycles on T of degree one, so that the addition map Alb(T ) × T →T makes T into an Alb(T )-torsor as well. In particular A and Alb(T ) are both isomorphic over K to the identity component of the automorphism group of T . Let p ∈ T (M) where M/K is a finite extension of degree deg(M). Regarding Spec(M)→T as a morphism of K-schemes, we obtain a zero-cycle on T of degree deg(M), defined over K. This pulls back to a zero-cycle on T (M) denoted tr_M . The zero-cycle τ_M := deg(M)p − tr_M has degree zero and thus gives an element of Alb(T )(M). We shall say that p ∈ T (M) is nondegenerate if τ_M is nondegenerate.

Let π : T →B be an abelian fibration, that is: T and B are normal, B is connected, and the fiber T_b over the generic point b is a torsor for an abelian variety A_b over K(b). A multisection M of π is the closure of an M-valued point of T_b, where M is a finite field extension of K(b) of degree deg(M). It is nondegenerate if the corresponding M-valued point is nondegenerate.

Proposition 3.4 Let π : T →B be an abelian fibration with nondegenerate multisection M, both defined over a number field K. Assume that K-rational points on M are Zariski dense. Then K-rational points on T are Zariski dense.

Proof. We restrict to an open subset of B over which T and M are smooth and the torsor action A×_B T →T is well-defined. Let p : M→T ×_B M be the section induced by the multisection. Our assumptions mean that A ×_B M has a nondegenerate section τ_M. The translates (nτ_M)(p(M)) are defined over K and are Zariski dense in T ×_B M. Each translate has Zariski dense K-rational points, so we find that rational points in T ×_B M are also Zariski dense. Since T ×_B M dominates T , rational points are dense in T as well. �

Remark 3.5 Our argument does not show that rational points are Zariski dense in any fiber T_x, where x is an K-rational point of B. However, when the fibers are of dimension 1 there exists a nonempty open subset U ⊂ M such that (T ×_B M)_x has dense rational points for each x ∈ U(K) (see [30]). Moreover, by a result of Néron, the rank of the Mordell-Weil group of special fibers of abelian fibrations does not drop outside a thin subset of points on the base of the fibration [28].

4 Elliptic families on K3 surfaces

Throughout this section, we work over an algebraically closed field of characteristic 0. An elliptic fibration is an abelian fibration of relative dimension one. In the sequel an elliptic fibration dominating a K3 surface will be called an elliptic family.

The following theorem is attributed to Bogomolov and Mumford (see [23]). We include a detailed proof because it is crucial for our applications.

Theorem 4.1 Let S be K3 surface and f a divisor class on S such that h^0(O_S(f)) > 1. Then there exists a smooth curve B and an elliptic fibration E→B with the following properties:

1. E dominates S;

2. the generic fiber E_b is mapped birationally onto its image;

3. the class f − E_b is effective.

Proof. A genus one curve C ⊂ S is a curve whose normalization C̃ is a connected curve of genus one. It suffices to prove the result for a singular curve B; we can always pull back to the normalization B̃.

We may restrict to the case where S is not an elliptic K3 surface. We assume that |f| has no fixed components (and thus no base points). Indeed, if this is not the case then we extract the moving part of f. Since S is not elliptic, we have f^2 > 0. We may also assume that the class f is primitive; otherwise, take the primitive effective generator f^′ such that f ∈ Zf^′. We still have h^0(O(f^′)) > 1 and |f^′| basepoint free (again, using the fact that S is not elliptic.) See [29] for basic results concerning linear series on K3 surfaces.

We shall use the following lemma, essentially proved in [23]:

Lemma 4.2 For each n > 0, a generic polarized K3 surface (S_1, f) of degree 2n contains a one-parameter family of irreducible curves with class f, such that the generic member is nodal of genus one.

Proof. We first claim there exists a K3 surface S_0 containing two smooth rational curves D_1 and D_2 meeting transversally at n + 2 points. Let S_0 be the Kummer surface associated to the product of elliptic curves E_1 and E_2, such that there exists an isogeny E_1→E_2 of degree 2n + 5. Let Γ be the graph of this isogeny and p ∈ E_2 a 2-torsion point. Now Γ intersects E_1 × p transversally in 2n + 5 points, one of which is 2-torsion in E_1 × E_2. We take D_1 to be the image of Γ and D_2 to be the image of E_1 × p; D_1 and D_2 are smooth, rational, and intersect transversally in n + 2 points. The line bundle O(f) := O_{S0} (D_1 + D_2) is big and nef and thus has no higher cohomology (by Kawamata-Viehweg vanishing).

Let Δ be the spectrum of a discrete valuation ring with closed point 0 and generic point η. Let S → Δ be a deformation of S_0 such that f remains algebraic. We assume further that the class f is ample and indecomposible in the monoid of effective curves in a (geometric) generic fiber S_1. These conditions are satisfied away from a finite union of irreducible divisors. Since f has no higher cohomology, D_1∪D_2 is a specialization of curves in the generic fiber and the deformation space Def(D_1 ∪ D_2) is smooth of dimension n + 2. Consider the locus in Def(D_1 ∪ D_2) parametrizing curves with at least ν nodes; this has dimension ≥ n + 2 − ν. When ν = n + 1 the corresponding curves are necessarily rational. Each fiber of S → Δ is not uniruled, and thus contains a finite number of these curves. In each fiber, the rational curves with n + 1 nodes deform to positive-dimensional families of curves with n nodes. Hence S_1 contains a family of nodal curves of genus one with the desired properties. �

To complete the proof, we use a proposition suggested by Joe Harris:

Proposition 4.3 Let S→D be a projective morphism. Then there exists a scheme K_g(S/D) such that each connected component is projective over D and the fiber over each d ∈ D is isomorphic to the corresponding moduli space of stable maps K_g(S_d).

Proof. We refer to Kontsevich’s moduli space of stable maps constructed in [14],[10]. We first consider the special case when S = P^n_D. Then

K_g(P^n_D/D) = K_g(P^n) × D

More generally, given an embedding S→P^n_D over D, we define K_g(S/D) as those elements of K_g(P^n_D/D) which factor through S. Since it is a closed subscheme it is projective over D. �

We finish the proof of Theorem 4.1. There exists a projective family of K3 surfaces S→Δ equipped with a divisor class f, such that the (geometric) generic fiber satisfies the conditions of Lemma 4.2 and the special fiber is (S, f). Consider the component K_1(S/Δ, f) of K_1(S/Δ) consisting of maps with image in the class f. After a finite base change Δ^′→Δ, there exists a geometrically irreducible curve C_η ⊂ K_1(S/Δ, f) corresponding to an elliptic fibration dominating the generic fiber S_η. Let C ⊂ K_1(S/Δ, f) be the flat extension over Δ and C_0 the corresponding flat limit.

There may not be a ‘universal stable map’ defined over C_0 ⊂ K_1(S, f). However, for each irreducible reduced component C_i ⊂ C_0, a universal stable map exists after a finite cover B_i→C_i. (This follows from the existence of a universal stable map over the associated moduli stack.) For some such B_i, the resulting family of stable maps E^′_i → B_i dominates S. The image of the generic fiber contains a component of genus one because no K3 surface is uniruled. �

5 Density of rational points

In this section S denotes a K3 surface defined over a number field K. Potential density holds for elliptic K3 surfaces and for all but finitely many families of K3 surfaces with Picard group of rank ≥ 3, and consequently for their symmetric products (see [6]). However, a general K3 surface has Picard group of rank 1. In the following sections we will prove density results for symmetric products of general K3 surfaces.

By Theorem 4.1, there is a family of elliptic curves E dominating S. Let E_1, . . . , E_n be generic curves in the fibration and assume that g = [E_i] is big; in particular, E is not an elliptic fibration on S. It follows that the generic member of g is an irreducible curve of genus > 1. Note that we have a well defined class g ∗ ... ∗ g in the homology of S^{[n]}, equal to the homology class of C_1 ∗ ... ∗ C_n, where the C_i are irreducible curves in g (see Proposition 2.3).

Theorem 5.1 Let S be a K3 surface satisfying the conditions of the previous paragraph. Assume that either

1. S^{[n]} admits an abelian fibration T →B and g ∗...∗g intersects the proper transform of the generic fiber positively, or

2. S^{[n]} is birational to an abelian fibration, and E_1∗...∗E_n is a multisection.

Then rational points on S^{[n]} are potentially dense.

Proof. Throughout the proof, L/K is some finite field extension, which we will enlarge as necessary. We want to show that L-rational points are Zariski dense on S^{[n]}.

Under the first assumption, for any irreducible curves C_1, ..., C_n in g, C_1 ∗ ... ∗ C_n ⊂ S^{[n]} gives a multisection of T →B. In particular, E_1 ∗ ... ∗ E_n is a multisection.

Choose a point x ∈ B(L) corresponding to a smooth fiber T_x of T . Choose a nondegenerate cycle in T_x of length n, represented by s_1 + ... + s_n ∈ S^{[n]} (see Proposition 3.1). We may assume the s_i are distinct, that each s_i lies in a smooth fiber E_i of our elliptic family, that s_i and E_i are defined over L, and that L-rational points of E_i are Zariski dense. Then we have a multisection M for T given as (the proper transform of) E_1 ∗...∗E_n. Note that L-rational points on M are Zariski dense.

It follows that M satisfies the nondegeneracy assumptions of Proposition 3.4. Therefore, L-rational points are Zariski dense in S^{[n]}. �

We employed two parallel sets of hypotheses because in some applications the abelian fibration is only described over the generic point of B, which makes intersection computations difficult. In other applications, the abelian fibration is given by an explicit linear series, but the multisection is difficult to control.

Remark 5.2 Matsushita has proved a structure theorem for irreducible holomorphic symplectic manifolds of dimension 2n admitting a fibration structure. In particular, he proved that the base has dimension n, is Fano, has Picard group of rank 1, and log-terminal singularities. Furthermore, the fibers admit finite étale covers which are abelian varieties (see [19]).

Remark 5.3 We do not know how to produce abelian fibrations on symmetric products of Calabi-Yau varieties of dimension ≥ 3. For example, do they exist for quintic threefolds?

6 Potential density on S^{[n]}

In this section we exhibit K3 surfaces S defined over a number field K and satisfying the assumptions of Theorem 5.1.

Theorem 6.1 Let S be a K3 surface defined over a number field K. Let g be a big line bundle on S of degree 2(n − 1). Assume that |g| contains the class of an irreducible elliptic curve. Then there exists a finite extension L/K such that L-rational points on S^{[n]} are Zariski dense.

Proof. Under our hypothesis g is basepoint free; the base locus of any linear series on a K3 surface has pure dimension one (see [29]). We obtain a morphism S→P^n which is generically finite onto its image. Furthermore, the generic member of |g| is smooth of genus n.

There is an abelian fibration over B ⊂ P^n, where B corresponds to the locus of smooth curves in |g|. Indeed, T →B is the degree n component of the relative Picard fibration. We claim that S^{[n]} is birational to T . Given generic points s_1, ..., s_n on S there is a smooth curve C ∈ |g| passing through those points. The line bundle O_C (s_1 + ... + s_n) is a generic point of Pic_n(C), and such a line bundle has a unique representation as an effective divisor. We are using the fact that C^{[n]} is birational to Pic_n(C). (This idea can also be found in the work of Yau-Zaslow [32] and Beauville [4].)

To apply Theorem 5.1 we must verify that (the proper transform of) E_1 ∗ ... ∗ E_n is a multisection for T . A generic curve C ∈ |g| intersects the union of the E_i transversally in n(2n − 2) points. Under these assumptions, every subscheme parametrized by C^{[n]} ∩ (E_1 ∗ ... ∗ E_n) is reduced and there are finitely many such subschemes. It particular, C^{[n]} intersects E_1 ∗ ... ∗ E_n in finitely many points. �

Theorem 6.2 Let S be a K3 surface defined over a number field K and admitting a polarization f of degree 2(N − 1). Then there exist a positive integer n ≤ N and a finite extension L/K such that the L-rational points of S^{[n]} are Zariski dense.

Proof. By Theorem 4.1 S is dominated by an elliptic fibration E→B, with ⟨E_b, E_b⟩ ≤ ⟨f, f⟩ = 2(N − 1). Theorem 6.1 gives the result when g = [E_b] is big. If the class of the fiber is not big it has self-intersection zero, which implies that S is an elliptic K3 surface. In this case, the main theorem of [6] proves our claim with n = 1. �

Example 6.3 Let S be a K3 surface of degree 2. Then rational points on S^{[2]} are potentially dense.

7 Potential density on S^{[2]}

Given a fixed K3 surface it is a natural problem to determine the smallest possible n for which the theorem holds. (Of course, we expect that we can always take n = 1!) As we have seen, the key to proving potential density is the existence of abelian fibrations on S^{[n]}.

The intersection form on the Picard group of S is an integer-valued nondegenerate quadratic form, denoted ⟨, ⟩. We recall that the Picard group of S^{[n]} is also equipped with a natural integer-valued nondegenerate quadratic form (, ), the Beauville form [2]. With respect to this form, we have an orthogonal direct sum decomposition

Pic(S^{[n]}) = Pic(S) ⊕_⊥ Ze,

where (e, e) = −2(n − 1) and 2e is the class of the diagonal (more precisely, the nonreduced subchemes in S^{[n]}.)

On the K3 surface S, the Picard group together with the quadratic form control much of the geometry of S. For example, if the quadratic form represents zero, then S admits an elliptic fibration over P^1. A naive question would be whether the analog holds for S^{[n]} with n ≥ 2. More precisely, if the Beauville form represents zero, is S^{[n]} birational to an abelian fibration over

P^n (see [13])? Note that the Beauville form of S^{[2]} represents zero if and only

if the intersection form on Pic(S) represents 2m^2 for some m ∈ Z.

Proposition 7.1 Let S be a generic K3 surface of degree 2m^2 with m > 1. Then S^{[2]} is isomorphic to an abelian surface fibration over P^2.

Proof. We first consider the case m = 2. We asssume that the polarization on S is very ample and that S does not contain a line or a cubic plane curve. Then S can be represented as a complete intersection of a three-dimensional space I_S(2) of quadrics in P^5. An element of S^{[2]} spans a line ℓ ∈ P^5 and a two dimensional subspace of I_S(2) contains ℓ. In this way, we obtain a morphism a : S^{[2]}→P^2 ≃ P(I_S (2)^∗).

The generic fiber of a is an abelian surface; the variety of lines on a smooth complete intersection of two quadrics in P^5 is a principally polarized abelian surface (see [11], p. 779). Notice that a is induced by the sections of f_8 − 2e, where f_8 is the polarization of degree 8.

When m > 2 the proof consists of three steps:

1. construct special K3 surfaces S so that S^{[2]} admits a natural involution;

2. show directly that some of these special K3 surfaces admit an abelian surface fibration and a polarization of degree 2m^2;

3. verify that this abelian surface fibration deforms to the Hilbert scheme of a generic K3 surface of degree 2m^2.

We begin with a construction of Beauville and Debarre [8]. Let S ⊂

P^3 be a smooth quartic hypersurface; in particular, S is a K3 surface and

the corresponding polarization is denoted f_4. Then there is a birational involution j : S^{[2]} 99 KS^{[2]}

defined on an open subset of S^{[2]} by the rule j(p_1 + p_2) = p_3 + p_4, where p_1, p_2, p_3, and p_4 are collinear points on S. This is a morphism provided that S does not contain a line. The action of j on the Picard group of S^{[2]} is given by j^∗x = −x + (f_4 − e, x) (f_4 − e).

Next, we consider some special quartic K3 surfaces. Let S be a K3 surface with Picard group generated by the ample class f_4 and a second class f_8 satisfying f_4 f_8 f_4 4 k f_8 k 8

where k > 7. Such K3 surfaces are parametrized by a nonempty analytic open subset of an irreducible variety of dimension 18. This follows from the Torelli theorem, surjectivity of Torelli, and the structure of the cohomology lattice of K3 surfaces (see [17] Theorem 2.4 and [3]). Note that f_4 is very ample and that the image is a smooth quartic surface not containing a line [29]; here we are using the fact that k ≠ 6. Furthermore, the same reasoning shows that f_8 is very ample and the image does not contain a line, provided that f_8 is ample. (Here we are using the fact that k ≠ 7.) If f_8 were not ample then ⟨f_8, C⟩ ≤ 0 for some (−2)-curve C (see [17] 1.6). Clearly ⟨f_8, C⟩ ≠ 0 and if ⟨f_8, C⟩ < 0 then the Picard-Lefschetz reflection ρ(f_8) = f_8 + ⟨f_8, C⟩C and f_4 generate a sublattice with discriminant greater than 32 − k^2, which is impossible. Our argument in the m = 2 case shows that the S^{[2]} admits an abelian surface fibration, induced by the line bundle f_8 − 2e. Composing with the involution j, we obtain a second abelian fibration, induced by

j^∗(f_8 − 2e) = 2e − f_8 + (f_8 − 2e, f_4 − e) (f_4 − e) = (k − 4)f_4 − f_8 − (k − 6)e.

Let g = (k − 4)f_4 − f_8 and m = k − 6 so that ⟨g, g⟩ = 2(k − 6)^2 = 2m^2 and j^∗(f_8 − 2e) = g − me. Note that g is effective on S.

We turn to the last step. Let S→Δ be a general deformation of S for which g remains algebraic. The class g restricts to a polarization on the generic fiber, since it has Picard group of rank one. The class g − me is algebraic (and nef) on the generic fiber of S^{[2]}→Δ. Using deformation theory (see [13] and [27] Cor. 3.4), we find that the generic fiber also admits an abelian fibration with base P^2, induced by the sections of the line bundle g − me. We are using the fact that the abelian surface fibration on S^{[2]} is Lagrangian; see [13] for the fourfold case and [20] more generally. �

Remark 7.2 Unfortunately, our argument gives little information about how the abelian fibration degenerates for nongeneric K3 surfaces of degree 2m^2 with m > 2. A more precise description would follow from the conjectures of [13].

Remark 7.3 Proposition 7.1 gives a counterexample to the theorem in Section 2, p. 463 of [18]. There it is claimed that S^{[2]} of a K3 surface S admits a (Lagrangian) abelian surface fibration if and only if S is elliptic.

Remark 7.4 We expect the arguments of Proposition 7.1 to generalize to higher symmetric products. More precisely, if S is generic of degree 2nm^2 then S^{[n+1]} should be birational to an abelian fibration over P^{n+1}. As K. O’Grady pointed out, this is best understood as an application of the Fourier- Mukai transform (see [24]). Essentially, S is isogenous to a K3 surface Ŝ of degree 2n, i.e., Ŝ may be interpretted as a moduli space of vector bundles on S. Applying the Fourier-Mukai transform to ideal sheaves of length (n + 1) subschemes of S, one should obtain sheaves supported on hyperplane sections of Ŝ which are invertible along their support. We have already seen that the relative Jacobian of Ŝ is birational to an abelian fibration over P^{n+1}.

Theorem 7.5 Let S_8 be a K3 surface of degree 8, defined over a number field K, embedded in projective space P^5 as a complete intersection of 3 quadrics and not containing a line. Then rational points on S^{[2]}_8 are potentially dense. The same result holds for a generic K3 surface of degree 2m^2.

Proof. We apply Theorem 5.1, using the first set of assumptions. We use the abelian fibrations constructed in Proposition 7.1.

Let g be the homology class of an irreducible elliptic curve (see Theorem 4.1). We verify that g ∗ g intersects the class of a fiber positively.

We need to compute the intersection on S^{[2]} of (f − me) · (f − me) · (g ∗ g), where f and g are divisor classes on S. Let Σ be the class of subschemes containing a fixed point p ∈ S; note that these subschemes are parametrized by the blow-up of S at p. In particular, (f − me) · (f − me) · Σ = ⟨f, f⟩ − m^2 (because e restricts to the exceptional divisor of the blown-up K3 surface). We also have g ∗ g = g · g − ⟨g, g⟩Σ, f · f · g · g = ⟨f, f⟩⟨g, g⟩ + 2⟨f, g⟩^2, f · e · g · g = 0, e · e · g · g = −2⟨g, g⟩. Finally, we obtain (f − me) · (f − me) · (g ∗ g) = 2⟨f, g⟩^2 − m^2⟨g, g⟩. In our case, f = f_{2m}2 , g is the class of the elliptic curve. To verify the hypothesis of the Theorem 5.1, we need 2⟨f_{2m}2 , g⟩^2 > m^2⟨g, g⟩. Since ⟨g, g⟩ > 0 we are done by the Hodge index theorem, which implies that the determinant of the matrix ( 2m^2 ⟨f_{2m}2 , g⟩ ⟨f_{2m}2 , g⟩ ⟨g, g⟩ )

is negative. �

References

[1] D. Arapura and S. Archava, Kodaira dimensions of symmetric powers,

alg-geom 0006107, (2000).

[2] A. Beauville, Variétés Kähleriennes dont la première classe de Chern est nulle, J. Differential Geom. 18 (1983), no. 4, 755–782.

[3] A. Beauville, Surjectivité de l’application des périodes, in Géométrie des Surfaces K3: Modules et Périodes-Séminaire Palaiseau, Astérisque 126, SMF, Paris, (1985), 122–128.

[4] A. Beauville, Counting rational curves on K3 surfaces, Duke Math. J.

97 (1999), no. 1, 99–108.

[5] F. Bogomolov, Yu. Tschinkel, On the density of rational points on elliptic fibrations, J. Reine und Angew. Math., 511 (1999), 87–93.

[6] F. Bogomolov, Yu. Tschinkel, Density of rational points on elliptic K3 surfaces, alg-geom 9902092, (1999).

[7] J. Briancon, Description de Hilb^nC{x, y}, Invent. Math. 41 (1977), no.

1, 45–89.

[8] O. Debarre, Un contre-exemple au théorème de Torelli pour les variétés symplectiques irréductibles, C.R. Acd. Sc. Paris 299, Série I, n. 14 (1984), 681–684.

[9] G. Frey, M. Jarden, Approximation theory and the rank of abelian varieties over large algebraic fields, Proceedings of the London Mathematical Society 28 (1974), 112–128.

[10] W. Fulton, R. Pandharipande, Notes on stable maps and quantum cohomology, Algebraic geometry—Santa Cruz 1995, 45–96, Proc. Sympos. Pure Math., 62, Part 2, Providence, RI, (1997).

[11] P. Griffiths, J. Harris, Principles of algebraic geometry, Wiley Interscience, (1978).

[12] J. Harris, Yu. Tschinkel, Rational points on quartics, alg-geom

9809015, (1998). To appear in Duke Mathematical Journal.

[13] B. Hassett, Yu. Tschinkel, Rational curves on holomorphic symplectic fourfolds, (1999).

[14] M. Kontsevich, Yu. I. Manin, Gromov-Witten classes, quantum cohomology, and enumerative geometry, Comm. Math. Phys. 164 (1994), no. 3, 525–562.

[15] S. Lang, Abelian varieties, 2nd ed., Springer (1983).

[16] S. Lang, Number theory. III. Diophantine geometry, Encyclopaedia of Mathematical Sciences, 60. Springer-Verlag, Berlin, (1991).

[17] E. Loojenga, C. Peters, Torelli theorem for Kähler K3 surfaces, Compositio Math. 42 (1981), 145–186.

[18] D. G. Markushevich, Integrable symplectic structures on compact complex manifolds, Mat. Sb. (N.S.) 131(173) (1986), no. 4, 465-476; translation in Math. USSR-Sb. 59 (1988), no. 2, 459–469.

[19] D. Matsushita, On fibre space structures of a projective irreducible symplectic manifold, Topology 38 (1999), no. 1, 79–83.

[20] D. Matsushita, Addendum To: On fiber space structures of a projective irreducible symplectic manifold, to appear in Topology.

[21] B. Mazur, The topology of rational points, Experiment. Math. 1 (1992), no. 1, 35–45.

[22] J. S. Milne, Jacobian varieties, Arithmetic geometry (Storrs, Conn., 1984), 167–212, Springer, New York, (1986).

[23] S. Mori, S. Mukai, The uniruledness of the moduli space of curves of genus 11, Algebraic geometry (Tokyo/Kyoto, 1982), 334–353, LNM 1016, Springer, Berlin-New York, (1983).

[24] S. Mukai, On the moduli space of bundles on K3 surfaces I, Vector bundles on algebraic varieties (Bombay, 1984), 341–413, Tata Inst. Fund. Res. Stud. Math., 11, Tata Inst. Fund. Res., Bombay, 1987.

[25] D. Mumford, Abelian varieties, Oxford University Press, London, (1970).

[26] J. Oesterlé, Courbes sur une variété abélienne (d’après M. Raynaud), Séminaire Bourbaki n. 625 (1983-84), Astérisque 122 (1985), 213–224.

[27] Z. Ran, Hodge theory and deformations of maps, Compositio Math. 97 (1995), no. 3, 309–328.

[28] J.-P. Serre, Lectures on the Mordell-Weil theorem, Aspects of Mathematics, E15. Friedr. Vieweg und Sohn, Braunschweig, (1989).

[29] B. Saint-Donat, Projective models of K3 surfaces, Amer. J. Math. 96 (1974), 602-639.

[30] J. H. Silverman, Heights and the specialization map for families of abelian varieties, J. reine und angew. Math. 342 (1983), 197–211.

[31] K. Watanabe, Certain invariant subrings are Gorenstein I,II, Osaka J.

Math. 11 (1974), 1–8; ibid. 11, 379–388.

[32] S.-T. Yau and E. Zaslow, BPS states, string duality, and nodal curves on K3, Nuclear Phys. B 471 (1996), no. 3, 503–512.

Brendan Hassett Yuri Tschinkel Department of Mathematics–MS 136 Department of Mathematics Rice University Princeton University 6100 S. Main St. Fine Hall - Washington Road Houston, TX 77005-1892 Princeton, NJ 08544-1000 USA USA

Institute of Mathematical Sciences Rm. 501, Mong Man Wai Building Chinese University of Hong Kong Shatin, Hong Kong