Multivariable Calculus Final Exam
MATH 212 SEcTIONS 001-002 SPRING 2002

Name: SOLUTIONS

The exam is closed book, closed notes. The exam is pledged.

You have 3 hours to complete this exam.

Calculator policy: You may use calculators to evaluate standard functions on floating
point numbers (like v/3.12, In(35/7), or sin(7/17)). You may not use symbolic operations,
numerical integration, or any graphing functions.

This test has 13 pages. Please make sure your test is complete.

Please write all of your answers on the test paper. Try not to use your own scratch paper
— you may use the backs of the pages of the test.

Show your work. (A correct answer with no work shown may not receive full credit — an
incorrect answer with no work shown will receive no credit.) Please justify your answers
neatly and clearly, in a well organized fashion.

There are 12 problems with a total point value of 120.
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Pledge:



1. (10p) Find the points at which the ellipsoid x?/4 + y* + 2? = 1 is tangent to one of the
hyperboloids in the family 2% + y? — (2 + 1)? = %

Solution We need that V(2?/4 + y? + 2?) = AV(2? + y* — (2 + 1)?). This means

z/2 = Az
2y = Ay
2 = —A2(z+1)

?/A+y*+ 2 = 1

Start with the second equation. It says 2y = A2y, which is equivalent to (1 — A\)y = 0. We
have two possibilities: a: A =1 and b: y = 0.

a: If A = 1, then from the first and third equations x = 0 and z = —1/2. Thus from the
fourth we obtain that y?> = 3/4 and then y = v/3/2 or y = —/3/2. We found two points:
(0,%%,—3) and (0, =%, 1)
b: If y = 0, then from the first equation (2 — 8\)z = 0, and we have to subcases:

ba: z = 0. Then from the fourth equation z = 1 or z = —1. We found two points:
(0,0,1) and (0,0, —1).

bb: A = 1/4. Then from the third equation z = —1/5 and from the fourth equation
r =+/96/5 or z = —/96/5. We found two points: (@, 0,—:) and (—‘/7976,0, —1).

So overall we found 6 points, but we have to be careful: the points in ba are not
good for us. (0,0,1) is not on a hyperboloid from the family, (0,0, —1) is on the surface
12 + 9% — (2 + 1)?2 = 0, which is a double cone. The ellipsoid goes through the vertex of
this cone. The pictures for the other four points:




2. (10p) Show that if a particle in three-dimensional space moves so that its velocity is
always perpendicular to its position vector, then the particle moves on a sphere centered
at the origin.

Solution Let the position of the particle be denoted by c(%).

H I = jt( (1) - e(t)) = 2c(t) - <'(t) = 0,

which implies that the distance from the origin is constant.



3. (10p) Find the maximum and minimum value of the function
2 5 9
flw,y) =227+ ay + 7y° — 20— 2y

on the unit square S = [0,1] x [0, 1].

Solution

Interior: The gradient is Vf = (do +y — 2,2 +5y/2 —2). Itis0 at x = 1/3, y = 2/3.
The point (1/3,2/3) is inside the domain, so this is a candidate for abs. minimum or
maximum. The value of the function is f(1/3,2/3) = —1.

Boundary: It is made of four line segments.

1.y=0,0<z<1: f(z,y) = 22% — 2, critical point: x = 1/2, possible candidates for
max-min: f(0,0) =0, f(1/2,0) = -1/2, f(1,0) = 0.

2.y=1,0<xz <1: f(x,y) = 22> —x—3/4, critical point: = 1/4, possible candidates
for max-min: f(0,1) = —3/4, f(1/4,1) = —1/2, f(1,1) = 1/4.

3. 1=0,0<y<1: f(x,y) = 5y*/4 — 2y, critical point: y = 4/5, possible candidates
for max-min: f(0,0) =0, f(0,4/5) = —4/5, f(0,1) = —3/4.

4.2 =1,0<y <1: f(z,y) = by?/4 — y, critical point: y = 2/5, possible candidates

0, f(1,2/5) = —1/5, f(1,1) = 1/4.

for max-min: f(1,0) =

So the absolute maximum is f(1,1) = 1/4, the absolute minimum is f(1/3,2/3) = —1.

Figure 1: f(z,y)



4. (10p) Let 0 < a < b and 0 < p < ¢ fixed constants. Find the area of the region which
is bounded by the curves z? = py, 2% = qy, y = ax and y = bx.

Solution Change the variables by u = z?/y and v = y/x. Then clearly p < u < ¢ and
a <wv<b. Also,

o(u,v) _‘ 275” —;—i ‘ 1
o(x,y)

Y 1

2 T
This means that the Jacobian in the change of variables formula is y(u, v), which is y = uv?.
By this formula we obtain that the area is

b q 1
/ / uv® dudv = 8(1)3 —a*)(¢* — p?).
a Jp



5. (10p) Find the surface area of that portion of the surface z = y? + 4z which lies above
the triangular region R in the zy-plane with vertices at (0,0), (0,2) and (2, 2).

Solution A parametrization of the surface is given by ®(u,v) = (u, v, v? + 4u), where the
parameter domain on the uv-plane is the triangle with vertices at (0,0), (0,2) and (2,2).
Then ®, x ®, = (—4,—2v,1) and ||®, x ®,|| = V17 + 4v2. The surface area we are looking

for is
2 v 2
A:/ / \/17+4vzdudv=/ vV 17 + 4v2dv =
0o Jo 0

12 3 1 3 3



6. (10p) Evaluate the double integral
Y27
/ / T+y+ 1 4
where R is the region bounded by y =2z, y =22+ 3, y = —r and y = —z + 6.

Solution Change the variables by u = y — 2z and v = y + 2. Then clearly 0 < v < 3 and
0 <wv<6. Also,

o(u,v) ‘ -2 1
0(z,y)
This means that the Jacobian in the change of variables formula is 1/| — 3| = 1/3. We

obtain that
ey 2" L, 1, .
— —1)(In7).
//x+y+1 / 13 dvdu = 3(e" = 1)(In7)




7. (10p) Evaluate the line integral
/ (2% + 2zy)dz + 2°dy + 232d2
c

where C' is the part of the intersection curve of the cylinder z? + y?> = 1 and the plane
x + z = 0 for which y > 0 and the curve is oriented in the increasing z-direction.

Solution The curve is given by the intersection of these surfaces:
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We do not have to parametrize the curve because the given vector field is a conservative
field: V(2%z+1%y) = (2°+2xy, 72, 222). (We can realize this by checking that curl F = 0.)
So we need only the starting point and the endpoint of the curve, which is (1,0, —1) and
(—1,0,1), respectively. We obtain

/ (2% + 2zy)dw + 2%dy + 222dz = [2%2 + 27y]; 0)) = -2
C



8. (10p) Evaluate the line integral

/(y3 —Inz)dr + (\/y? + 1 + 3z)dy,
c

where C' is formed by z = y? and 2 = 1 and oriented counterclockwise.

Solution By Green’s theorem

/(y3—lnx)dx+(\/y2+1+3x)dy://3—3y2dA,
c R

where C' = 0R. Thus we obtain that

1 1
/(y3—lna:)d:c+(\/y2+1+3x)dy:/ / 3—3y2dxdy:/
C -1 Jy?

1(3 =3y (1 -y dy =

' 2 4 3 351 16
=/ 3—6y"+3y dy=[3y—2y +5y]_1=€.
—1



9. (10p) Let S be the unit sphere 2 4+ y2 + 22 =1 and F(z,y, 2) = (2y* — y?, y — 23, 2%).
Evaluate [ [((V x F) - dS.

Solution By Gauss’ theorem

//S(VXF)-dS=///V div (V x F)dV,

where S = 0V. But div (V x F) =0 for any (nice enough) vector field F, so the integral
in question is 0.

10



10. (10p) Evaluate the flux

[ fres

if F(z,y,2) = (22 — y%2,32 — cosz,4y?) and Q is the region bounded by 4z + 2y + z = 4
(first octant) and the coordinate planes. The orientation is given by the outward pointing
normal.

Solution By Gauss’ theorem

[ [ ras=[[[ avrav

For the given vector field F div F = 2x. The integral will become

1 22z 4—4x—2y 9
/ / / 2z dzdydxr = —.
0o Jo 0 3
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11. Evaluate [, F -ds if C is the triangle from (0,1,0) to (0,0,4) to (2,0,0) to (0,1,0)
and F(z,y, 2) = (22 + 22932, 32%y°z — y, 2%y3).

Solution It is easy to check that curl F = 0. This implies that the vector field is con-
servative. The given curve is closed, so the line integral is 0. (We do not even need the
potential function.)

12



12. (10p) Verify Stokes’ theorem for the vector field F(z,y,2) = (—y + 2,2 + y, 2z + 2?)
and for the surface S which is the portion of the surface z = 4 — 22 — y? above the zy-plane
and the orientation is given by the upward pointing normal.

Solution Stokes’ theorem states that

/F-ds:// curl F - dS.
ds s

In this case 05, the boundary of S is given by the intersection of the surface S and the
xy-plane, so it is a circle with radius 2 in the xy-plane. Thus a parametrization is given by
c(t) = (2cost,2sint,0), 0 <t < 27. By the definition of the line integral we obtain that

27
/F-ds:/ (—2sint +2cost)(—2sint) + (2cost + 2sint)2cost dt =
as 0

2m 2m
:/ 4sin2t+40052tdt:/ 4dt = 8.
0 0
On the other hand, a parametrization for the surface is given by
®(u,v) = (u,v,4 —u? — v?),

where the parameter domain for 4 and v is a disk with radius 2. (Denote it by D.) We
can evaluate that curl F = (0,0,2) and that ®, x ®, = (2u,2v,1). Thus

// curlF-dSz//(0,0,2)-(2u,20,1)dudv=//2dudv:2A(D)=2-47r=87r.
s D D

We verified Stokes’ theorem for the given case. (The orientation of the circle was the
required one for the given parametrization of the surface.)
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