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HD Basic settings

☒ A brief introduction of (MLS )
•

fy(i2+o)u=
# HP" u

.
1%3 odd

cars,

Uco> = Vein

as We will focus on (MLS ) on the torus TTD
"

and its local (intine)

theory .
* Energy & mass conservation laws

•
"

t
"

defocusing ;
"
-
"

focusing .

• Linear Schrodinger equation :

- itlkid

42++0)U=o ⇒ (it - Ikf )Ñthk)=0 ⇒ Ñct,k)= e una,

so
,

the linear solution can be written as eithuco]
mm

• eit° preserves L2 and Hs norms;

• Let's consider CMS) in the HSCTTD) spaces .

For what s do we have Local wellpeosedness (LNP) ?



Scaliger for the threhold of s :

suppose we have initial data

Ub= f- = -2 µ
-deikx

.lklnnl

then 11541µs ~ /
.

By Duhamel 's formula :

hey = e"°f - i# ei "⇒° Guaymas,)ds
w÷

* Netto ftp.p-lfllnsr~1 .

• the second iteration

u:(⇒ = - ifoteitt-%f1eisa.fi" eisof)ds
ÑHt,k)= e-it
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. I [ eisrds.pl
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"
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where the base tensor hb is defined

hbpk
,
. . - kp

" = F. fk, - kztks- - -- +kp=k
| D= lkf-HP-i.it/Hp2= const . ) .

we want HUGHHs El .

⇐ µ¥µ(ns.py-pdtpd-d-2M£ £1

⇒ -pttpd-d-2+5+-4 £0

⇐ szzd - ¥,
÷
Scr :(deterministic) scaling critical exponent for

(MLS)
.

• This "

Sir
"

matches the threshold derived by
µ 1¥ u crit , 1×7 Hype (Rd)

= " " "rise card)
.

-7111¥ : Assume Sarzo
,

the (MLS) is LWP in HS
,

if s > so
,

and is ill-posed if s< Sor
.

[Bourgoin
'
93
, Bourgoin- Demeter 45]

( when s=Scr=l ,
LWP [ Herr-Tatara- Tsvetkov to] )



0¥ How does the "

generic
" data evolve in the

spaces Hs ( scscr ) ?

T Random data theory (Bourgoin 96] → "↳ [ Burg - Tzveekov 081µm)
• Random initial data

Ulo) = 4W = I
key,
%k÷ e"k✗

,

a- stzd

←• { 9k }pezµ are i. i. d. Gaussian
.

F- gr=0

ElgÑ=1
.

• For all KEZID
,

A- certainly :
If some event happens with

probability >~ 1- C. e-A?
1191.1W ) / f AlogÑD we call it

"

A- certainly !

(
where 0 is arbitrary small
and A is a large parameter

• Hence you c- Hs
-

CITY = A rise Ctd)
.

E>0

• when 2=1
, few is related to the

invariant Gibbs measure
. Formally



dm~expf.pt#d:iuF'':dx).expf-if*kuPdx)TTdxXETd
me=L

weight
"

Gaussian measures

FY-H.cz/d
• Probabilistic scaling argument
• Consider random data

nod = few = pit -2 9k e'
*×

,

a- stzd
.

Klum

then 11%11
us.
~ 1

. Second iteration Utd :

Hct
. b) = e-itkt.mil?-z9riew)9-rEeos---9rplw)ki-kz----+kp--k1b-

Inn

D= const.

• If we assume kik
,
kik} , etc. then these terms

" orthogonal
"

. This leads to square root cancellation

/ ¥14k) / ~ him . ( n, pd-d-zj-EYK.se
deviation

7
lattice counting



Then In
11 Ñ%⇒ /1µs. El ⇐ -Pdtzcpd-d-2) +stzdso
r

⇒ a> zd-¥,

⇐ sat I
¥
Spr : probabilistic

scaling exponent
for CNLS)

.

Thm: Assume s> Spr
,
(MLS) is probabiotic LWP .

( as. LWP )(Deng- Nahmod- Y. , 2020)
.

-

☒ Large deviation property

lemmat-3-ipfeu.1-z.pe, angriest > f) se
-¥É

where fan } are constants in II.

( Eti"↳+Y 1-z.zdakgp.us/fA0 . Hardly ,

A- certainly )

Proof:_ For t >o to be determined
.

( only da case)
.

independence

get -¥, air 9kW> d☒ces '

= IT
nkzl §eta☒%dp(w)

I
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= elc-DE.iq
= -11
µ , f) et"

"

dµn
f

k>1

Gaussian

therefore . ecc-i-z.faktze-itp.in : ¥, argued >1)

⇐ Pfw : ¥, argues > f) few
> EWE

. e-
ex

By choosing e:=¥-ai ⇒
PCW : ¥-49m > 1) ← e-É¥i.

similarly we have also

P(w:¥.k9riw<a) ← e-É¥; .

☒

t.emmal.it: Fcwj= -2 ah
,

-
-

ikp
. 9k,Ñi . - 9kpby ,RaÑ3

-
- - Kp

where Aki
,

- - ;kp are coefficients in t
ki kp and

t.FR ,k4iand soon }Yak, . . . ,kp ) is supported °" {
↳thin . -1- - l

.



similarly we also have A- certainly

/ Flees / GAO Hakka-↳ Hei
,→p

.

Proofi skip . (Wiener Chaos) . ☐

④ Lattice counting .

lemmatl.5-iCDLet.KZ/orZci] .
Then

, given 0=1MER and

ao
,
bo C- Q

,
the number of choices for Ca, b) c- 122

that satisfy m=ab
, la - ao / EM, / b-BOHN,

is CANNY with constant depending only on 0>0
.

② Consider [
const.
>

S = {a. g.⇒ c- Czzjs :
x-y+z=d / Hatem

rtbisnk )
1×12-191412-4 Ñ

4- ÉIENS

The" #S E min (CN, Nz)
"? *B)

to

, µ§µ, >
to)

.

← ( in
d-""ion case

)(N,Nz)d
-1+0

. -

also
# S E Nz?Ga✗CNnNsÑ .

Proof " standard divisor bounds : is 011m10) .

Now WLOG
. suppose otherwise 1m/EM?

maxclaol , AA) 7 Maxclbol, N)
and Mp~laoA4

hence 1m / ENAF .



We then claim that the number of divisors a of m
that satisfies / a- ao / EAA is atnmstnntwf .

In fact, suppose a. b. c are all in the ball Ix- ao /EM
,

then

we have lcmca, b. c) / m, hence

gcdcaa.tl#b.g.g-d.aj divides m
.

Then
phiz 1m17 / gedea.to?gedcb.-gdccH I ^^? ^^"

contradicting Ah , ⇒ ah" !

(2)

① 2(d- X
, y -✗ > = Idf- (1×12-191412-12)

= Idk ✗

( da -✗1) Ey ,-XD -1 (dz-Xz )C%-✗a) = 1dP⇒
If (d ,- XDCY , -Xp) -1-0 , we fix Xz

,
Yz with 094^12) choices

.

Then (di -✗1) ly ,-✗D= const -1-0 .

00kW) .



② Fix Y with 00k) then X+Z is fixed .

X-Z=W

fwitiwz) (Wi - iwz) = 1wf= 211×12+1-212) - 1×+2-12

⇒ (Wi , Wz) has ① (mail.at , Nst ) .
☐

I

② Bourgoin 's method [ Bargain
'
963

.

fillet
on = : Iain :

no> =Ñ=¥zz%¥-eik✗ Ho
-

↳ related to Gibbs measure

☒ Wick ordering ( renormalization )

: lupu : = turn -2 E-C) iuidx ) u
III
¥*ñ → as

• Finite dimensional Approximation



{
fidtto > um = -11µL :/ unit um :)

(FDA)
Unico - 4Th, YW

where -1k¥ Ck)=1*ib§ . (and 0m¥ - Hagen, Fck)).
• Tip, can be replaced by any other Schartz function 41¥) cutoffs .

• :/ unfurl : is also fire .

i.
- - - - - - -
-

- -
- -

,

• :/ unfurl : =/ turn -2 C) luidx ) - Uf
1- - - -Ñ_ -

-

+ 2uid× - Efplnidx . u

_÷
= -211¥.

KEE ,

is uniformly bounded

It is essentially that

:/umpuai.CN
'

can b I
^

Kika-1123--12

ÑCKDÑ Ñckz)

1k$ /EM

Kiki , k}
F-

no pairing

• Generally

:Ñuµ :(k) is I Ña,Ñ↳ -
- - ñckp)

.

14-122+125 . . .tkp=k
to pairings



2-20 Main theorem :( a.s . LWP)=⇒ invariant Gibbs measure & as. GWP
.

fun) i' - certainly converges in fit:(Est) .

a- film ) as. converges in C*°HÉ (co,TwD) where Tina is ar.ro

almos+swne>

2?⃝ Bourgoin's re-centering idea
.

• The ansatio
.

Un, = e"°Ñµy• * za,
r

t expected in Hs for some s
>0 .

"

R
"

for " random " "

D
"

for
"

deterministic "

• The equation for E.

fc2.tt b)
D= -11m :( IR -1 DYER+D) :) = :NCR+D)
ZED = 0

• The Duhamel form :

⇒ = if;e*°(Ncr+D)i⇒)ds
Again,

t.ME
9 ki-k-iks-KCR-TDCKDR-TDKDR-DCK.gg

for simplicity kz-1-ki.kz/kjKN
HIEN , D= Const.



^

:=Mnp(RtD ,
R+D

,
RTD) CD

• After expanding the cubic and Littlewood - Paley decomposition,

(Raj = Dry. R , Dag. = Day. R) .

Ni>Nz 7^13
RN
, ,
Rnlz , Ray ⇐ "27M¥

↳ "Ni>Na Goal : // Mnp ( • ,
-

,

• )Hµi§$?:

RN
, , Dna , Dm}

.

.

=

i

DN
, ,

Dmz , Deniz .

' '

e- A
Deterministic

Local theory in Hs
,
50.=Scr

.

④ Estimates
.

Example :( Rnli, Rnk, Rmp, N, >Na >Ng llthnpl - -→ Hip

¥1k? / Ihbkk.ws . {÷
,
-1¥
,
{÷Ñ

µjkNj

Large deviation

=/ 2- skis (pl,NzNz)→ . (¥y~µ
,

hbkkkak)
K

± (N ,)
"

CNN.tl/3)-Z.(-Zhbkkikaks)tHnnbg--ffk-k*ikzik3:k--k, -kztk}'→
-

:*.in#I.yii:.i..n.im(*nnkz--ki,ky:-----.-.---



± µ,
26--12+0)

. µ,
-1-10

( required
r 5<1 )

.

largest freq

2.5J Further discussions on P >3. odd cases
.

-
-

{
fide -10) U = ful

"
u

,

✗ c- IT
'

Un)=fW= Fez. .{÷e"k* ← related to Gibbs
measure

.

Q : Why Bourgoin's re-centering idea cannot solve
-_

"
invariant Gibbs measure for

2D (MLS) with P >3
" %?

Recall : Bourgoin 's ansatz

uµ= eitlnif
"
* za,

T 9
random

,

a. s. in Ho
- HS

,
we treat it as a deterministic term

.

• we need to make
zn, c- Hs ,

s>Scr = zd - IT
a-
2

⇐ i - ¥,



Al ,→ Nz _~Ns~
-

~Np
• consider a term

.

2.

① Mnp ( Rnr , Rnb, Rnb , " > Rnp) Has

= ¥1k? / I hbkk.ws . {÷
,

- ¥÷&÷, → . .

9h. [lkjfrrlj Tkp>

Large deviation

⇐ 2- skis .(MNzNz . . • Np )
-2 (¥j~µ

,

hbkkkak
}
- - - Kp)

k

=/ (Nc)
"

CNN.tl/sNa:--NpJZ(-Zhbkkikakz---kp )Yannis
. 1

'#Jññi .
-

iii.
-

-

-

- -

- -

k=k, -

kztkz-kcE-kpflH1nNj1kTtki-ki-iMiJE@tsN4-Npj.CMIND+ -n- 1-Hepp"
-
-
-
- -

-
-
-

-

- -

→

21s- E)+0
• Nj

'-10

I N T

Require 5×12
.

• However
5<1-25 Sc =/-¥ ,

875
. A①



- In fact, all terms as

MfÉf with the >> L

are problematic 1B

¥ : How to solve this problem ?P
• Put these high-low - low terms also

inthecen-berofansatz.ua
,
= eith TINY

"

+ ( high-low - town, + zn,
f r r

µd
-

Ho
- HE-

.
With

Random Averaging Operator
structure

1-31 Random Averaging Operator method
wm-

1④ Main Than



{
Hito > um = -11µL :/ unifier, :) fpnks)

Unico - 4Th, YW

Theorem3.P-cna.s.LU/P-
fun) i' - certainly converges in fit:([o;D) for (PND) .

on 11-2 (p> 3 , odd)
(2) IIvarIan-LGibbsysureundertheflow@a.s.#P .

13.2J Ansatz

• Decompose the fun } Yµ:= UN - Unt
>

mum

°

Ciano)Yµ=Tlm(Noun)) - iT%(N¢u¥))
= -11m (NC 'Yµ+U¥) -NCk%))

RÑ I

711-1%-11 + 0µ(Mu¥) )
.

T÷÷E



Ciani)• Capture High - low
- low terms

.

µHD%:<
= Th, Nothin.tk , - - - ik)

q 9
treat them as known

.¥1,40> = 0µg
"

then it is just a

linear equation .

k- th Fourier mode

impiy(HL), = EH
" 9.*
kk*⇒ &µ,z=e"%µy•

¥£N4k*kH

¥=éi"¥
• 1-1^1.1

**
is a random matrix totally

depending on Uµ which is a v.v.

generated by evolving Thy
"

(1%3*14)

under CPNLS ) .

We say HML
kk*

€
EL

why

• Hense
HML
•µ

Is independent with
9k¥
¥

¢ #and
•



• 5µL:=&µ,L - ¥1.kz

h
"'t HM - H "'t c-$

,

• Full ansatz

Ym= 4^1
,
nits

+ Zµ

TÉÉÑ+ ZN

d)adic

(Ym), = e"%npw+¥nµ(¥I,h÷*%÷,) + Em
F

F. T
AH - HA

-

Then the equation for Zµ :

Plug the ansatz into



Ciano)Ym = -11m (NC 'Yµ+U¥) -Nch%) )

+ On, (Ncua) )
.

T.E.EE

we have

U¥ = ¥1M

fide + D) za, - ON µCE¥TÉÉÉn))
*TIN Canton

.
no
+ u¥) - Muntz)

- N.CO/m.ni-o , UHH , - - - , Un,

• Bounds with the ansatz .

(Ym), = e"%mpw + ¥nµ(¥Iµh^¥%÷,) + Zai
F

F. =
f-1£

- HK



where

8 is a fixed
• 11h"!*H↳* ⇐ L

"

said:[±• Hittite:*

f N
( k is a very )• µ ( H "Y)kh*|| big number

÷

.÷÷÷÷÷⇒lire at

• 114m¥/pz
£ N
""

bounds with ansaezidiN
.

3.351 Adapted large deviation & counting
lemmas

. & Estimates
.

• Let 's first select one estimate to be done
.

U¥=¥¥YN

¢0m @E.I.E.i.E+i-m://y.sn"
"



one possible case is

HI-hbkk.ph> • (E h
""" .hÑh""↳

kit.kz#.ks*-kkFkzkIkskFkiskz.k3
1k¥/~Njµ kz-tki.kz 9*95*9#11 lkjk~Nj.EE ✗ ÷É?⃝11¥41.HN

Y-i://E-hkk.iq#*.9*9*9*--µ (f)
KF.kz?kz* Hit> 4¥> 4¥?

I
,1k¥ /~Nj

where

Ñrrita:# = -2hbu.rs#eh::F.hYIihY;Y;ki,kz.k3
KERK,k}

1~Ngj

( c- $±E)



• First
,
consider the no- pairing case

. (kz* # kit ,k:)

%ÉHñk**↳*H**
.:-||:(""" ""

→

far,*
- h"% ' h^↳'↳ • CNN.at}£µ¥µ, hbkk.k.rs - h

"""

Kak: k3kkktkÉ
'RE

£11k:*:*"¥→* - 11h"¥¥H↳*1h÷¥H⇒¥
* µh|µ,↳µ . CNMKNS)

-1

kkikzk}

Elitists . minims"

¥2
#

kbka.kz) c-⑦2) 4 : K - K -11*13--0

lkf-lk.it/kai-1kzF=0)(k*--ki.k3-zlkKNkt-knk3
SKNj



WLOGI assume ¥7M >Nz >Ns
( since k- kik-13=0 ⇒ Np >%)

.

• Naive counting

4) slit:(i. mining .( "i. cnn.si
" )±

ELIEL? N.it?mii+o .

T
but we need Ap

- •+0

• T-condition counting
1kt > (¥5 > µ,p

⇒ Hsing lemma 3.3
I

G) ELIEL? . minims . ( mini - NII

g Lili Li Mi
"°

g. µ
-1+0



B- Second
,

consider the pairing case
. (kz*=ki?=¥

By lemma 3.2oz)
,

( Nr -_Nz) .

4) £

• (NiNaNÑ
¥g¥, hbkk.k.rs

- h";¥ .HN#.hNs'↳
µ,←

KIKI ↳KF

µ • ( NiNzN3)
"

← µ¥wi www.zkkkks

?⃝ÑÉ¥ÑµHh
""" // . 11h

""↳H
kF→kz 13*-4}

Need to introduce new counting
" "⇒ €

"
"

☒"""¥ "

Kikki -1*12=1142)/B-In Nj
1k, -HE Kritz



kemma3.IMAssume a.* *
(W) iis independent with

the Borel set generated by { 9k , KEE} .

E-

akik.it#hd9*9*9*-=Fow)kF.kE.k5k*.jc-F-
nopaii9-KE-tkf.kz

Then A- certainly we have

/ Food / ⇐ All . Maria:# '" 1
HEE.IE

(2) The same assumptions as (1)

-2akx-k.tk#lW)-9ki-9kI9ks*=Fceo)kF--kF--1-kjkIEE



Then A- certainly we have

/ Fleet / £A°µ¥¥1k¥¥ - a#* * 'b) Hey
;

.

-



Lemmassiy:(7- condition counting) ( M #Na >Hs)

t-¥§nf1H↳T > Hii }) { Mimi .nl:q
fixed const

.

Proof: K - K, -1122-13=0

{ 1h12- 1h14 that-1k>F- 0
First

,
the choices of lk.tt is bounded by
1kt -

t.by/2---Ikzf-lksP=Cks-kz)Ckz+kDE0CNi)
Second

,
when 1h12 is fixed

,

then the choices of k,

is bounded by (NF) .

Third
, after k, is fixed, then the counting of

( t.kz
,
KD , which is a three-vector counting , by Lemma 1.5

is bounded by 01%2 > No)
.

In total
,
it is ①CHINEN?)

. ☐


