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Overviewoftale
What is a geometric

structure

Deforming projective structures

Say some things in context of

hyperbolic once punctured torus bundles



T.is
space X transitively Also most G to act

strongly effectively i.e if glo id then g 1

A 16 x structure on a manifold M is atlas ofcharts

into X so that the transition
functions are locally

restrictions of elements of G acting on X
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1 Ez x E 6 x euclidean surface

Hftf
G Ison H2 H 16 x1 hyperbolic surface
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From above for each such structure you get

a holonomy representation p P G

P T Tabor examples can think of
unfolding the manifold along loops
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y 1

P loop translation by 1 to the right



Ehresmann Weil Thurston Principle

6 x structure on P fogston
up to equivalence

is in nicest cases a loid homeomorphism

where spaces are gien
appropriate topologies

Hyperbolic Isom 1H

Affine Affln.IR A

Projective PGLIntl.IR IRP



Moving around in moduli space corresponds

to deforming the geometry

ex

Ext
distinct euclidan

Pt P Isom 11221
structures on T

α tot Equivalent under

BH d Aff 2,1k though



An incomplete structure on 5 a b c

goodbe and

07 and 11121
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How to study deformations of geometric structures

Tons of monk in low
dimensional

setting
i e P T of

a surface or 3 manifold

Understand Hom T G 6 character variety

If G is real semi simple theory of O positive

representations Anosoy representations

Higher Teichmuiller theory

Weil's Infinitesimal Rigidity theorem



MeilsInfinitesmalRigiditytheoren

Deformingthgeoretr.in
structure will deform the holonomy p

so Pt
6 1 parameter family

Trivial definitions arise by Pe gapgé
for some

path gt
in G with go 1 A non trivial pa mill

determine

a path in Hom P G G starting at Ip Under the nicest

possible circumstances Ip is a smooth point of Hom IP 61 6

and Pt
determines a tangent vector

Tangent vectors to
Hom r G at point P

f P gaap
crossed homomorphisms

Subspae of tangent vectors to Hom P G at point p coming
from
conj

f P Jaap is a principal derivation



Given a deformation get a
crossed homomorphism via

fla
e
Petal plate's g

Satisfies flab fla Adpla flb flattatib

for all a be 1 hence
Jaap

6 Auty

Primipal derivations arise from PA gapge
fla 1 9 X for sore Xff and all aft

H r gasp
crossed homomorphisms

prinipal derivations

so we can think of H F
g Adp as

tangent space of
character

variety at Ip Hom P 67 6

Me say p P G is
infinitesimallyrigid if H P Jad p 0

Infinitesimally rigid locally rigid



MestomisRigiditytheorem t.im of it

let N be a compant 3 manifold Any time

hyperbolic structures on N are Ilet That

is up to isometry
theres only d way to put

a hyperbolic

Strate on N Consequently Pa Ison M has

to be trivial Here we're using compact
Rimmerian manifells

are complete and holonary must beinjectie
in this case

Algebraially H'IP 5112 4
Adp

0

f IT N and p the holonomy of N
theres only 1 complete hyperboli

struck on us



We're interested in Prejectie Strutes on 3 manifolds

G PG LIHIRI X IRPS

hyperboloid x y 22 1 Klein modelof H

projectivizationof
it 112 with a t.is so

3 22 22 m
PS013,17 PGL14,112

Hyperbolic geometry sub geometry
to projectie geometry

Mostone Rigidity is silent on
whether one can

projectively deform

So naturally Q Gien a hyperbolic 3 manifold

does it projective state
deform in the larger

group P GL14,112



EE.ttiaa smedau
14,500 census manifolds and fend at most 61 do

Heusena Porti Infinitely many Dehn surgeries
on figure eight knot complement de not

Daly 2000 on the figure eight knot complement do not

for example 12,3
Ballas Danciger Lee Marquis Under a mild cohomological

Condition once casped hyperbolic 3 manifolds admit

infinitely many projestively rigid Dehn surgeries



A bunch of arguments rely on a condition called

infinitesimal
projective rigidity

rel cast 15 HP

let M be a once cusped typebolic 3 manifold

We say M is infinitesmally projectiely rigid rel cusp if

H l M 5114,1121 te 2M 5114,1127

is injective each of us has a euclidean

OIIiiiiiiit.in

Non trivial deformations of M produce

non tried detonators of dm ff.fiplxl f i1 plel 20,3



Why do we care about inf prog rig rel cusp

1 Appears in studying long exact sequence

of 1dm M

O H dial H lMidas 1tHdml H lMdm

2 1 BL if a hyperbolic 3 manifold is ipric then

Ip f Hom P PGL1411121 PGL14,112 is a smooth point

3 DBL there exists convex projective structures

on the double of such manifolds

4 HP Can inform you on deformation theory of

Dehn surgeries on manifolds



Goal Construct an explicit infinite family

of once cusped hyperbolic 3
manifolds

Set off to look at hyperbolic once pursued torus

bundles Topologically

Of 5412,21 with t 01 2 p t.pk

tRi L 1b1bEIfFEf vae on
a

RL PL la1 Rlabl

abaRLllbRlb7

bapca b.x xax
i
blal xbx 1b

F M S topologically



By LHP inf prog rig rel cusp dim Hill 5114,113 3

Because of Half Lives Half Dies theorem

FA 7 fibres F

yaE P F so T E F acts on

1
H 152 5114,1127

5

Lyndon Hochschild Serre Spectral sequence

H F H 715 5114,1121 HP 5114,1121



Upshot

H E H E 5114,11 H'It 5114,1121

H l E H 52 5114,1121 H 7 5214,112

so i iontext of hyperbolic once posted tonus bundles

inf prog rig rel cusp Callulating

µ F H 152 5114,1121

F a x ̅ and given a E 5114,1121

f 1g ix f x gx forall gt F

H P MI Mt for any P module M



Interested in F action on H 12 5114,1k

H 12 5114,112 51141117 51141 1
14 a xx b x 5114,1121

f a of x tax flm
f 1b x fix bx a flu

express flue and fluez in terms of fla flbl

using
crossed homomorphism properties

ex x ax aba
b x ba

flat flbl 14tab flat a flbl b flat flb

Interested in invariants of F2 action so

look at characteristic polynomial



One may to do this is

5114,112 as 5114,1127 5214,112 H 12 5114,1121

B 152 5214,1121 Z.IE 5214,11211

action here is easy its just Adlx
this ate

difficult

1 Holonomy of P in 5412,41

pla 11 bi its
13 bi

P b
HB it is
13 Bit 111 5317

plx

Calculate explicitly yia trace relations

trig trig l t gh trig trth tright
tr 2M 2 parabolic boundary



2 Holonomy in 50 3,1 5h12 Cl

Pla as

ii
pls 5 2 stars tars

512 712

IT it it
inm

7 6

see how this act on 5114,112 via adjoint

representation 5114,112 5013,1 y

51313,11

killing form



In case of RL

rye t

1 e 1 5 t 211 15 27 2 42 3 27
4
15

5 6

Symmetric polynomial

thm Daly let M be a hyperbolic once pinated

tonus bundle If the characteristic polynomial of the

Fa aition on H 12 5114,1121 is equal to

the twisted Alexander polynomial of the representon

Ad p Aut 5114,1121 and α P ME Z



thm Daly let H be a hyperbolic once puited

torus bundle If the twisted Alexander polynomial

of Adp Aut 5114,112 and α P ME Z

has 1 with multiplicity 5 then M D inf prey rig

rel cusp

Proof Look at long exact seque of F modules

associated to JF Fl where F is once punctured toris fibre

H'IF Es te dry
dim 5

1 F 1 F IF ants unipotently

H IF H l JF with dim H df Fa 3



A bunch of this can be rephrased to u in

5114 R 5013,11 4 because 5013,11 part well

understead due to Thurston

Action of F acting on H E 5114,112

Purely group
theoretic in terms of LHS spectral

sequence homev has a nice interpretation in this context

let G be your
favorite hie group with 5h12 a G

Out E 61 12,7 acts on Hom E G GxG

takes P F G to p F G

via Xp la p 6 al

Dynamins of this studied by Goldman Gelander Monsky

Forni Goldman Lauter Silva Santos



Our case interested in just 0f Out E acting on

Hom F G 6 6 Each rip p choice of plat
p b For M once penced torus bundle with monodromy

get p by restricting to F a P 5h12 41

If we post compete with conjugation by then p is a

fixed point of this Z action in Hom Fz Gl

The derivatie of this map is T F2 action on Z 5 g

then Daly The F action defined by LHS spectral

sequence on H IF g is the differential of the action

on the charactervariety of Hom E GI G at the fixed point

3 F 6 arising
from the holonary of the once punched

tonus fibre
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