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1 Introduction

The purpose of this paper is to point out some connections between:

1. The monodromy of periodic linear differential equations;
2. The pentagram map, which we studied in [S1] and [S2];

3. Dodgson’s method of condensation for computing determinants;

We discovered most of these connections through computer experimentation.

1.1 Monodromy
Consider the second order O.D.E.

£7(6) + 5a(t) /(1) = 0. (1)

Here ¢(t) is 1-periodic. If { fi, fo} is a basis for the solution space of Equation

1 then there is some linear 7' € SLy(R) such that f;(t + 1) = T'(f;(¢)) for

j =1,2. The trace tr(T"), which is independent of basis, is sometimes called

the monodromy of Equation 1. The ratio f = f1/f> gives a smooth map from

R into the projective line. Here ¢ is given by the Schwarzian derivative:
f/// 3 <f//>2
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Here is a discrete analogue of Equation 1. The cross ratio of 4 points
a,b,c,d € R is given by

z(a,b,c,d) = (3)

A calculation shows that the quantity

lim (£t — 36), F(t— ), f(t+€), F(E+3€)) (@)

e—0 62

converges to a multiple of ¢, when f is sufficiently smooth. Thus, the cross
ratio is a discrete analogue of the Schwarzian derivative. Suppose we have

an infinite n-periodic sequence ...¢,, q1,q2, ---s qn, q1,-... We can find points
woes f1, f2, f3, ... in the projective line such that
z(fy, fiv1, fiva fiv3) = 44 vy (5)

There will be a projective transformation 7" such that f;,, = T'(f;) for all
j. The conjugacy class of T only depends on q. To obtain a numerical
invariant, we can lift 7' to SLo(R) and take its trace. This quantity is a
rational function in the variables q, ..., q,.

A main focus of this paper is a discrete analogue for the third order case.
This analogue involves infinite polygons in the projective plane. In analogy
to the cross ratio we will define projective invariants of polygons in §3.1. We
begin with an infinite sequence ..., x1, 9, ... of projective invariants having
period 2n. These invariants determine, up to a projective transformation,
an infinite polygon which is invariant under a projective transformation. We
call P a twisted n-gon. In other words, we have a map P : Z — RP? and a
projective transformation 7' such that P(n + j) = T'(P(n)) for all j.

The monodromies 2; and {2, corresponding to 71" are rational functions
of the variables xy,...,z2,. Let [-] denote the floor function. In §2.1 we
will define polynomials Oy, ..., Op, /9, O and Ei, ..., By, /9, E,. We call these
polynomials the pentagram invariants. We will express the monodromies
explicitly in terms of the pentagram invariants:

g 00 0, (i B )
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1.2 The Pentagram Map

Roughly, the pentagram map is the map which takes the polygon P to the
polygon P’ as indicated in Figre 1. In §4 we will give a precise definition,
which expresses the pentagram map as a composition of two involutions a;
and as.

Figure 1

Expressed in our projective invariant coordinates—the cross ratio general-
izations discussed in the previous section—the pentagram map has the form
/ / ! "
ap(x1, oy Tap) = (2], ..., 2h,) and ag(xq, ..., x9,) = (2, ..., 25 ) where

1 — ZTop 110242 1 — ok 3%ok—2

/
; Top = Tok—1

/
Lop—1 = T2k

)
1 — xop_3To8—2 I — Topt1Tok42

1 — @op_omor—1

1 — ZopioTor4s (7)

" - "o
Log+1 = L2k Top = T2k+1

1 — wopomorys 1 — wop_2Top—1

In these formulas, the indices are taken mod 2n. We let @ = a1 o as. In
general, « has infinite order.

It turns out that the pentagram invariants are invariant polynomials for
the pentagram map, when it is expressed in suitable coordinates.

Theorem 1.1 Oy o0a; = Ej, and Ej o oy = Oy, for j = 1,2 and for all k.

In §2 we will give a completely algebraic proof of Theorem 1.1. In §3-4 we
will give a more conceptual proof which goes roughly as follows: The pen-
tagram map commutes with projective transformations and therefore must



preserve the monodromies €2y and €)s. It follows from the general homo-
geneity properties of Equation 7 that the pentagram map must preserve the
properly weighted homogeneous pieces of the monodromies, and these pieces
are precisely the pentagram invariants. In §6 we prove

Theorem 1.2 The pentagram invariants are algebraically independent, so
that o has at least 2[n/2]+2 algebraically independent polynomial invariants.

We conjecture that the pentagram invariants give the complete list of
invariants for the pentagram map, at least when it acts on the spaces of
twisted n-gons. We also conjecturethat the algebraic varieties cut out by
the pentagram invariants are complex tori, after a suitable compactification.
Finally we conjecture that the pentagram map acts on these complex tori as
a translation in the natural flat metric.

1.3 The Method of Condensation

Let M be an m x m matrix. Let Myw be the (m — 1) x (m — 1) minor
obtained by crossing off the last row and column of M. Here N stands for
“north” and W stands for “west”. We define the other three (m—1)x (m—1)
minors Mgy, Myg and Mgy in the obvious way. Finally, we define Mg to
be the “central” (m — 2) x (m — 2) minor obtained by crossing off all the
extreme rows and columns of M. Dodgson’s identity says

det(M) det(Mc) = det(MNw) det(MSE) — det(Msw) det(MNE). (8)

Assuming that det(M¢) is non-zero, Equation 8 expresses det(M) as a ratio-
nal function of determinants of matrices of smaller size. This procedure can
be iterated, expressing the determinants of these smaller matrices as rational
functions of determinants of still smaller matrices. And so on. This method
of computing matrices is called Dodgson’s method of condensation. See [RR]
for a detailed discussion of this method and the rational functions that arise.

In §5 we will relate the pentagram map to the method of condensation.
In some sense, the pentagram map computes determinants. We exploit this
point of view to prove

Theorem 1.3 Suppose that P is a 4n-gon whose sides are alternately paral-
lel to the x and y azes. Then (generically) the (2n — 2)nd iterate of the pen-
tagram map transforms P into a polygon whose odd vertices are all collinear
and whose even vertices are all collinear.



The surprise in Theorem 1.3 is that P could have trillions of sides. The
pentagram map goes about its business for trillions of iterations and then
the whole thing collapses all at once into a polygon whose vertices lie on a
pair of lines. Theorem 1.3 is closely related to the main result in [S3], which
we proved by geometric methods.
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2 The Invariants

2.1 Basic Definitions

All our definitions depend on a fixed integer n > 3. We will sometimes
suppress n from our notation. Let Z = {1,2,3,...,2n}. We think of the
elements of Z as being ordered cyclically, so that 2n and 1 are consecutive.
Also, in our notation all our indices are taken cyclically.

We say that an odd unit of Z is a subset having one of the two forms:

1. U ={j}, where j is odd.
2. U={k—1,k,k+ 1}, where k is even.

We say that two odd units U; and Us are consecutive if the set of odd numbers
in the union U; U U, are consecutive. For instance {1} and {3,4,5} are
consecutive whereas {1,2,3} and {7,8,9} are not.

We say that an odd admissible subset is a nonempty subset S C X con-
sisting of a finite union of odd units, no two of which are consecutive. We
define the weight of S to be the number of odd units it contains. We denote
this quantity by |S|. We define the sign of S to be the +1 is S contains
an even number of singleton units, and —1 if S contains an odd number of
singleton units. As an example, the subset

{1,5,6,7,11} = {1} U {5,6,7} U {11}

is an odd admissible subset if n > 7. This subset has weight 3 and sign
+1. As an exception to this rule, we call the set {1,3,5,7,...,2n — 1} odd
admissible as well.

Each odd admissible subset S defines a monomial Og € R:

Og = sign(S) ij. (9)
jes
Let O(k) denote the set of weight k& odd admissible subsets of Z. If n is
even then O(k) is nonempty iff & € {1,2,...,n/2,n}. If n is odd then O(k)
is nonempty iff k£ € {1,2,...,(n —1)/2,n}. We define

Ok: Z OS- (10)
SeO(k)

By convention we set Oy = 1.
We can make all the same definitions with the word even replacing the
word odd. This leads to the definition of the £ polymonials.
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2.2 Proof of Theorem 1.2

Let a = oy o ag be as in the introduction. For any rational function f, we
define a(f) = f o a.
By definition

On = X1T3...Topn—1; En = T2T4...X2p- (11)

If is easy to see directly from Equation 7 that a;;(0,,) = E,, and a;(E,) = O,.
When n is even, we have

On/g = X1T5Z9... + T3X7L1q..-3 En/g = T2%T10... T T4T8T12.... (12)

Once again, it is easy to see directly from Equation 7 that «;(O,/2) = E, /2
and a;(E,/2) = Oyj2. The interesting cases, which we now consider, are
when k£ < n/2. We will show that a;(Of) = Eg. The other cases have
similar derivations.

Before we treat the general case we consider an example: We have

n

O, = E (=941 + Toj 172 T2511)-
=1

Here indices are taken mod 2n. We compute easily that

a1 (Toj11 — T2j_129j%9j41) = Tajro — Tok+2Toj43L2j14. (13)

Therefore .

a1(0y) = Z(—932j+2 + Toktolojr3Toja) = Ei.
j=1
This example suggests that the key to proving Theorem 1.2 lies in partition-
ing our polynomials in the right way.

Recall that O(k) is the collection of weight & odd admissible sequences.
Let O4(k) C O(k) consist of those sequences whose individual units are
singletons. For instance {1,5,9} is a member of O(3) as long as n > 6. We
call the odd units {j} and {j — 2,7 — 1,7} right partners. We say that a
sequence S’ € O(k) is a right partner of a sequence S € O,(k) if every odd
unit in S has a right partner odd unit in S” and wice versa. For instance,
the sequence S = {1,7,19} and S’ = {1,5,6,7,17, 18,19} are right partners.
Also, S is a right partner with {1,5,6,7,19}. For any S € O4(k) let Sg C
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O(k) be the subcollection of right partners. Every element of O(k) has a
unique right partner in O4(K). Therefore, we have a partition

- U s

Se0s(k)

Correspondingly, we can write

Z ROs;  ROs= Y Og.

Se0s( S'eSr

We can make all the same definitions, with even replacing odd and left
replacing right. Thus, we have a partition

USL

SeEs(k

Here S, consists of the set of left partners of S. Correspondingly we can

write
E,= Y LEg; LEs= Y  Es.
SEEs(k) S'eSy,

Below we will prove

Lemma 2.1 For any sequence S € S,(k) there is a sequence S € S,(k) such
that (65} (ROS) = LEg

Since o is an involution the assignment S — S is a bijection. Summing
over the individual terms we have a(Oy) = Ej. Thus, Lemma 2.1 implies
Theorem 1.2.

To prove Lemma 2.1 we will decompose sequences in Ss(k), which could
be quite complicated, into much simpler sequences. We say that an odd
admissible sequence is tight if it has the form

{,+4,7+8,....,5 + da}.

As usual, these numbers are taken mod 2n. Given any S € S, (K) let Ts
denote the set of maximal tight subsequences of S. For instance, if S =
{3,7,19,23,35} and n = 18 then Tg consists of the two sequences {19,23}
and {35,3,7}. (The second sequence is congruent mod 36 to {35,39,43}.)
Since k < n/2 every sequence in Sg(k) decomposes in this way.
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Lemma 2.2 [f S € Sy(k) then ROg = HTeTS RO7.

Proof: Let Ts = {Ti,...,T,}. Note that any number in T; is at least 5
numbers away from any number in 7;. Otherwise, 7; U T; would be tight,
contradicting maximality. From this observation we see that 77 U ... U T}
is odd-admissible for any choice of right partners 77,75, ..., T} of Ty, ..., T}.
Conversely, any right partner of S decomposes this way. Therefore Sg is
precisely the union of the sets of the form 77 U ... U T}, where T € (1T})g is
arbitrary. Our lemma follows from this and from the distributive law. &

Lemma 2.3 For any tight sequence T there is a tight sequence T, having
the same length, such that oy (ROr) = LE.

Proof: Let P = RO7 and let P = «(P). Cyclically relabelling we can
assume that 7' = {3,7,11,...,4a + 3}. The set Tk of right partners of T’
consists of T" and the sequence {1,2,3,7,11,...,4a + 3}. Therefore

P = (1 — $1$2)$3$7$11...$4a+3.
. ;L
Writing @, = a(z;) we have
!/ ! SN | /
Pl = (1 — 212523050 - Ty 5-

Using Equation 13 we see that (1 — zjab)z} = x4(1 — z526). We also have
x5x6 = xiry. Therefore

’r PN /
P = x4(1 — z526) 27, T4y - Tho 3.

Using Equation 13 we see that (1 — xfzg)at = xs(1 — x9x10). We also have
Tox1g = TyTh,. Therefore

P' = zqxs(1 — 2gz’) 2y, oo Tig s
Continuing in this way we see that
Pl = $4l’8...l’4a+4(1 — lea+5xila+6) = $4l’8...l’4a+4(1 — x4a+5x4a+6)'
This last expression is exactly LEz, where T = {4,8,...,4a + 4}. &
Lemma 2.1 follows immediately from Lemma 2.2, Lemma 2.3, and the

uniqueness of our decomposition. As we mentioned before, Theorem 1.2
follows from Lemma 2.1. This completes our proof.



3 Discrete Monodromy

3.1 PolyPoints and PolyLines

As in previous chapters we will fix some positive integer n > 3.

Let P be the projective plane over the field F'. Say that a PolyPoint is
a bi-infinite sequence A = {...A_3, A;, A5, ..}. of points in P. (For technical
reasons we always index these points by integers having the same odd con-
gruence mod 4.) We assume also that there is a projective transformation T’
such that T'(A;) = Aji4, for all j € Z. We call T' the monodromy of A.

Say that a PolyLine is a bi-infinite sequence B = {...B_, B3, By, ..} of
lines in P. We assume also that there is a projective transformation 7" such
that T'(B;) = Bj4y, for all j € Z. We call T' the monodromy of B.

Given two points a,a’ € P we let (aa’) be the line containing these two
points. Given two lines b,0’ € P we let (bb') be the point of intersection of
these two lines. Every PolyPoint A canonically determines a PolyLine B, by
the rule B; = (Aj_2A;42). At the same time every PolyLine B determines
a PolyPoint A by the rule A; = (B;j_2Bj2). In this case we call A and B
associates. By construction associates have the same monodromy.

The dual space to P is the space of lines in P. This space, denoted by P*,
is isomorphic to P. Indeed P~ is the projectivization of the vector space dual
to F. Any projective transformation T : P — P automatically induces a
projective transformation 7% : P* — P*, and wvice versa. Any point in
P canonically determines a line in P*. Likewise, points in P* canonically
determine lines in P and lines in P* canonically determine points in P. The
two spaces are on an equal footing.

Given the PolyPoint A, we define A* to be the PolyPoint in P* whose
lines are given by the associate B. If the points of A are indexed by numbers
congruent to 1 mod 4 then the points of A* are indexed by numbers congruent
to 3 mod 4, and vice versa. We make the same definitions for PolyLines. By
construction A** = A and B** = B. If T is the common monodromy of A
and B then T™* is the common monodromy of A* and B*. We call A* and B*
the duals of A and B.

For any projective transformation 7', acting either on P or P* we define

(1) B .
Q(T) = G (D)’ Qo(T) = 0 (T7). (14)

Here 7T is a linear transformation whose projectivization is T'. That is, T
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is a lift of T. It is easy to see that these quantities are independent of
lift. Moreover, Q;(7) only depends on the conjugacy class of 7. Finally,
Q5_;(T*) = Q;(T) for any projective transformation.

If T is the monodromy of A we call (7)) and Q(T) the monodromy
invariants of A. By construction A* has the same set of monodromy invari-
ants as A, but their order is switched. The same goes for B. If S is some
other projective transformation, then A and S(A) have the same monodromy
invariants. Likewise, B and S(B) have the same monodromy invariants.

We now introduce our 2-dimensional versions of the cross ratio. If j is
one of the indices for the points of A we define

p(j+1)/2(A) = x(Aj+87 Aj+47 (Bj+GBj—2)a (Bj+6Bj—6))
qi-1)/2(A) = 2(Aj s, Aj_4, (Bj-6Bj12), (Bj-6Bjt6)) (15)

Here x stands for the ordinary cross ratio, as in Equation 3. In the first
equation, all 4 points lie on the line Bj . In the second equation, all 4
points lie on B;_¢. Conpare Figure 3 below. If the points of A are labelled by
integers congruent to 1 mod 4 then the invariants of A are ...qo, p1, g2, Ps3, ----
If the points of A are indexed by integers congruent to 3 mod 4 then the
invariants of A are ...pg, q1, P2, g3, --- In this chapter we will only consider the
case when the points of A are indexed by integers congruent to 1 mod 4,
though in the next chapter we will consider both cases on an equal footing.

We can make all the same definitions for B, simply by interchanging the
two roles of A and B in Equation 15. It turns out that our invariants are
not just invariant under projective transformations, but also invariant under
projective duality. Precisely, we have

pi(A) = q;(A%);  q;(A) =p;(A");  pi(B) =¢;(B);  ¢;(B)= pj(326)
for all relevant indices. To see this symmetry, we will consider an example.
Suppose that points of A are labelled by integers congruent to 1 mod 4.
The first half of Figure 3 highlights the 4 points whose cross ratio is p3(A).
The second half shows the lines whose cross ratio is used to define g3(A*).
The highlighted points are exactly the intersection points of the highlighted
line with an auxilliary line. Hence, the two cross ratios are the same.

11



Figure 3

This chapter is devoted to establising Equation 6, which gives the formu-
las for £; and {2y in terms of our invariants. Given the formula for €2y, the
formula for €2, follows from projective duality and from Equation 16. Thus,
to establish Equation 6 it suffices to derive the equation for €2;.

3.2 Constructing the PolyPoint from its Invariants

In §2 we constructed our polynomials from the variables z1, ..., x9,. In this
section we are going to use the alternate list of variables p1, 2, p3, g4, .... The
reason for the alternate notation is that it is useful to distinguish the even
and odd variables in our constructions. The polynomials in §2 are obtained
from the ones here using the substitution p; — x; when 7 is odd and ¢; — z;
when ¢ is even.

Suppose that p1, ¢o, p3, g4, ... are given variables. We seek an infinite Poly-
Point A such that

poi1(A) = pai1; @A) =qu;  i=1,2,3.... (17)

What we mean by Equation 17 is that we wish to specify the points of A
in such a way that the invariants we seek match a specified list pq, g2, p3, ....
Likewise, we seek a formula for the associate B. For our purposes we only
need the formulas for “half” of A and “half” of B. That is, we just need to
know A_g, Al, A5, ... and B_5, B_l, Bg,

Here we make the same definitions as in §2.1, with respect Z (the inte-
gers) rather than the finite set Z. To each admissible sequence S we asso-
ciate a monomial Og in the formal power series ring A = Z|[[...p1, g2, p3...]]-

12



(Again, under the substitution mentioned above, the ring A is identified with
Z|...x1, T2, x3,...]].) For instance if S = {1,2,3,9} then Os = —p1g2p3qo.
We count the empty subset as both even and odd admissible, and we define
Oy = Ep = 1. Let O be the sum over all odd admissible sequences of finite
weight. Likewise let E be the sum over all even admissible sequences of finite
weight. We have O, E C A. Given a pair of odd integers, (r, s) we define O?
to be the polynomial obtained from O by setting p; equal to zero, for j <r
and j > s. We make the same definitions, with even replacing odd.

Let A = {...A_g,Al,A5,...} and B = {...B_5,B_1,Bg,...}, where (11’1
homogeneous coordinates)

A_3 - [07 170]7 Al = [07 17 1]7 A5 = [17 17 1]7

Agj = [0771, O +p,OF 1, O], j=2,4,6... (18)

B—5: [07071]7 B—l - [17070]7 B3: [0717_1]) B7: [17_170]7
2j 2j 2j 2j 277. :
B4j+3 = [—E2 +p1QQE4 y EO s _EO + E2 ], ] = 2, 4, 6... (19)

In §5.2 we explicitly list out the first 7 points of A. We discovered these
formulas as follows. We normalized the first few points of A and then found
the equations for successive points using the definitions of the invariants. At
some point we saw a pattern in the growing polynomials we were generating.
The algebraic proofs we give in this section are really more like verifications.
We did everything on the computer and simply converted our observations
into a proof.

The basic tool for us is the following set of relations, which are easily
derived.

0;=0 Vr>s; s, =0:=1,
EX=0 Vr>s; s o=FE=1,

s __ s s s .

OT i r+2 - pr+2OT+4 + Pr+307‘+67 T < S.
s s s s

B =Fy — o’ + QusEly. 1<,

13



O; = O;f_2 - ps_gOf_4 + Ps_gO;f_6; r < S.
B =E5? —q oEF ' + Q. 3EF % r<s. (20)
Here we have set
P; = pj1qipj1; Qj = ¢j-1Pjqj+1- (21)
Let - stand for the dot product, and let x stand for the cross product.

Lemma 3.1 Let k> 2 andd > 0. Then

_ 2%-+2d
Agry1 - Barysraa = P1Go--qan By 50

_ 2k+1+4-2d
Bugys - Agyspaa = p1Q2-~Q2kp2k+102k+3

Proof: We will prove the first identity. The second one is very similar. We

use the notation
(r,s) = O~ 1 g+,

This notation should suggest to the reader that they plot the various points
(r,s), given below, on a grid. The result is a neat graphical representation
of the algebra we will be doing. Using Equations 18 and 19 we have

Agii1 - Baggsraa = (—1,2) — (1,2) + p1(3,0) + p1go(1, 4). (22)
The basic relation
0%, — 07 = —p1035 + p1g2p30;,

implies that
(=1,2) = (1,2) = —p1(3,2) + p1g2ps(5, 2).
Plugging this into Equation 22 we have
A1 Baryzra = p1((3,0) = (3,2) + q2(1,4) + g2ps(5, 2). (23)

The basic relation
Ej — B = —q2Ef + @psqu B,

14



implies that
(3,0) = (3,2) = —q2(3,4) + q2p3qa(5,4).
Plugging this into Equation 23 gives
Aurr1 - Barrzraa = 11@2((1,4) — (3,4) + p3(5,2) + p3aa(3, 6)). (24)

note that Equation 24 has the same form as Equation 22 except that all the
indices have been shifted by 2 and a factor of p1g, appears. This process
repeats until we reach:

A4k+1 : B4k+3+4d = P1Q2..-P2k—3G2k—2X,

where
X = (2k—3,2k+4)—(2k—1, 2k+4) +pay—1(2k+3, 2k) +por—1qox (2k — 1, 2k +2)

=1—1+0+ pa—192r = P2k—1G2%-

The last two equations combine to give our identity. @

Lemma 3.2 The following identities hold for all k > 2.
1. Agpy1 X Agys = pre-pak—1Buars.

B3 X Bagr = qo---qoxAdkrs.

Ask+1 - Bagrr = p1Ga---Dak—1q2k-

Buk+s - Ask+o = P1G2---Q2kD2k41-

A4k+1  Byg+11 = p1go-.-Par—1Gok-

S = e e

B4k+3 : A4k+13 = P192---Q2kP2k+1-
Proof: We will derive these 6 identities from the two identities of Lemma

3.1. Taking d = 1 we obtain Identities 3 and 4 listed above. Taking d = 2
we obtain Identities 5 and 6 listed above. Taking d = 0, we see that

Ayit1 - Bagrs = Bagrs - Aggys = 0.
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Thus, we may write
Agpy1 X Agrys = M Bagys,

for some ;. An easy calculation verifies that Ay = p1p3. Suppose, by induc-
tion, that A\p_1 = p1...par—3. We use the fact that

(A4k+5 X A4k+l) cAgps = (A4k+l X A4k+3) - Aggs,

and the already proven identities show that A\ = p;...por_1. The case for the
B’s is similar. &

Identity 1 says that A; is the intersection point of the lines B; 5 and B; 5.
Identity 2 says that B; is the line determined by A;_, and A;;,. Hence A
and B are associates. Identities 3 and 4 say that generically A; - B;_3 # 0
and B; - A;_3 # 0. These statements also hold true in the few cases where
some of the indices are negative, as may be verified by hand. Thus, A and
B are in general position for generic choices of variables.

The first few identities of Equation () can be verified by hand. We will
show that pogi5(P) = porys for & > 2. The case for the ¢’s has a similar
treatment. To aid us in the computation, we recall some vector identities:

Ax(Bx(C)=—-(A-B)C+(A-C)B
(AxB)x (AxC)=((Ax B)-C)A. (25)

If wq, we, w3, wy are vectors lying in the same 2-dimensional linear subspace
of F? we define

(wy X wy) * (w3 X wy)

X(wy, we, w3, wy) = (26)

(wy X w3) * (wy X wy)

The operation * means coordinate-wise multiplication. X will be a vector of
the form (z,z,z). The number z is the classical cross ratio of the 4 points
in the projective plane P represented by the vectors wi, ws, w3, wy.

By definition

p2k+5(P) = X(A4k+17, A4k+13, Bikt1s X Bapgr, Bagg1s X B4k+3),

First:
A4k+l7 X Aar13 = —P1---P2k+5Bak+15-
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Second:
(B4k+15 X B4k+7) X (B4k+15 X B4k+3) = ((B4k+15 X B4k:+7) : B4k+3)B4k+15 =

((B4k+3 X B4k+7) : B4k+15)B4k+15 = (Q2---Q2kA4k+5 : B4k+15)B4k+15 =

(Q2-~Q2k)(p1, q2, .-y p2k+1Q2k+2)B4k+15-

Third:
Agir17 X (Bags1s X Bagyr) =
(A4k+17 X B4k+7)B4k+15 - (A4k+17 X B4k+15)B4k+7 =
—(P1G2---P2kr2G2k+3) Bart1s.
Fourth:

A4k+l3 X (B4k+15 X B4k:+3) =
_(A4k+13 X B4k+15)B4k+3 + (A4k+13 X B4k+7>B4k+15 =

(pIQ2~-Q2kp2k+l)B4k+15~

Notice that all the terms are multiples of the same vector. Using the
formula for X, we have:

B (P1, P215) (G2 @2k ) (P1G2, -- P2k 102k 12) .
r = 2 = P2k+5-
Qok2P2k+3(P1G25 -5 Poks1)

3.3 The Final Calculation

Recall that T" is the monodromy of A. We will first compute a lift of T" to
GL3(F). We may interpret an element in GL3(F') as a triple T' = (V3, V5, V3)
of vectors in F®. The linear action of T is then given as follows: If W =
(w1, we, w3, then

Consider the element 7' = (V1, Va, V3), where

Vi= p1A4n+5 - p2n+1A4n+1§
Vo = pon—1@2nPon+1Adn—3;

Vi = p2n+1A4n+1 - p2n—1q2np2n+1A4n—3' (28)
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Lemma 3.3 T is a lift of T

Proof: Using Equations 27, 28 and 18 we compute
T(A—s) = T[O, 1,0] = pan—1G2nP2n+144n—3.

T(Ay) = T[0,1,1] = pans1Aami1.
(A5) [1 1, 1] = p1Anys.
T(Ag) = T[l, L1—p] =
P1(Asnys = Pant1Aant1 + Pan—1G2nPan—144n—3) = p1Aanyo.

This last equality follows Equation 20, applied componentwise to our vectors.
Our four computations show that the projectivization of T" has the same ac-
tion on the points A_3, Ay, A5, Ag as T' does. These 4 points are (for generic
choice of variables) in general position, and projective transformations are
determined by their action on 4 general position points. Hence the projective
action of T coincides with the action of T. &

Now we compute €2;. We set

Before we make the next calculation we note that ps,.1 = p;, under the
assumption that the invariants are 2n-periodic. Now for the calculation:

tr(T) = Vir + Voo + Va3 =

(PO = P21 OF" 1)+

(P2n—1Ganpan+10277° + p1p2n—IQ2np2n+lO§n_3)+
(P2n10%7" = Pan_1Gonpan 107 ?) =

P[0+ [0*7 — O '] + [Pan-1@2ap1 O 7']) = p1O. (29)

In the last line, we have bracketed terms so as to isolate the different
kinds of terms in O. The first expression describes the terms of O which
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involve py, but not py,_1g2,p1. The second expression describes the terms of
O which do not involve p;. The third expression describes terms of O which

involve pan_1qanp1-
Again using the fact that ps,,1 = p1 we have

det(T) = (Vi x Vo) - V3 =
(pl)(pzn—l)(pzn—1Q2np2n+1)((A4n—5 X A4n—l) 'A4n+3) =

Pr(p3-Pans1)?(qae-Gon) = P (P1D3--P2n—1)(G2---G2n)- (30)

Combining Equations 29 and 30 we get the formula for ;.
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4 The Pentagram

4.1 Basic Definition

We fix n, as in previous chapters. Let P; (respectively P,) be the space of
PolyPoints which have 2n periodic invariant coordinates, and whose points
are labelled by integers congruent to 1 (respectively 3) mod 4. Likewise we
define L; and L, for PolyLines.

Define
X =P UP,UL U Ls. (31)
Suppose that A = {A;} is a PolyPoint. We define 6;(A) = {B;} where
Bj = (Aj24j42). (32)

01(A) is just the associate of A. We make the same definition for PolyLines.
01 is an involution of X which interchanges spaces P, and L3 and interchanges
P3 and Ll.

We define 6,(A) = {B}} where

Bj = (Aj-44j1a). (33)

09 is an involution of X which interchanges spaces P, and L, and interchanges
P3 and Ls. Figure 5.1 shows the action of d, on a PolyPoint in P;.

Figure 5.1

We define
a1 = 01 005 0 0p; g = 09. (34)

We call the pair (a1, as) the pentagram map. Both oy and as are involu-
tions. Moreover, conjugation by ¢; interchanges these two maps.
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4.2 The Pentagram Map in Coordinates

There is a “forgetful map” which takes the variables p; and ¢; and calls them
xj, regardless of the letter. There is also a map which takes a polygon and
sends it to its invariant coordinates. Composing this coordinate map with
the forgetful map we get generically defined bijections from any of our 4
spaces to F*". In this way we can work out the pentagram map in the same
coordinates used in Equation 7.

We can exploit symmetry to reduce the amount of computing we have
to do. First, it is a consequence of Equation 16 and the invariants of our
coordinates under projective duality that

1. The action of a;; on P; is the same as the action of o; on L;, and this
action does not depend on j.

2. The action of a; on Ps_; is the same as the action of a; on Ls_;, and
this action does not depend on j.

We will show that Equation 7 describes the action of oy and g on Py U L.
If we computed the action on P, U Ly we would have to interchange a; with
as to get the right formulas. We will compute the action of ap on P;. The
derivation for «; is similar and follows from symmetry. To see that the
formula in Equation 7 is correct, we just have to work out a single invariant
of a(P). The formulas for the other invariants are forced by the dihedral
symmetry of our constructions.

We will not do this calculation by hand. However, we will set it up exactly,
so that the inclined reader can type everything into a symbolic manipulator
and push the button, as we did. Let A be as in §4. We will compute the
invariant ¢j, = q4(B’), which is the variable = in the expression X = (z,x,x),
where (as in Equation 26)

X = X(By, B, Ay x Ay, Ay x Ajg). (35)
Here A’ is the associate of B’, so that
Ay = By x By, Ay =By x Byy;  Aj; = By x By (36)
Finally, we have

Bi = A_g X 1457 Bé = Al X 1497 Bi? = A13 X A21. (37)
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To make our computation we need to know the 7 points A_s, ..., Agy.
Once we have these 7 points, we just take a bunch of cross products.
Using the convention of Equation 21 we list these points explicitly.

A—3: [07170]7 A1:[07171]a A5:[17171]a A9:[17171_p1]7

Az =[1—p3, 1 —p3s+ Q2,1 —p1 —p3 + Qa;
A =[1—p3—ps+Qu, 1 —p3—ps+ Qo+ Qu, 1 —p1 —p3s — ps + 0195+ Q2+ Qul;

Aoy = [1 — p3s — ps — pr + p3pr + Qs + Qs,
1 —p3 —pr —po + Q2 + Qs + Qs + p3spr — prQ2,
1 —p1—p3s—pr+ Q2+ Qs+ Qs + p1p5s + P17 + pspr — p1Qs — Pr Q2]

We double checked these formulas using Equation 20.
When we plug everything into Mathematica and compute, we get

q/ =p 1 — {4eP7
= ps—— .
! 1 — qops
Forgetting about the lettering, we have
J}/ — 1-— g7
4 b 1-— T3 .

One can see that this exactly matches the equation for s given in Equation
7, for j = 2. The general case follows from dihedral symmetry.

4.3 Second Proof of Theorem 1.2

Suppose A is a PolyPoint, with invariants py, ¢s, ..., ¢2,,, as above. Let T" be
the projective transformation such that T'(A;iq,) = A;. Let € and € be
the two monodromy invariants of A.

We will just consider a;. The proof for ay is the same. Let B’ = ay(A).
Our constructions commute with projective transformations. Hence B’ is
also invariant under 7T'. This is to say that the dual of B’, which is another
PolyPoint, is invariant under 7, the dual of 7. Hence a;(§2;) = Q5_;. It
now follows from Equation 6 that

(! L":/?ow?’)_(z%;/é]ffk)g (38)
"\ 02E, - E20,
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One can see easily from Equation 7 that ay(0,) = E, and oy (E,) = O,.

Therefore
[n/2] [n/2]

o Z Oy) = Z B (39)

Now for the moment of truth. Let S; : F2” F?" be as in Equation 57.
Looking at Equation 7 we see that

a1 08, = S;-10a;. (40)
At the same time, we have
Or oS, =t7*0,; Epo S, =tFE,. (41)
Therefore
(/2] /2]

o Zt Oy) = Z t* B (42)

Since this last equation is true for all ¢, we must have a;(Oy) = Ej, for all k.
Since aq is an involution, ay (Ey) = Oy, for all k. This completes our proof.

4.4 Conic Sections

In this section we establish a technical result used in later sections. Namely,
if A is inscribed in a conic then E,(A) = O,(A). We continue using the
notation established above, and take A € P;.

Lemma 4.1 Suppose A is inscribed in a conic. Then
(1 - QQk)(l - C]2k—2p2k—1) = (1 - p2k—1)(1 - C]2kp2k+1)§
(1 — pok—1)q2e(1 — por+1) = (1 — qor—2)par—1(1 — qox)

for k=1,...,n. Here indices are taken mod 2n.

Proof: We will derive the first identity. The second one is a fairly straightfor-
ward rearrangement of the first. Figure 5.2 shows an application of Pascal’s
theorem. If the 6 points A_3, Ay, A5, Ag, A13, A17 lie on a conic section then
the points Cy, Cy, C3 lie on a line.
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Figure 5.2
If we express the C; in homogeneous coordinates, we have
Cy = (A_3 x A1) x (A1 x Ay)
Cy = (A_3 x A17) X (A5 X Ay)
C3 = (A5 x A13) x (A x Aq7) (43)
The condition that the C's lie on the same line is given by
det(Cy, Cy, C3) = 0. (44)

In other words, we arrange these vectors into a 3 X 3 matrix and set the
determinant equal to 0.

When we do this calculation on Mathematica, we see that Equation 44
holds if and only if (1 — q4)(1 — g2ps) = (1 — p3)(1 — qups). If all points of
A lie on the same conic, then by symmetry the same relation holds with the
indices shifted by 2,4, 6... This completes our proof. &

Corollary 4.2 If A is inscribed in a conic then O,(A) = E,(A).

Proof: Taking the product of the first equation over all k, and cancelling
terms, we see that [[(1 — pax—1) = [[(1 — ¢2;). Taking the product of the
second equation, over all k, we get O, (J](1 — qa1)? = En.(J](1 — par_1)*.
Using the first equation to cancel terms, we are left with O, = E,,. &
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5 The Method of Condensation

5.1 Octahedral Tilings

There is a tiling T of R® by octahedra, which can be described as follows.
The vertices of T have the form (a,b,c) € Z*, subject to the constraints
that the three coordinates are either all even or all odd. Two vertices are
joined by an edge if their distance is exactly v/3. One of the octahedra in T
has the 6 vertices (0,0,0), (£1,£1,1) and (2,0,0). All the other octahedra
are translates of this one. In our model octahedron, we call (2,0,0) the top
and call (0,0,0) the bottom. We call (—1,1,1) the northwest vertex, (1,1,1)
the northeast vertex and so forth. We extend this definition to all octahedra
using translations.

Suppose that M is an m x m matrix. Dodgson’s method of condensation
involves the connected square minors of M. Suppose that

H = {Mm‘ aq S 7, S a9; b1 Sj S b2} (45)
is such a minor. We define f(H) = (a, b, c) where
CL:CL1+CL2; b:b1+b2; C:al—GQZbl—bg. (46)

For instance, if H is the singleton M;; then f(H) = (2,2,0). If H = M then
f(H)=(m+1,m+1,m—1). We let [M] denote the set of vertices of the
tiling which have the form f(H). Note that [M] looks like a pyramid with
square base.

We can label the point f(H) € [M] by det(H). Dodgson’s identity gives
a single relation for each octahedron:

‘/t‘/b = Vnw‘/se - ‘/swvne' (47)

Here V; is the label of the top vertex, Vj is the label of the bottom vertex,
and so forth. To compute det(M), begins at the base of the pyramid and
computes successive layers using the octahedron rule. At the end, one arrives
at the apex of the pyramid, with the final answer.

What we do next works most gracefully when det(M) # 0. We say that
a labelling of a horizontal layer of T is constant if every vertex gets the same
label. We say that a sandwich condensation is a labelling of all the layers of
T between two constant horizontal layers. Here is an example: We label the
layer {z = 0} by 1’s. Next, we label the layer {z = 1} so as to be doubly
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periodic, with period m in each direction. In one m x m block, we put the
entries of M. The second layer will be labelled by determinants of 2 x 2
connected minors of M and its cyclic permutations. By Dodgson’s identity,
the third layer will be labelled by the determinants of the 3 x 3 connected
minors of M and its cyclic permutations. And so forth. The mth layer will
be labelled by the determinants of M and its cyclic permutations. But all
these determinants have the same value. This is our sandwich. It has width
m.

To consider a more generic situation, we say that a condensation is a
labelling of the vertices of the tiling T', such that the labelling satisfies the
octahedron rule at every octahedron. The labellings on two successive hori-
zontal layers determine the condensation. If these labels are chosen generi-
cally, in C for example, then we will not encounter singularities when trying
to propagate the condensation to the other layers, both above and below the
two initial ones.

5.2 Picture of the Pentagram Map

Figure 5.1

Figure 5.1 shows a tiling of the plane by isosceles triangles. Suppose
one labels the edges of the tiling with elements of a field, in a way which is
invariant under a horizontal translation, subject to the compatibility rules
indicated in the figure. (These compatibility rules are supposed to hold for
all configurations isometric to the ones highlighted.) We call such a labelling
a pentagram labelling.

Given a pentagram labelling, the maps «a; and as, the two involutions
from Equation 7, express how one one deduces the labellings on a given row
from the labellings on the rows above or below it. Thus, an orbit of the
pentagram map is encoded by a pentagram labelling.
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5.3 Circulent Condensations

Consider the linear projection 7 : R* — R? given by
W(,I,y,Z) = (2$—y72) (48)

We say that a condensation is circulent to  if every vertex in a fiber 7 (p)
gets the same label. Referring again to Dodgson’s method of condensation,
the circulent labellings correspond to certain circulent matrices.

nw SW se se

(nw) (se) - (sw) (ne) = (1) (b)

Figure 5.2

We can use 7 to push a circulent condensation into the plane, without
losing any information. 7 maps the vertices of T' to the vertices of the tiling
7 shown in Figure 5.1. Figure 5.2 shows the image of a single octahedron
under 7, superimposed onto 7. Figure 5.2 also shows the local rule satisfied
by the image of an circulent condensation.

We can think of an circulent condensation as a labelling of the vertices of
7 which satisfies the local condition shown in Figure 5.2. Figure 5.3 shows
how to convert from an circulent condensation to a pentagram labelling.

A c
V =AD/BC A \%
B D
B C
B D
D \Y
A C
Figure 5.3
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To verify the first of the two compatibility rules for pentagram labellings
we refer to Figure 5.4 and compute

_ODAG_BH_DG—BH_1
 AFCE EF EF N

The last equality is the compatibility rule for the circulent condensation.

ab — ¢

Figure 5.4

To verify the second compatibility rule we refer to Figure 5.5 and compute

Al EK AK AHCK _

YT ERFGI T FG T CcFGH  UF
A B c
F G
E H
X
| J K

Figure 5.5

5.4 The Lifting Problem

As usual, suppose that n is fixed, as well as a suitable base field. Let C' denote
the space of circulent condensations which are periodic under a horizontal
translation which shifts the labels by n. Let P denote the space of pentagram
labels which are periodic under the same translation. The translation given
in the previous section gives a map ¢ : C' — P. In this section we ask about
the extent to which v is invertible.

An element of C'is determined by the values it attains on two successive
horizontal rows. An element of P is determined by the values it takes on
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the non-horizontal edges of a single row. In both cases one puts down 2n
values before the period repeats. That is, both C' and P are 2n dimensional.
The map ¢ is a quotient map and certainly not 1-to-1. For instance, all the
scalar multiples of a single element of C' get mapped to the same element of
P. Since C' and P have the same dimension and 1) is far from injective, 1 is
also far from surjective.

To give a simple and clean answer we will assume that n = 4m for some
m € IN. The other cases have a somewhat messier analysis. Given an

element X = (z1,...,x9,) € P we have the pentagram invariants defined in
62.1.

Theorem 5.1 If n = 4m than an element X € P is contained in the image
of ¥ if and only if Ogp(X) = Egp(X) =2 and O,(X) = E,(X) = 1.

Proof: For j =1,2,3,4 we define

fi= I = (49)

i=jmod4

It is not hard to see that O, = f1 + f3. Also O,, = f1f3. By hypotheses,
we have f; + f3 = 2 and fifs = 1. This forces f; = f3 = 1. Likewise
fo = fi = 1. Conversely, if f; = 1 for j = 1,2,3,4 then we have the
hypothesis of this theorem. All in all, the hypothesis of this theorem are
equivalent to the hypothesis that f; =1 for j = 1,2, 3,4. We will work with
this latter hypothesis.

First we prove necessity. Suppose X is in the image of . We focus on
a single row of our triangulation. Let ¢; be the label of the vertex which is
incident to the edges labelled z_;/2 and x;11/2. Here k is a half-integer. We
have
C-3/2C7/2 Cs5/2C15/2 C13/2C23/2
s VAV T T N e T

(50)

o C-1/2C5/2 7 C7/2C13/2 7 C15/2C21/2
When we compute fi, each c-term appears exactly once in the numerator
and exactly once in the denominator. Hence f; = 1. A similar argument
shows that fo = fz3 = f, = 1.

To prove sufficiency, suppose that f; = fo = f3 = f, = 1. We claim that
there exist labels ry, 79, ..., 79, such that

7y = %2 (51)
Trji—2
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To see this, we pick ry arbitrarily. Then set, successively
Ts = T3y, Tg = T7X3r;  T1l = T11T7T3T] ... (52)

Since n = 0 mod 4 when we cycle through one period we return back to the
value r1 f3 = r;. Thus, we can make a completely consistent choice of r for
all indices congruent to 1 mod 4. The same argument works for the other
congruences.
Given the 7’s, it suffices to find ¢’s such that
Ci_
ry =222 (53)

Cit1/2
In our construction of the r’s we had a free choice for each congruence mod
4. Thus, (in the generic case) we can choose the r’s so that

pi= [ n=1 (54)

i=jmod4

for j = 1,2,3,4. Finding the ¢’s in terms of the r’s is exactly the same
problem as finding the r’s in terms of the x’s. The p’s play the same role as
the f’s. Thus, we can find our ¢’s, which gives a preimage of X in C. #

5.5 Degenerate polygons

We fix n = 4m. To avoid trivial cases, we assume that m is large—say,
m > 3. We work over C. Everything we do is understood to be defined for
the generic example, but perhaps not for every example. The reader should
insert this caveat before every assertion. We will work with PolyPoints and
PolyPoints which are periodic mod n. By this we mean that the points or
lines themselves are periodic, not just the projective invariants. We will call
such objects periodic PolyPoints or periodic PolyLines. We take these to be
elements of the spaces P; and L; introduced in §5.1.

We say that the periodic PolyPoint A = {...A;, A5, ...} is degenerate if
A1, Ag, Aqs... lie on the same line and if ...As3, A1, Ay, ... all lie on the
same line. We make the dual definition for PolyLines. A polygon (in the
ordinary sense) satisfying the hypothesis of Theorem 1.3 naturally determines
a degenerate PolyLine. One simply considers the lines considered by the
edges of the polygon.
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Lemma 5.2 A periodic element in Py is degenerate iff its projective invari-
ants satisfy qjpj+1 = 1 for all j. Dually, a periodic element in Ly is degen-
erate if and only if its projective invariants satisfy pjqj+1 = 1 for all j.

Proof: By duality it suffices to prove this result for PolyPoints. Referring
to the PolyPoint constructed in §4, we compute

det(A_l, A5, Alg) = p1(1 - Q2p3)'

The three points in question lie on the same line iff gop3 = 1. By symmetry,
similar statements hold for other triples of points. &

Lemma 5.3 If A is a periodic 2n-gon then

[n/2] [n/2]
0P =2102E,; (Y. E)* =27E20,.
k=0 k=0

Proof: This is a corollary of Equation 6. If A is 2n-periodic then its
monodromy 7' is the identity. Likewise, T™ is the identity matrix. Hence
Ql - Qg - 27 .

For Theorem 1.3 we only need the second statement of the next result.
The spaces P, and L; are defined in §5.1.

Lemma 5.4 A degenerate element in either Py or Ly has pentagram invari-
ants

1. Op, = E, =0 for k < 2m and
2. Ogm:EngQ andOn:Enzl

Proof: First suppose that k < 2m = n/2. Using the reasoning in the proof
of Theorem 1.1 we can group Oy, into pieces having the form [ ] u, where each
p is a monomial times (1 — g;p;+1) for some j. (Compare Lemma 2.2, but
interchange p with ¢.) By Lemma 5.2 each p is zero and hence Oy = 0. The
same argument works for Ej.

For the second item note that O, F,, = (p2qs3)(pags)... = (1)(1)... = 1. Ele-
ments in P; or L, are degenerate limits of polygons which are either inscribed
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in, or superscribed about, a conic section. Thus, Lemma 4.2 applies to these
elements, by continuity. It now follows from Lemma 4.2 that E? = O2 = 1.
If O,, = —1, for any particular example, then by continuity O, is identically
—1. However, we can choose a 4n-point, contained in R?, which is essentially
the double cover of a 2n-point. The invariants of such a 4n-point would re-
peat with period 2n, forcing O,, to be a square of a real number. This rules
out the possibility that O, = —1. Hence O,, = 1 for every example. Likewise
E,, =1 for every example. If now follows from Corollary 5.3, and from the
vanishing of all the other pentagram invariants, that 1 + O,,, = 30,, = 3.
Hence O,,, = 2. Likewise Es,, = 2. &

5.6 Proof of Theorem 1.3

We start with a degenerate PolyLine. This PolyLine determines a labelling
of a single row of the triangulation 7, considered in §6. Combining Theorem
5.1 and Lemma 5.4 we see that we can find a circulent condensation C' which
translates into our pentagram labelling.

/o €32 5/ 2

Figure 5.5

Referring to the proof of Theorem 5.1 we can use the fact that p;q;4+1 =1
to arrange so that r;r;;1 = 1 for all j. This allows to pick our c labelling so
that the row below the edge labels is identically 1, as shown in Figure 5.5.
Figure 5.5 is supposed to be periodic in the horizontal direction.

We pull our ¢ labelling back to give a labelling of T, the tiling of R® by
octahedra. The bottom row of dots pulls back to an infinite horizontal plane
of dots labelled by 1. The next layer up pulls back to give the labelling of
the next horizontal plane, as shown in Figure 5.6. This labelling is periodic
with respect to horizontal and vertical translation by n. Each n x n block is
a circulent matrix. For generic choice of variables, this circulent matrix will
have nonzero determinant.
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C C C
172 S5 Co2
o "o 0o
C (o
32 %7 % 11/ 2
[ ) o
C c
52 Cgp 13
o o0
C C C
712 ‘172 C15/2
[ ) [ ) o
Figure 5.6

When we develop the condensation upwards, we arrive precisely at a
sandwich condensation of width n. Going back to the planar picture, we see
that the nth horizontal row of our vertex labelling is a constant labelling, as
shown in Figure 5.7.

C C

sl /sl 3 1/s3 S 1UsS

Figure 5.7

Since the top later of vertices is all constant, the layer of edges directly
below it must have labels sy, ts, s3,%4... where to = 1/s1, ty = 1/s3, etc. By
Lemma 5.2 the PolyPoint corresponding to this row is degenerate. That
is, the vertices of this PolyPoint lie on a pair of lines. Translating this
information back into the language of the pentagram map, we see that it
corresponds exactly to the statement of Theorem 1.3.
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6 Proof of Theorem 1.2

6.1 Proof modulo the Vanishing Lemma

In this chapter we prove that the pentagram invariants, constructed in §2.1,
are algebraically independent. We take n odd, so that there are n+1 dihedral
invariants. The even case is very similar.

Given a polynomial map f : C*" — C, let Vf = (0f/0z1,...,0f/0za,).

Lemma 6.1 Suppose there is a p € C*" such that ¥V f1(p), ...,V fnr1(p) are
linearly independent over C'. Then fi, ..., fni1 are algebraically independent.

Proof: For the sake of contradiction assume that there is some nontrivial
F € Z[xy,...,xy41] such that F(fy,..., fns1) = 0. By continuity, there is an
open set U such that V fi(q), ..., Vf.r1(¢) are linearly independent for any
point ¢ € U. Since F' is a nontrivial polynomial map there is some ¢ € U
such that dF(q) # 0. By the chain rule, Vf; € ker(dF) for all k. These
vectors span C™!, forcing dF(q) = 0, a contradiction. &

Let w = exp(2mi/n). For v € [1,(n — 3)/2] let A, be the collection of
all sequences {s1,...,s,} C {2,3,...,n — 2} such that s; < s;4; + 2 for all j.
Define ;
Ay = Z w'; w! = stj; I = (84, ..., Sp)- (55)
IeA, j=1
In the next section we will prove that A, # v for all v € [1, (n —3)/2]. In this

section we take this result, which we call the Vanishing Lemma, for granted.
We have two embeddings of C™ into C*". Namely

0(21, oy 2n) = (21,0, 22,0, ..., 2,,0);  e(z1, .0y 2n) = (0, 21,0, 29, ..., 0, 2,,).
(56)
Define Hy, = Oy, 0 0 = Ej, o e. The function H,, is defined in C".

Lemma 6.2 VH,(p),..., VHq_1)2(p), VH,(p) are linearly independent at

p=(w,w? ... w").

Proof: Since H,,; is cyclically invariant, and homogeneous of degree 7 + 1,
the gradient V H; is homogeneous of degree i. Furthermore, the (j + 1)th

34



entry of VH; is obtained from the jth entry by shifting the indices of the
variables by 1. These two facts imply that VH,;1(p) = 1;V;, where
/J“Z - aZn p7

The vectors Vi, ...,VnT—l,Vn are certainly linearly independent over C. It
suffices to prove all the u; are nonzero.

As H =2z + ..+ 2, and H, = z...z,, we have u; = p,, = 1. For the
intermediate values of 4, the terms in H; have the form (—1)'z,, ..., zy,, where
successive or repeating indices are not allowed. Note, in particular, that
...21%n... NEver occurs, because the notion of succession is reckoned cyclically.
The terms in 0H;/0z, therefore have the form

(_1)izk17 ey Bl 1 ka < ka+1 +2 Va.

Also, the terms z,_1, z, and z; do not occur. Thus, we see that pu; = £\;_1.
Since i < (n — 1)/2, the Vanishing Lemma says that u; # 0. &

Lemma 6.3 Let p; = (tw, tw, tw?, tw?, ...tw™, tw™). Then

m "V O,(p) = o( VHL(p));  limt" *VEi(p;) = e(VHi(p)).

t—0 t—0

Proof: We will derive the first equation, the second being similar. Given
any point ¢ = (1, ..., T2,) define

Si(q) = (t 1oy, twg, t  ag, twy, t s, . tgy). (57)

We have
lir% Si(py) = (w,0,w?0,...,w",0) = o(p). (58)

Let 0;0;, be the jth partial derivative of Oy. For any point ¢ we have the
general homogeneity:

Or(Si(a)) = t™"(Ox(a))- (59)

Hence .
0;01(Sips) =t770;04(ps)  kj =k + (—1). (60)
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Combining Equations 58 and 60 we have

9;0x(o(p)) j odd
lim tl_kajOk(pt) == (61)
t—0 .
0 j even
Finally,
02j+1(Ox(0(p)) = 0(0;Hi(p))- (62)

Equations 61 and 62 together establish the first equation. &

We claim that the vectors VO1(p;), ..., VE,(p;) are independent for some
t. Otherwise there are functions ay; and by, such that

Z ar+VOg(pt) + Z b +V Ex(p) = 0; max(|agl, ..., |bne]) = 1. (63)

We let ¢ — 0. Taking a subsequence, we can arrange that lim ay; = a;o and
limy; = by for all relevant k, with at least one limit being nonzero.
We multiply Equation 63 by ¢'~* and take the limit using Lemma 6.3 to

obtain
> aro o(VHi(p) + Y bio e(VHi(p)) = 0. (64)

The subspaces o(C"™) and e(C") are orthogonal and the vectors {V Hy(p)}
are linearly independent. This is a contradiction. Hence VO (py), ..., VE,(p;)
are algebraically independent for some value of t. Lemma 6.1 now completes
our algebraic independence proof, modulo the Vanishing Lemma.

6.2 Proof of The Vanishing Lemma

We begin with some algebraic preliminaries. Say that an adapted measure is
a positive measure 7, with integer sized atoms, supported in the nth roots
of unity. (Here n is fixed, as above.) Each adapted measure 7 is encoded by
a non-decreasing sequence I = {sy, ..., sy }. The jth root of unity has 7-mass
m iff j appears m times in I. We define (1) = w!, as in Equation 55. By
convention, the (()) = 1. We define the product 71 - 72 to be the measure
obtained by adding 7 and 75 together. (We will reserve the + symbol for
another purpose.) Note that (r - ) = (1)(m). For m € N we define
m7T =T -..-7, a total of m times.
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Let M denote the free abelian group generated by the adapted measures.
A typical element of M is a finite formal sum o = ) m;7;. We define the

evaluation map
(o) = (m)m™. (65)

We make M into a ring using the product rule
(Zmiai)(anaj) = mej(Uz"Tj) (66)
i j irj

The ring M is the group ring generated by the adapted measures. The
evaluation map is a ring homomorphism from M to C.

If AcC S'isan arc and v € N is an integer, let ¥(A,v) C M denote the
sum, taken over all adapted measures which have mass v and are supported
in A. Using the notation from the Vanishing Lemma, let A, C S* be the

open arc, containing —1, whose endpoints are w’ and w™".

Lemma 6.4 (Centrally Symmetric Compression) \, = (V(4,,v)).

Proof: Let A, be the set of sequences used to define A\, in Equation 55. If
I =(s1,....,8,) € Ay, then let ¢(I) be the summand of ¥(A,,v) indexed by
(si+v—1,89+v—3,824+v—=5,...;8-92—0+D5,8-1—v+3,8 —v+1).
This map is a bijection which preserves the total sum of the elements in I,
so that w! = (¢(I)). This lemma now follows from the definitions of the two
relevant quantities. &

Our proof breaks down into two main cases, which we treat in turn.

6.2.1 Case 1: v <n/4

We say that a measure is sparse if it assigns at most mass 1 to any given
point. For any pair (A,m) let ¥/(A,m) denote the formal sum of sparse
mass-m measures, supported in A. Let A° = S! — A,

Lemma 6.5 (Binomial Theorem) (V(A,,v)) = (V' (AS,v)).
Proof: We write A = A,, A°= AS, U = VU(A,,v), and ¥ = V' (A, v). Let
®; be the formal sum of all mass v measures whose support intersects A¢ in

exactly j points. Note that &, = ¥ and ¢, = V’'. Let ©, denote the formal
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sum of all mass j adapted measures. By symmetry (0;) = 0 for j > 0.
Let Aj; = W;(A°, j) be the formal sum of sparse adapted measures of mass j
which are supported in A°. Note that A, = ¥’.

Suppose that k£ € {0,....,o—1}. If j > k and 7 is a summand of ®; there
are exactly j choose k ways to write 7 = 7 - 79, where 1 € A, and 75 € O,,_y.
The point is that we can choose the support of 7 to be any k-element subset
of the A°-support of 7. This way of counting things gives the relation:

MOy = ( ! ) ®;, (67)
j=k

for k =0,...,v—1. Combining the previous equation with a familiar corollary
of the binomial theorem,

—_

<

(—1)*AkO,_1 = Bo + (—1)"D,,. (68)

Since (AxOy 1) = (A)(O,_1) = 0. we have (¥) = (B;) = +(d,) = (V). &

b
Il

Since v < n/4 we have R(z) > 0 for all z € A,. We will use induction to
show that (V'(A,,w)) > 0 for all v,w > 1. Let w’ be the mass 1 measure
supported on w”. If 7 is a mass w sparse measure supported in A¢ then the
support of 7 intersects {w’,w ™"} in 0, 1, or 2 points. Thus

\Ij,(AzC;—lv w)
+
V(A w) = { (W’ +w™) V(A w—1) (69)
+
(W' w™) - WA, w —2).

At least one term on the right is nontrivial. From
(W’ +w™) =2R(w") > 0; (W' -w™) =1. (70)

and induction, any nontrivial term on the right hand side of Equation 69
evaluates to a positive number. Therefore, the left hand side evaluates to a
positive number as well.
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6.2.2 Case 2: v>n/4

For each integer w € (0,n/4] we choose an open arc B, invariant under
complex conjugation, such that —1 € B,, and there are exactly w nth roots
of unity contained in B,,. Let ¥(w, k', k) denote the formal sum of adapted
mass k measures p such that p is supported in B, and (B, — By—2) < k.

Our goal is to show that (U(w,v,v)) # 0, where w is the number of nth
roots of unity in A,. We order the triples (w, k¥, k) lexicographically. We will
show inductively that (¥(w, k', k)) > 0 if k is even and (¥ (w, k', k) < 0 if k
is odd. (These sums are real, by symmetry.)

If £ = 1 then (V(w, k', k)) is the sum of numbers all of which have negative
real part, so that (U(w, k', k)) < 0 in this case. Also, (U(1,k, k)) = (=1)*.
Henceforth we assume that w > 2 and & > 2. Since w > 2 there are two nth
roots of unity oy and oy = @y in B, — B,,_s.

Suppose w = 2. A simple counting argument gives

\I/(w,k,k)z(g1+g2)-\lf(v,k;—1,k—1)+gl-g2-\lf(v,k;—2,k;—2).

Note that a1 + as < 0. By induction, both terms on the right have the
desired sign when evaluated. Henceforth we assume that w > 3.
Suppose that &' = 1. A counting argument gives

U(w,1,k) = U(w—2,k, k) + (@ + o) - U(w — 2,k — 1,k — 1)

Again, we note that a3 + as < 0. Since w > 3 both terms on the right have
the desired sign when evaluated.
Suppose that &' = 2. A counting argument gives

\I/(’UJ, 2, k) = \I/(U)—Q, ku k)+(gl+g2)\lf(1, k_1)+glg2‘ll(w_27 k_za k_z)

By induction, all terms on the right have the desired sign when evaluated.
Suppose that £ > 3. A counting argument gives

U(w— 2,k — 2, k)
_l’_
U(w, k' k) =< (a; + o) - V(w, k' —1,k—1)
_l’_
o) ay - Y(w, k' =2,k —2)

By induction, all three terms on the right have the desired sign when evalu-
ated.
This completes our proof.
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