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Last time

@ Markov processes on measurable state space.

@ Coupling method and renewal theory

y and computation



Recall from last time

@ o, — discrete time Markov process

Q@ (¥, 2) - coupled process. ®} ~ p, P2 ~ v.

@ o« — atom. Coupling time 7¢ — first simultaneous visit to «
@ Coupling lemma:

|uP" — vP"|| v < 2P[1¢ > n]

@ Splitting method: create dA>,, such that (i is an atom. If
¢,e C PP, e (] =4.
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First simultaneous renewal time?

QS =Yo+Yit+t - +YnS=Y+Y+ 1Y

n
Q@ Yo= 77a|¢0~/u Vo = 77a|<l>o~u
Q Y1,Y,, Y, Y, - areiid. with distribution 74 |le,=a

@ Let T be the simultaneous renewal time
T= ir),f{n = S, = S}, for some ki, ko}
© From renewal theorem: There exist ng and ¢ such that
P[n is a renewal time | = P[n = Sy for some k] > ¢

for all n > ng.
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Theorems

Exponential tail

If E[pfo],E[p;/g’],E[prl] < oo for some p; > 1, then there exists
po > 1 such that E[pg— < 00.

Power-law tail

If E[YZ], E[(Y})?], E[Y?] < 0o for some 3 > 0, then E[T?] < oo.

(Note that finite exponential /power-law moment is equivalent to
exponential /power-law tail.)

Ref: Lectures on the Coupling Method by Torgny Lindvall
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Alternating o-field (1)

v T=5,
Q A =0 '

Q B, = min{Sj- — Aop | 5} — Aap, > 0}. First renewal after Ay,

(denoted by S, ).
Q@ A1 =S, 1n, Wait at least ng steps.

Q Bony1 = min{S;— Azny1|Sj— Aont1 > 0} First renewal after
Azny1 (denoted by Sy, ).

e A2n+2 = SV2"+1+n0

Yao Li FErgodicity of Markov p: theory and computation



Alternating o-field (2)

0 U].:SVl_S,VOr U2:
@ Odd i
Bi=o{Y;,Yli<vik<vii+no}

© Eveni
Bi = U{\/ﬁ Vk‘ k S Vi?j S Vi1 + nO}
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Random sum of random numbers

@ By renewal theorem, the probability of By = 0 is at least c.
@ Total number of attempts 7 = min{k| Bx = 0}.

@ First simultaneous coupling time

T<Bo+ Ui=Yo+) Ulgsy

i=1 i=1
@ Now need to control moments of U,.
© See whiteboard for details.
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How to move from 7¢ to 7,7

@ Let C be a small set with minorization condition
P(x, A) > 01c(x)v(A), A€ B(X)

@ Split Cinto (g and G

@ Every time when ®,, visits C, &Dn has probability J to visit (3
(the atom).

@ If we have either E[p¢] < oo for some p > 1 (exponential) or
E[n’g] < oo (power-law), what can we say about 7,7

© Same idea: random sum of random numbers.
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Random sum of random numbers (again!)

@ Small set C with P(x, A) > é1cv(A)

@ 7! =0, 7! = 5 first passage time to C

@ 7" =inf{n|®, € C,n> 7"} n+ 1-th passage time to C
Q Z,=1if o.» = «, Z, = 0 otherwise.

@ Z, is measurable on o(®g,- -+, P.n)

Q PZ,=1|Fna1]=6>0

@ Let £ =inf{n|Z, =1}. Number of visiting to C needed to
enter av. 1, = 7¢.
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Theorems

Exponential tail case

If supXeC]EX[rTl] < o0 and Eu[rfl] < oo for some r > 1, then there
exists r; > 1 such that ]Eﬂ[rf] < o0 and supxeCIEX[rf] < 00 .

Power-law tail case
Let & =2,2,3,4,5,---.

Let f3(n) = Y ;_; &". Then there exists Cg such that
Clglnﬁ < fz(n) < CgnP.

If sup,ec Ex[f3(71)] < oo and E,[f3(71)] < oo for some 3 > 0,
then E,[f3(7%)] < oo and sup,cc Ex[f3(7%)] < oo .

Proof on the white board

Yao Li Ergodicity of Markov processes: theory and computation



Criterion for ergodicity

Find a small set C.

Split the small set to get an atom a.

© 00

Independent coupling. Couple at time T (first simultaneous
visit to the atom).
© Random sum of random numbers episode 1:
exponential /power-law tail of 7¢ gives exponential /power-law
tail of n,
@ Random sum of random numbers episode 2:

exponential /power-law tail of 7, gives exponential /power-law
tail of T

Question: First passage time to the small set?
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Thank you




