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Last time

@ Coupling method and renewal theory

@ Exponential and power-law ergodicity

y and computation



Recall from last time

Find a small set C.
Split the small set to get an atom «.

© 00

Independent coupling. Couple at time T (first simultaneous
visit to the atom).

@ Random sum of random numbers episode 1:
exponential /power-law tail of 7¢ gives exponential /power-law
tail of 7,

@ Random sum of random numbers episode 2:

exponential /power-law tail of 7, gives exponential /power-law
tail of T
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First passage time to the small set

General approach

@ Construct a Lyapunov function

© Show that the “bottom” of the function landscape is a small
set

@ Show that ¢ has exponential /power-law tail

Adapted sequence

o ]:k: O-(q)O)q)la”' )q)k)

@ Zy is an adapted sequence such that Z, is measurable on Fy.
Z >0

@ 7" =min{n,7,inf{k > 0| Zx > n} for a stopping time 7.
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Dynkin’s formula

Theorem (Dynkin's formula)

Tn

> (BIZi| Fia] — Zima)

i=1

E[Zo] = Ex[Z0] + Ex

Recall: conditional expectation

@ Y: random variable, F: sub sigma field

@ Conditional expectation E[Y| F] is a F- measurable random
variable.

@ If Yis F measurable, then E[Y|F] =Y
O E[E[Y|F]] = E[Y]

See proof on the whiteboard.
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Dynkin's formula (2)

Proposition
Let fx and s, be two sequences of nonnegative functions.

If

E[Zkr1 | Fi] < Zk — fi(®i) + sk(Px)

Then for any stopping time 7, we have

X[Z fi(®r)] < Zo(x) + EX[Z sk(®i)]

Proof on the whiteboard
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Lyapunov function

Theorem
If there exists a function V > 1 such that

PU(x) — V(%) < —BV(x) + bl(x)

for some B3 > 0, b < oo, then for any r € (1,(1 — 3)71), there
exists € > 0 such that

nc—1
V(x) SEx[ Y V()] < e 'rtV(x) + e hlc(x).
k=0

Proof on the whiteboard
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Exponential tail of first passage time

(4]
nc—1 nc—1
B> AV > E D> A= —]EX[WC —1] > B[]
k=0 k=0

for some constant c.
@ Hence E,[r'c] < o0
o
P[F1€ > ] < E [r€]r "

@ P[nc > n] < Cr " for some constant C.
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Power-law tail of first passage time

If there exists m > 0 such that for each i=1,--- , m and functions
Vo, Vi, -, Vi such that

P\/iflg\/ifl_ci\/i“‘bilc i:]-a"'vm
Then

nc—1

D (k+1)FHVi(ey)

k=0

E, < CGir1(Vo(x) +1)

for some Ci11 < 0.

Reference: Jarner-Roberts 2002 AAP
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Reduction to one Lyapunov function (1)

Lemma

If V>1,b,c>0, a<1and

PV<V—cV 4 blc,

then for any 1 > 0 there exists some b;, c; < oo such that

PV < VT — C1Va+n_1+bllc.
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Reduction to one Lyapunov function (2)

Theorem
If V>1, bc>0, a<1and

PV<V—cV*+blc,
then for each 1 < 8 < (1 — )7}, let Vj(x) = VA=A1-2) we have
nc—1

Ex | D (n+1)P7M V(04 | < Co(V(x) +1)
k=0

for some Cg < oo
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Reduction to one Lyapunov function (3)

Integer 3 only. Let y=1—ca and m= [y~ ]. Let Vy =V,
Vi=\VA""fori=1,---,m—1.

Need to show that

PVi_1<Vi1i—cVi+blcforeachi=1,--- , m.

Q Casei=1: PV< V—cVI™7 4 bl or
PVy < Vg — Vi + bl

@ Casei>1: Letn=1—(i—1)y, Vi.y = V1. By the lemma,
we have PV1 < V1 — ¢ Ve t1=1 4 b1, Since
a+n=mn—~v=1—iy, we have V2771 = V; or
PVi_1 < Vii1 —cVi+ bilc.

@ [ is an integer that is less than m. Apply the theorem.
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Lyapunov function method

Try to find a Lyapunov function V(x)
Q If PUx) — U(x) < —BW(x) + bl¢(x), first passage time to C
has exponential tail.

Q If PV < V— cW + bl for some o < 1, first passage time to
C has power-law tail.

Finding a suitable Lyapunov function is the main difficulty.
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Stochastic energy exchange model

T = |E2 | o |EN Tr
- | e P
1 2 N

@ A chain of N cells is connected to two heat baths.

o Cell i carries energy E;.

@ Exponential clock with rate R(E;, Ejy1) = /min{E;, E;1} is

associated with each adjacent pair.
@ When clock rings,

(Ei, Eiy1) = (Ei+ Eia)p, (Ei + Eq1)(1 — p)).

p: uniform distribution on (0, 1).
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Stochastic energy exchange model (cont.)

T E; | E, | o | En Tr
- | - P
1 2 ..... N

Bath temperatures T; and Tg.

@ Clocks between ends of chain and baths: R(T, E;) and
R(En, TRr)

Similar rule for an energy exchange involving heat baths.

Heat bath energy ~ £(T.) and ~ £(Tg) (exponential
distribution).
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Theorem 1, Contraction of Markov operator, (Y. Li 2018 AAP)
For any v > 0, there exists 7 > 0 such that for any u, v € M,,

lim &77||uP" — vP|7v =0
t—o0

M,, is the measure class on which function
N N—m+1 m—1
> ey

m=1 i=1 Jzo

is integrable, where a,, =1 — (2™71 —1)/(2N - 1).
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Theorem 2, Properties of NESS (Y. Li, 2018 AAP)

There exists a unique invariant measure 7 that is absolutely
continuous with respect to the Lebesgue measure. In addition, for
any v > 0, there exists > 0 such that for any u € M,,

. 1— t _
Jim £ Pt =y =0

Theorem 3, Decay of Correlation (Y. Li, 2018 AAP)

For any v > 0 there exists a > 0 such that for any p € M,), let
functions ¢ and ¢ € L°(RY). Then

J

as t — oo.

(PtC)(E)é(E)u(dE)*/ (P)(E)u(dE)

3
RY RY

N
ar
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Strong Markov property

D B

Q BsC R_’X is an “active set":
inf{E;|E=(Eq, -+ ,EN) € Bs} > 4.

@ D C By: uniform reference set.
@ E,: time-h sample chain

Tn+1 = kg]_]’c_n{Ek S B(s}

A

E, = Et,: Bs-induced chain.
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Strong Markov property (2)

Induced Chain Lemma (Y. Li 2018 AAP)
Assume

IP)[Tn—I—l —Th> n| ET,,] < g(ETn)n_a7
where £(E) is uniformly bounded in Bj.

PEo[fD > n] < n(Eo)e_cq,

then for any small € > 0, there exists a constant c such that

Pe,[rp > rl < o(n(Eo) + (Eo))n ()
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Tower construction of Lyapunov functions

@ The most difficult part is to estimate
P[Tht1— Tn>n|ET,].
@ Need a Lyapunov function V such that
P"\(E) — V(E) < —coV*(E)

for some h > 0.

@ V take high value at boundary (small energy).
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Tower construction of Lyapunov functions (2)

2l
Let aj = 1-— SN_1

@ Natural Lyapunov function with respect to site i:
Vi(E) = B 5 > 0 is arbitrarily small.
e P V1, decreases if V4 ;is much bigger than its “neighbors”.
@ Question: how to build a global Lyapunov function from V1 ;?

be a decreasing sequence.

@ Tower construction:

~1
N—k+1 N—k+1 [ k—1 AN

VE)= D Vii= > [ D Eny
i=1 Jj=0

i=1
forl < k< N-1.
@ Global Lyapunov function

N—-1

V(E) =) V/(E).

i=1
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Tower construction of Lyapunov functions (3)

Main idea of the proof

Recall that

Vi = (Ex+ -+ + Eipn1)™ 1.

General rule: higher value on lower probability states
Penalty for states that have consecutive low energy sites.

If a Vi, « is sufficiently large, then Ey,--- , Exy,—1 are all small.

If Exyn is much larger, the expectation of V/,, , decreases at
the next energy exchange.

Ex Eys1 Exin-1 Exen Exin
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Tower construction of Lyapunov functions (4)

Main idea of the proof (cont.)

@ Otherwise

(Bk+ -+ Eigne1 + Eisn) ™17 > (B -+ Expn1)™ "

@ Easy to see the expected change of V/, , is dominated by that
of Viy1k
@ Boundary has temperature T;, Tg. We can always find an
n’ > n such that Ex. v is “much larger” that Eg, -, Exi 1.
@ Same strategy on the left end.
@ The expected increase of every V,, x can be bounded.
@ When Vis extremely large, the expected decrease dominates

the expected increase.
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Tower construction of Lyapunov functions (5)

@ ldea of the tower construction: Dichotomy.

o For each E, either P"V ;(E) decreases, or Vj (E) is
dominated by the “next level” Vi1 (or Viy1,i-1)-

@ PV ; decreases if Vj ; “touches” the boundary.

Theorem A (Y. Li 2018 AAP)

For any n > 0 and h > 0 small enough, there exist cg > 0, My > 1
depending on n, N, and h, such that

(P")V(E) - V(E) < —coV*(E)

for every E € {V > My}, where a =1 — ﬁ

Bs = {V< My}

Yao Li
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Thank you




