GLOBAL EXISTENCE FOR QUASILINEAR DISPERSIVE EQUATIONS II

BENOIT PAUSADER

1. SPACE-TIME RESONANT INTERACTIONS AT LARGE SCALE

We first remark from the defining relation of p:

V@ p(€)) =0
that

% = [V, ®(E (€)™ o Vied(&, p(©) -y

is invertible.

Here we treat the case of inputs coming from free waves located far away from the origin. In order to
simplify the presentation, we will only consider inputs that would have come from our first guess® (that
is |z|'*# f is bounded in L?).

Hence, we now consider the case when at least one function f or g is supported away from the origin
and assume that for all y; in the support of f and all y5 in the support of g,

Vi/2 < || <2V1, Ya/2 <l|yo| <2Ya, Y =max(Vy,Ya), T:<Y<T
Note in particular that there are at most O(logT)? values of Y7, Y5 possible.
We start again by decomposing the Kernel
K=Kr+ Ky

Raanms) = [ | (1= ol V@6 m))Belesmet e il nlagag,
X

and this time, we see that, upon integrating by parts,

/R (1= O B )l el el g
3 % R3

) ‘ _ o |
:3/ ez&[yl—m]ezsé(ﬁm)divn {w(l _ @(5)—(1an>(57n)))gﬁ(&n)em[yz,_yl]} dnde
R3 xR3

s [V ®(& )2
and we see that now the worst case happens when the derivative hits the term e?¥>=¥1] Hence, letting
Sx =T7'YT°

we still get that each integration by parts brings a factor of 7—° and since we can iterate this as many
times as we want, we get that K leads to negligible contributions.
It thus suffices to consider the coherent part of the interaction:

Fro@) = [ G0V m)Fl€ me MM fle — n)glo)dnds

1Recall however that the new inputs created by inputs at small scale (i.e. essentially concentrated in a region of size
< T1/2) barely fail to satisfy this integrability condition.
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where we consider normalized inputs
2] fllzz + [l2] P glle < 2,

for some B > 0 such that 5> 6.

Note that we are in a situation strictly worse than before since we have localized 7 in a region larger.
In addition, as Y — T, we see that the scale at which we localize goes to 1 and in the end, we consider
the whole Fourier support of our functions. To compensate for this, we need norms that penalize the
distance to the origin and we need to make sure that the control we gain from this compensates the loss
coming from the fact that we get less and less precise description of our output.

Assuming that Y7 > Y5, we first remark that a naive use of Plancherel would already give us that

. . . _1
[ Ir(2)|| 2 S TSLtlpHe“Azf e gl STl [Sug e”“QIIL:@} STz fllzellgll e
e
<T iy "3

This is at least T73/47% and thus we see that i) we already have with little work that |z|31 € L2 i)
when we lose our localization (i.e. when dx ~ 1), then Y = T and we have already recovered what we
wanted. In other words, we are in a transitory regime.

Now, we could try to go the same route as before and perform an integration by parts in time. However,
we saw before that the corresponding control needed was the L°°-norm of the Fourier transform, that we
would now need to penalize with respect to distance from the origin (Y7 or Y2). Instead, since we have
less to gain, we will find a more robust way to get a gain from L?-orthogonality in the time integral.

We now consider the £-derivative of the oscillatory phase:

Ve [s®(&m) —a - €] = sVe@(€n) — 2 = sVY(§) — 2+ O(sdx)
=sVU(E) — x4+ O(TY).
Since by assumption, we have that |[VU| # 0, we see that this phase is large unless the angle in £ is
restricted and s is well chosen to be |x|/|V¥|. This is the extra orthogonality that we want to use.
We start by estimating the uncertainty in (1.2). We remark that a change of s of size o7 = T°Y could

still be accounted for in the error, and similarly for a change of £ of size dx and a change in z of size dr.
Thus, we may define the corresponding localizations of the integral:

17 (@) =

(1.2)

~

(o7 e — Z)/]R s 9(%)x3(5>}15 — Ox(67" s — 0) (05 V(&) (€, e &M F(& — m)G(n)dnde

B(E,n) = sP(E,n) — - & .
1.3

where z,( € Z3, 0 € Z and x3(z,y, 2) = x(x)x(y)x(2), where
XECTMR), > x(@—k) =1
kEZ

We claim that all the elements in this family are almost orthogonal (up to a remainder of 7-19%). This
is clear when z or ¢ vary. Thus, to show orthogonality in o, it suffices to show that for each choice of
(¢,0), there holds that

7 ST, Ve g Seo (1.4)
where S¢ , has bounded cardinality.

To show this, we just examine (1.2) and we see that for s, £ in the support of 7*:$:7, there holds that

Ved(E,n) = Ve [s9(E,n) — - €] = 087 V¥ (6xC) — 2 + O(0r).
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This is essentially the distance of z to a fixed point, up to an uncertainty of d7. Thus, we see that,
outside of a ball of radius O(dr), there holds that

|Ve®| 2 dr.

On the other hand, we may integrate by parts in £ in the definition of K to get

/R s (0 — OX(Fr s — 0)p(B5 V@ (&, 7)) 7 (€, e E F(& — n)g(n)dnde
- b A
= [ s = o) e gdive {72x3<6;£s — (65 V (€, )Pl m (€ n>} dnde,
RxR3xR3 [Ve®@(€,n)

and we see that at each integration by parts, we have a gain of Yéfl + 5;(1(5;1 ~ T—°. This gives (1.4).
Now that we have transfered the obvious orthogonality in = to an orthogonality in s, we deduce that

MrlZe = > 11757

2,0,¢

22. (1.5)

Besides, we have also seen that each choice of (o,() determines at most a bounded number of z and
therefore, we can ignore the summation in z in the sum above.

Now, consider an elementary interaction in (1.3), and remark that both n and & are restricted to balls
of size §x. But this also restricts the support of the relevant functions f, g, so that, introducing

Fe(€) = FEX(0%'E — ¢ +p(0))
7€) == GOX(E% ¢ = p(0)),

we see, if p is a nice diffeomorphism (which we may always assume from (1.1)) that I;’C’U only depends
on f¢ and g¢ and that

ollfelze SUAIZ2 D lgelize S llglla,
¢ ¢

which essentially take care of the sum in ¢ in (1.5).

Now, we may estimate IQZJC’” rather crudely using a variant of the Plancherel theorem as above (in
fact (2.1) below) to get (assuming that Y7 > Y5)

11| 2 < orll fellz2 SHI; e gellee < 00T 32| fellpellgllze-
>T/4

S

Remarking that there are O(Td,") values of o for which

S

0(7)x(07's =) #0

and that each choice of ({, o) defines a bounded number of z, we finally obtain that

0,0 — _3
HzlZe S D M7 S Tort Y (60T 2| fellzzllgler)®
a,¢ ¢

S orT 2| 7 Nlgl7:-
Hence, assuming that |z|' T2 f, |z|'*Pg € L?, we see that
L P e L e T e e

and we see that we have a good chance of making this summable.
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2. SOME SIMPLE RESULTS FROM FOURIER ANALYSIS

The elementary lemma to control bilinear term is the following simple lemma:

Lemma 2.1.

_ - . 1 11
17 /RS m(& & = mgmdnlee S NFmlle@ows) [ Fleo e loler@), =0+ (2.1

This follows directly from the formula

FL /]R3 m(é,n)f(é“ —n)g(n)dn = As(fm)(z7t)f(w + 2)g(t + z + x)dzdt.
We also need an efficient stationary phase lemma:

Lemma 2.2. Assume that 0 < e < 1/e < K, N > 1 is an integer, and f,g € CN(R™). Then

| [ ehgda] Sn (V]S M IDzgl ], (22)
8 lol<N
provided that f is real-valued,
IVafl 2 Louppg, and  ||DLf - Lsuppglle Sn Gl_lp‘v 2<[p < N. (2.3)

Proof of Lemma 2.2. We localize first to balls of size ~ e. Using the assumptions in (2.3) we may assume
that inside each small ball, one of the directional derivatives of f is bounded away from 0, say |01 f| 2~ 1.
Then we integrate by parts N times in x1, and the desired bound (2.2) follows. O

3. CHOICE OF NORMS

3.1. Definition of the norms. We naturally introduce a partition of unity consistent with the infor-
mation that we want to quantify (momentum and frequency):

(Qjuef)(2) = ¢ (2) - Pof(2)

— . _ ~ (k) B @(2_311) lfj + k > 0
Pf(§) =027*Of(&) o) (x) = {¢(2%) €54 k=0

where ¢(z) = ¢(x) — ¢(2x) and ¢(x) = 1 when |z| < 1 and ¢(z) = 0 when |z| > 2. Thus we see that
Q; k, defined for all (k, j) € Z x N such that j + k > 0 essentially localizes to distance about 27 from the
origin and to frequency about 2¥ provided that we respect the uncertainty principle 2% - 27 > 1.

Indeed, in our situation, we do not expect small spatial scales (corresponding to j < 0) to play a
particular role (e.g. the initial data does not constrain these at all); therefore, it makes little sense to
allow for j < 0. In addition, there is no point localizing below the uncertainty principle: since

Pyof = 2%Fp(2%) « f,

we see that |V Py f| ~ 2¥| P, f| and therefore, Py f is locally constant at scales smaller than 27%, and the
norms

I Prfllc2(e)~2iy, J < —Fk

are monotonically increasing (and summable) in j until j = —k. Thus in this situation, it suffices to
consider <p§k)Pk f
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Now, we are equipped with a prototype for the norms we want to consider?, at least for frequencies
about 1:

1151, = sup {20 D91Qj0f 22 + 1@s0F e}
J

1152, = sup {20-P71Q 0 f 2 + @50 f L + 2771 Qs0fllns }
J

Now, a way to normalize these norms in their dependence in the frequency parameter k in a consistent
way is to ask that all the terms give out the same number for a typical function at the uncertainty
principle level and centered at 0:

fla) =2%p(2%z),  fl&)=a27r¢)  20489)|Q;pfllpe = 2GF ~ 2G PR Q y Fllpe, j=—k,
and similarly, for the same function,
23—k o 920k90=0)31|Q; 1. fll 2 = 2GR|Q; i fllpoe = 2073 Ak Q; 1 F| 1.

Finally, since we want to be able to sum these norms and allow them to control a large number of
derivative (say 10), we obtain the norm

Ifllz= sup [2°% +2"%]||Q;xfl B, .,
j+k>0

1715, = sup {lgllss, +Ils2,

1fllsr, =209 flle +20/27DF) fl
1fll2, =207 P9228K| f]| o 4 20/27B0K|| £l e 4 209 201=8/22B0K | £}l 1.

In fact, we will have to precise a little the last component of the B2 norm, but then the corresponding
modification will be handled similarly.

3.2. Requirements. At this point, we are almost ready to use this norm to prove the boundedness of
the quadratic interactions. We only need to check first

(1) that this norm is invariant by Calderén-Zygmund operators in the sense that

1Qflz S IIfllz

~

whenever Qf = q(&)f(&) and

sup |0%q(€)] < [¢|71*.
|| <100

that boundedness in this norm guarantees that the linear flow is integrable:

2) that bounded in thi tees that the li flow is integrabl
le"™ fllws. < (L4 [E) ™21 £1lz-

(3) that the evolution leads to linear profiles continuous in the Z norm, i.e.

sup 1fllz <oo, [If(t+s)—f)z—=0, s—0

for all ¢ in the domain of definition of f.
The last bullet is obtained by showing that
10ef |z < +o0
Whenever f(0) is bounded in Z and f € C([0,7] : HY). In fact, we even show boundedness of d; f only

in the Bl-norm.

2Here and in the following, we let v = 9/8.
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3.3. Decay of the free flow. That boundedness in the B'-norm implies integrable decay for free
solutions follows from the decay estimates. For the BZ-norm, it is just a bit more complicated. For
notational simplicity, we only consider the case k = 0. In this case, we have, on the one hand

1€44Q; flle S 31Qu n 47 3281Q, lze S 177 [15+9293) s
75
This is sufficient so long as j < 9/10log, ¢ (summable in j). On the other hand, we also have that
A — L L L
1A Qsf o SNQifllr S 27N f gz, S 7 [#47277] | fll g2,

which is good when j > 9/10log, ¢ (summable in j).

4. OVERVIEW OF THE PROOF

As explained above, we proceed in two main steps:

e An energy estimate step which reduces the proof to the a priori control of t1+8||u(t)||yys. as-
suming a global bound on some HY-norm, N > 1,
e A decay estimate to enforce this control,

and we focus here on this last step. After a suitable choice of norms and making sure that these norms
are invariant by Calderén-Zygmund operators, we need to prove an estimate like

sup {[[T711, gl ()| z + NIVITZ1f, gl (B)l| 2} < sup O zam~ 9Ol zaa~}

where ¢
Froecif e = [ [ e Enfe g0, oinds
s=0

In order to fully use the atomic structure of our spaces, we need to decompose the functions f and g.
We also decompose the time into slices of dyadic length s € [T,2T], T < t. This gives the sum

sup Z 2510(|k1\+j1+\k2|+j2+m)(1 +2k)||<p(k)($)T:T;f’illl;hk2 (v o Tk o)l 2

t,k,j g
DT ey 451 20
k2+j2>0 (4.1)

Ssup{Ilf Ol zam~lg@®)llznn~}
teR

where

~

FThon ks 1 916 = /R L D (©)2s(©) 2, (€ — M, (e ™" EM F(& —n,5)g(n, s)dnds,
where

k k
fklle :@§'11)(x)'Pk1f7 Gks2,j2 :@522)<.’17)~sz9
and gy, is a positive function supported into [2, 2" 1] satisfying

[ antsas =1

At this point, the only fact that we need to remember from the fact that f, g satisfy specific equations
is the following bound, which is a somewhat easy consequence of simple bounds on the nonlinearity®

|0: Py f|| 2 St 1P min(2F,2730%), 10 fl| e < t71H1/10,

and similarly for g.
Once we have simplified matters this much, we need to start estimating the sum above as follows:

3Recall that Ot f precisely equals the nonlinearity we are facing.
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(1) First, we use simple estimates (describing the inputs using the energy estimate norm) to remove
the most simple cases (essentially large k, k1, ko and when one parameter is too unbalanced).
This allows us to reduce to the case of only a logarithmic (in j + m) number of cases, so that it
suffices to bound each summand in (4.1) uniformly.

(2) Second, we use the weighted norm description in order to 7) by finite speed of propagation reduce
to the case when j,j1,j2 < m (i.e. with our notations j < m), 4i) remove the non coherent-
resonant cases.

(3) Third, we use the sum-space decomposition to finish the analysis by i) removing the “joint point”
(1—=8/10)m < j1 < jo < m and finally 7i) treating the coherent-resonant case.

Informally, the idea in steps 2 and 3 is that we can rewrite the evolution as

where Q(f, f) is a quadratic change of unknown such that the mapping f — f + Q(f, f) is bounded
HNNZ — Z, T(f, f) represents only transverse interactions carried by waves which move in a transverse
way and finally R(f, f) is the left-over part which is, hopefully more localized and hence has a simpler
structure.

Informally speaking, step 2 essentially treats the effect of @ and T while step 3 treats the effect of R
once we have understood how to allow for the outputs it produces.

We refer to [1] for more details.
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