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HARMONIC MAPS FROM A SIMPLICIAL COMPLEX
AND GEOMETRIC RIGIDITY

GEORGIOS DASKALOPOULOS & CHIKAKO MESE

Abstract

We study harmonic maps from an admissible flat simplicial
complex to a non-positively curved Riemannian manifold. Our
main regularity theorem is that these maps are C1# at the inter-
faces of the top-dimensional simplices in addition to satisfying a
balancing condition. If we assume that the domain is a 2-complex,
then these maps are C°°. As an application, we show that the
regularity, the balancing condition and a Bochner formula lead to
rigidity and vanishing theorems for harmonic maps. Furthermore,
we give an explicit relationship between our techniques and those
obtained via combinatorial methods.

1. Introduction

Harmonic maps are critical points of the energy functional. The en-
ergy of a map ¢ : X — NN between two spaces X and N is defined to be
the integral over the domain space of the energy density function which
measures the total stretch of the map at each point of X. In the case
when X and N are smooth Riemannian manifolds, the energy density
function is the squared norm of the differential of the map.

One of the highlights of the harmonic map theory has been its suc-
cessful applications to study representation of discrete groups. Suppose
I'" is a fundamental group of a manifold X acting on a space N by
p: T — Isom(N). The idea is to associate the action with an equivari-
ant harmonic map f : X — N where X is the universal cover of X.
Once the existence is established, one can use the curvature assump-
tions on the domain and the target spaces to make strong statements
about f and hence about the representation p.

To illustrate this, let X be a compact Riemannian manifold of non-
negative Ricci curvature and with fundamental group I', and N be
a complete Riemannian manifold of non-positive sectional curvature.
Consider a representation p : I' — Isom(N) and let f : X — N be a

The first author was partially supported by research grant NSF DMS-0604930.
The second author was partially supported by research grant NSF DMS-0450083.
Received 09/10/2005.

269



270 G. DASKALOPOULOS & C. MESE

I'—equivariant harmonic map. Such a map f exists as long as the ac-
tion p does not fix an equivalence class of rays in N. The Eells-Sampson
Bochner formula implies

(1) %mvﬂ? — Va2 + [dF(Ric* (ex)), dF(ex) 17
— (RN (df(ex), df (e))df(er), df (ex)) f-1pn

where Ric® and RV are the Ricci and sectional curvatures of X and N
respectively. The right hand side of the equation above is non-negative.
Furthermore, Stoke’s theorem says

) /X AV =0,

from which we conclude that each term on the right hand side of equa-
tion (1) is also zero. In particular, Vdf = 0, i.e., the map f is totally
geodesic. The representation p : I' — Isom(/V) is then said to be rigid.
Notice that the two important ingredients that were used here are the
Bochner formula and Stoke’s Theorem.

Further rigidity formulas were discovered by Siu, Corlette, and others;
see for further examples [Si], [C], and [MSiY]. In the seminal work of
Gromov-Schoen [GS] and subsequently Korevaar-Schoen [KS1], [KS2],
the situation in which N is only a complete metric space rather than
a smooth manifold was considered. This enabled them to prove super-
rigidity of p-adic representations along the lines of [C].

In a different direction, one can ask if it is possible to allow the domain
X to be singular, for example a simplicial complex. This idea goes
back to the work of Garland [G] and was subsequenctly elaborated by
several groups of authors (cf. [BS], [Gr], [IN], [W1], [W2] and [Z]) in
connection with Kazhdan property (T). For the nonlinear versions, the
key idea is to define a combinatorial version of harmonic maps and relate
them via a Bochner formula to a combinatorial analogue of curvature
on X. This is in essence a refinement of Garland’s notion of p-adic
curvature. (For a definition of combinatorial harmonic maps, see [J]
and [W1], [W2].)

The actual notion of a harmonic map on a polyhedral domain, rather
than its combinatorial counterpart, was first introduced in [Ch| and was
further developed in [EF], [DM] and [M]. In the special case when X is
a flat n-dimensional simplicial complex, it was shown in [DM] and [M]
that the harmonic map is Lipschitz across the edges. In the case of a
2-dimensional flat simplicial complex, the harmonic map has particular
growth rate at the vertices depending on the order of the map. (See
Section 2, Theorems 1 and 2 for precise statements of the results.)

The main goal of this paper is to further improve the regularity of
harmonic maps defined on polyhedral domains. In particular, we show
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that the harmonic map must be C# across the strict (n — 1)-skeleton
and satisfy a natural balancing condition. (See Theorem 4 and Corol-
lary 5). Furthermore, if n = 2, then we show that the harmonic map
must be C*° at the interfaces of the 1-skeleton.

The second goal of the paper is to generalize the Bochner technique
described earlier in the introduction to the case when X is a simplicial
complex. Here, we restrict to the case dimX = 2 and introduce weights
(see the beginning of Section 2 for a precise definition.) This imposes no
restriction as far as applications to group theory is concerned. We show
that under the assumption that |V f| is bounded, Stoke’s formula (2)
still holds. By combining this with a simplex-wise Bochner formula (1),
we obtain that f is totally geodesic (see Theorem 8).

It therefore remains to establish the assumption on X for which har-
monic maps from X are forced to satisfy the condition |V f| < C. It is
not hard to see that the latter condition is equivalent to the condition
that ord, f > 1 for all points p in X, which in turn is equivalent to the
condition that the first nonzero eigenvalue of the Laplacian of the link
of p, Lk(p), is > 1. Of course the Lk(p) is a graph and we can easily
relate the spectrum of the Laplacian on Lk(p) to the spectrum of the
discrete Laplacian (cf. Proposition 13 and Corollary 14). In particular,
we show that the condition that the first nonzero eigenvalue being > 1
is equivalent to the first nonzero eigenvalue of the discrete Laplacian be-
ing > %, which is precisely the condition appearing in the combinatorial
approach (cf. [BS], [IN], [W1], [W2], [Z]). This allows us to deduce
the main theorem in [W1], that if X" is compact simplicial n-complex
with admissible weight whose first nonzero eigenvalue of each link of
a vertex is > % then any isometric action of I" on a complete simply
connected manifold of nonpositive sectional curvature has a fixed point,
as a direct consequence of the Eells-Sampson Bochner formula for poly-
hedral domains. Furthermore, our approach enables us to prove rigidity
in the borderline case when the eigenvalue of the discrete laplacian is
= % as conjectured by M.-T. Wang. There are important examples of
simplicial complexes associated to p-adic groups where the eigenvalues

are indeed equal to 1/2 [W2].

We now turn to the organization of the paper. Throughout the rest of
the paper, X will be a compact, admissible and flat simplicial complex
and (V, g) a complete Riemannian manifold. Section 2 is a review of the
results in [DM] about the existence and regularity of harmonic maps.
The only difference in this paper is that our maps depend on weights
w(F) associated to the n-simplices F' of X. This slight modification,
which from the point of view of the analysis amounts to taking certain
weighted Sobolev spaces associated to the complex, is necessary in order
to cover all p-adic buildings. We therefore talk about the w-energy of
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a map or w-harmonic maps, but this imposes no real analytical diffi-
culty. Section 3 contains our main regularity result and the balancing
condition. More precisely, we show:

Theorem (cf. Theorem 4 and Corollary 6). Let f : X — (N™,g)
be a w-harmonic map. Then for any n-dimensional simplex I, the
restriction of f to F — X2 45 q CYP-map. If n =2, then f is C*°.

Theorem (cf. Corollary 5). Let f: X — (N™,g) be a w-harmonic
map. For any point p € XY — X0=2) et Fy ... F; be the n-
simplices containing p and let £ = ﬂ}-leFj. Choose coordinates (z', . ..,
x2™) on X near p so that E corresponds to the equation x™ = 0 and
coordinates (y',...,y™) on N near f(p). Set f5 =y o flr,. Then

J
af;" e
Zw(Fj)a—;(xl,...,x Loy=o0

j=1
where w(F;) are the weights associated to Fj.
We also prove:

Theorem (cf. Theorem 8). Let f : X — (N,g) be a w-harmonic
map where dim X =2, N has nonpositive sectional curvature and |V f|
is a bounded function. Then f is totally geodesic on each simplex of X.
Furthermore, if N has negative sectional curvature, then f maps each
2-simplex into a geodesic.

Finally, in Section 4, we relate the question of regularity of the har-
monic map with spectral theory of graphs. In particular, we show:

Theorem (cf. Theorem 12). Suppose that X is a 2-complex such that
every nonzero eigenvalue of the link of every verter in X satisfies A > 1.
If f: X — (N,g) is a w-harmonic map into a complete Riemannian
manifold of nonpositive sectional curvature, then f is totally geodesic
on each 2-simplex of X. In particular, this implies that if the sectional
curvature of N is negative, then f maps each simplex into a geodesic. If
the eigenvalues satisfy the stronger condition A > 1 then f is a constant
map.

We also establish the equivalence of the eigenvalue condition in The-

orem 12 with the one appearing in the combinatorial approach. More
precisely, we show:

Theorem (cf. Corollary 14). The condition A > (>)1 in the previous
theorem is equivalent to the condition that the first nonzero eigenvalue
of the discrete Laplacian be > (>)3.

By taking (3", ¢) an arbitrary compact n-dimensional simplical com-
plex, by reducing the weights ¢ to its 2-skeleton X = () and by apply-
ing the previous two theorems on X, we immediately obtain the main
theorem in [W1].
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Corollary (cf. Corollary 15). Let (X",¢) be a compact simplicial
complex with admissible weights. Assume that the first nonzero eigen-
value of the link of every vertex is > % Then 71(3) =T has property F';
i.e., any isometric action of I' on a complete, simply connected manifold
N of nonpositive sectional curvature has a fized point on N = N UON.

Acknowledgement. The first author would like to thank Professor M.-
T. Wang for communicating his results to him. The second author would
like to thank Professors H. Izeki and S. Nayatani for a useful discussion
at the Conference on Differential Geometry in Tokyo and Nagoya in the
winter of 2004.

2. Definitions and known results

A simplicial complex of dimension n is referred to as a n-complex.
A connected locally finite n-complex is called admissible (cf. [Ch] and
[EF]) if the following two conditions hold:

(i) X is dimensionally homogeneous, i.e., every simplex is contained
in a n-simplex, and

(ii) X is locally (n — 1)-chainable, i.e., for any (n — 2)-simplex v, ev-
ery two n-simplices A and B can be joined by a sequence A =
Fy,eq, F1,e1,...,Fp_1,ex_1, F, = B where Fj; is a n-simplex con-
taining v and e; is a (n — 1)-simplex contained in F; and Fji.

The boundary X of X is the union of all simplices of dimension
n — 1, which is contained in only one n dimensional simplex. We call
a n-complex flat if each k-simplex F' is isometric to the convex hull
of k + 1 equidistant points of distance 1 in R* and every l-simplex L
incident to a k-simplex K (I < k) can be seen as a totally geodesic subset
of K. In the sequel, all complexes are admissible, flat, compact and
without boundary. An isometric action of a group I" is a homomorphism
p: I — Isom(N). Let I' = 7(X). A map ¢ : X — N is said to be
equivariant if

p(7)@() = ¢(vp)

fory € ' and p € X. If I' acts freely and properly discontinuously on
N, then the map ¢ is a lift of the map ¢ : X — N/I'. By identifying X
with a fundamental domain of X, we can think of @ also being defined
on X.

In order to include certain important examples appearing in p-adic
geometry (e.g., p—adic buildings), we will assume that for each n-
dimensional simplex F' in X, we have an associated weight w(F) > 0
and we define the w-measure du,, by setting

Ay = w(F)dz
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where dz is the standard Lebesgue measure on F'. We define the w-
energy E,(¢) of amap ¢ : X — (N, g) as

Bu®) = [ Vel =Y u(F) [ [Viods
F

where Z indicates the sum over all n-dimensional simplices F' of X

F
and |V@|? is defined as usual; i.e.,

~ (02 0¢
b
Of course, if w(F) = 1 for all F, then we recover the usual notion of
harmonicity defined in [DM]. For the sake of notational simplicity, we
will fix weights w(F') on F and we will denote du = dpu,, E = E,, etc.
A map f: X — N is said to be w-harmonic if E(f) < E(g) for all W2
equivariant maps ¢ : X — N (cf. [EF]).

The following existence and regularity results for w-harmonic maps
from a 2-complex into a non-positively curved Riemannian manifold
follows by minor modification of the arguments presented in [DM] and
[M]. (In [DM] and [M], we only considered weight function w so that
w(F) =1 for all 2-simplices F' of X.)

Theorem 1. Let X be a 2-complex with ' = m1(X), N be a complete
Riemannian manifold of non-positive curvature and p : I' — Isom(N) be
an isometric action of I'. Assume that p does not fiz an equivalent class
of rays. Then there exists an equivariant w-harmonic map f : X — N.

Theorem 2. Let X be a 2-complex, N a complete Riemannian mani-
fold of non-positive curvature and f : X — N a w-harmonic map. Then
f s Lipschitz continuous away from the 0-simplices of X with the Lip-
schitz bound dependent only on the total w-energy of f and the distance
to the 0-simplices. Let p be a 0-simplex and ¢ be the order of f at p.
(The definition of order is given in Section 4.) Then there exists o > 0
so that

Vi (q) < Cr?e?
for all ¢ € B,(p) where C depends on E(f) and r = dx(p,q). More
generally, if X is a n-complex and N and f are as above, then f is
Lipschitz continuous away from the (n — 2)-simplices.

3. Regularity results

Let X be a n-complex and N a complete Riemannian manifold as
above. For 0 < k < n, let X*) denote the k-skeleton of X. Given
p e XD _ X2 choose an (n — 1)-simplex E containing p and
let P € U~ (y',...,4™) € R™ be a local coordinate system of a
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neighborhood U of f(p). Assume g is given by (gog) in terms of this
coordinate system. Choose a neighborhood V' C X of p sufficiently small
so that V' does not intersect any (n — 2)-simplex and f(V') is compactly
contained in this coordinate patch. If Fi,...,F; are the n-simplices
of X intersecting V' and E. is a e-neighborhood of E, we will use the
coordinate system ¢ € VN (F;UE) — (z},...,2") e R for j = 1,...,J
so that a point in E is given by (z',...,2"1,0) and a point in V N E,
is given by (z!,...,2") with 0 < 2™ < e. Let E, be the e-neighborhood
of E. Furthermore, for a map f:V — N,

flt, 2™y = (ft .2, et ™)
in V and let f;“:fo‘lpj fora=1,...,mand j=1,...,J.
Theorem 3. Let Fy,...,F;, E, E, (z%,...,2"%), and (f1,..., f™) as

above. If f : V. — N is a harmonic map, then for any Lipschitz function
n:V — R with compact support and any o« =1,...,m,

J

lim w(F;) (ml "L )Gfa
e—0 4 J F.NOE " T oxn
J=1 I
(2t 2 e)dat - da T = 0.

Proof. Let ¢ = (p',...,0™) : V. .C X — R™ be a Lipschitz con-
tinuous map with compact support. For sufficiently small ¢, define
ft 1V C X — U by setting

fo=Ff+to=(f +tol . f™+ ™).
The w-energy of f; in V is

E(ftS V)
ore 0 ofb AP
5 L (2 -8 (8192

k=1 a,5=1

and since f = fy is w-energy minimizing,

d
0=—FE(f;V)|i=
dt (ft7 )’t—O

=23 3" [ sast @) 5 o
eV 836 ox
n m 8fa 8f6
+/ > 9o (@) 55 e dn
V =1a,6,vy=1

> | & (gam»g;‘:w) i
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—22 Z /gaﬁ ) soﬁdu

k=1 a,4=1
L E e
+;a5¥1/ 9ap(f gik giﬁﬂp du
:zga%n:l/vdik@aﬂ(f( )3 wﬁ) m
—i ﬁil/vg“ﬁ”(f( >>§£k§£2w d
i
+;1¢§;1/nga(f( ))g‘ik giw Pdp
D3 : e G
i
— Qéé;/v d;j;’f (gaﬂ(f(x))$¢5> dp
- 2kﬁi [ st st ZAs o
—i ;m: / (a8 + GyBa — gav,ﬁ)gizg;w dp.
1 it

Let n, = 221:1 gaggoﬁ. Then ¢ = >y g“Pn, and we see that the
last two terms above equal

. of o
/Z2Af T +Z Z gaﬁ'y'i‘g'yﬁa ga'yﬁ)afk 8fk776d/1/

k=1 o,8,7,6=1

/ (ZAJ’%@ + 22 Z o, gf: gizng> du = 0.

k=1 a,y,6=1
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The last equality is because f is a smooth harmonic map in the interior
of each n-simplex F' and we have the pointwise equality,

OfB afy
NS DD SRV REE o

k=1p6y=1

in F; N V. Therefore, by the monotone convergence theorem and the
fact that f is Lipschitz away from the (n — 2)-skeleton by Theorem 2,
we conclude

Since ¢” has compact support in V/,

Z / s (gaﬁ(fj(fﬂ))gf:@ (z )) dzr =0

fork=1,...,n—1and j=1,...,J. Hence,

«

0:22%521 Z /__ <gaﬂ(fg( ))(;J;j}gwﬁ(wﬁ dzx
=

a,f=1
J 8fa
= lim / 9ap(fi(z L)) =L
€—>0j - a%:I F;NOE. A ox™

-goﬁ(ml,...,a: Le)d.

Let n: V — R be a Lipschitz continuous compactly supported function
and ©f? = gBeoy for ag, B € {1,...,m}. Then

SRR P
D asp = D apg™ 005 %
a,B=1 a,B=1

m afa
= Zéaaona n
ofs"

" ox™
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and therefore

J afqo
lim w(Fj)/ n(zt, .. a2 e) L (zt, ... 2" e)dx = 0.
OE. ox"

e—0 <
J=1

q.e.d.

We now prove our main regularity result.

Theorem 4. Let f : V C X — (N",g) be a w-harmonic map so
that f(V) maps into a coordinate neighborhood. For any point p €
VX0t _ x(0=2) et E be the (n — 1)-simplex containing p and
Fy, ..., Fy be the n-simplices containing E in its closure. As in Theorem
3, let f5* be the restriction of the coordinate function f® to the n-simplex

Fj and (z1,...,2™) be a coordinate system for V. Then there ezist a

neighborhoodﬂ CCV of p so that f} € CHAQNEy), fite W22(QNF})
cmd eW”(QﬂF)fork::I,...,n—l.

Pmof. Assume p corresponds to (0,...,0), let
wj = w(Fj)/(w(F1) + -+ w(Fy))
and B, C R" be a ball of radius r centered at the origin. Fix ag €
{1,...,m} and jo € {1,...,J} and, for r > 0 sufficiently small, define
1 : B, — R by setting
T,x when " > 0

b3, = [y (@,a") ) "2

— [l (@, —x m)+ 2 Z —1w;ifi°(&, —a") when 2" <0
where we simplify notation by using (z,x ) (z',...,2(»=D 27). By

(
the (Lipschitz) continuity of f, fo‘0 ,0) (2,0) forall j=1,...,J.
Therefore,

9 J
i (@,0) + 5 > wif{o(,0) = —f0(,0) + f"‘O Zwa
j=1

= [ (&,0).

This implies that 1 is Lipschitz continuous in B,. Additionally, for fixed
€ >0,

o _ofy 2 afj°
856'”( ) 6)_W(x76)_J;wJ O (.’IJ,E)-
Since
J b ap
lim o(&, —€)w; 82" (Z,e) =0
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for any ¢ € C2°(B,) by Theorem 3, we see that

) . o .
el R L PG )
ofX°
— 1 - jo_ /4
0 Brﬂ{x”:—e}SO(x, Va9
. afse
—2% ), Banfan=—c} ZSD Vi g (0:°)
d foo0
=1 5 Jo_ (4
0 g ngen=—q) P =) g (9
. o Of
8,y OG0
o0
f 1im (0@ —) — pl2,0) 22 (2,0
e—0 B,N{z"=e} ox™
= lim i 871/1( ,€)
e—0 Brn{zn=e} ox™
ofo
f lim (06, —€) — p(2,9) T (2, ).
e—0 B,N{z"=€} ox™

The last term is equal to zero by the dominated convergence theorem

ag
since (2, —€) — (2, €) converges uniformly to 0 as € — 0 and —75- is
bounded. Thus,

(3) lim aw = lim 8¢
0B, A{zn=—c} T B,{an=c} Yo

Also, since f; is a smooth harmonic map in the interior of a n-simplex,

afﬂaf7
(4) Afj +ZZF 8xl &Bl -
=1 gy=1
Let
of; of]
M) =30 30 T 2")) o (. 2") 5 (3, a")
=1 By=1

and F': B, — R be defined by

- Lo (@, a") when z" > 0
F@a") =1 “Teo@, —am) 4 2527 w;T% (&, —2") when 2" <0
L0 (&, —a"™) + 235 w5 (2, —z")  when 2" <0.
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The equality (4) implies that AY(&,2") = —F(z,2") for 2" > 0 and
™ < 0. Thus, integration by parts implies

0
/ WJ’V@D:/ @Aw+/ 90%
Byn{zn>¢} Byn{zn>e} Byn{zn=e} 0OF

9
= oF — 9087"
Brn{z">e€} B,n{z"=¢} Z
»

Brﬁ{zn<—e} Brﬁ{z‘"<—e} Brﬂ{x”:—e} T
0
Brn{zn<—e} Byn{an=—c} OT

for any ¢ € C°(B,). Summing the above two equalities, letting e — 0
and noting (3), we see that

/ Vo V= | oF.
ks B'I"

Since F'is bounded, the standard elliptic regularity theorem implies that
Y € CYB(B,/) and o € W22(B,.) for v’ < r. Since (&, 2") = (@, am)
for ™ > 0 and a9 € {1,...,m}, jo € {1,...,J} are arbitrary choices,

this shows f&* € CF(B, N {z™ > 0}) and f§ € W**(By N {z" > 0})
2 ro

92 f¢
for any « = 1,...,n and j = 1,...,J. Thus, the fact that aifjk €

2l 0z

L?(B,» N {z" > 0}) combined with ?9% being bounded implies that

0 [~ & . off ofy
ook | 22 2 T U@ g0 5,
=1 By=1
NN o9 0f7 Of°
= 2 2 Thsl @) g aur gpr
=1 By=1
122 2 T80 @) gurgar gt

is L?(B,» N {z™ > 0}). This implies % is L?(B,). Now let k =
1,...,n—1. Then

and

0 / o 0%
Ve Vo8 = ALY 4
/B7ﬂ{ar">e} 4 ok Brn{z">e} i dx* B,N{z"=¢} wamkamn

B,.n{z">e€} Dk BrN{zn=¢} Oxkoxm

_ / 22F / e Y.
By{anseh 0% [ ngan—e Ok dzn
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and

oY / o 0%
Vo - V—=— oA ——
/Br”{m"< e} Ot Bafane— 0% Jp ey 0zFOzn

Brn{z"<—e} 8x B.n{z"=—¢} Oxkozn
B

oag + SaALS
{an<—a 0% Jp Afgn__q Oxk Oz"

Adding the above two equalities, letting e — 0 and using (3) with ¢
replaced by %‘;, we obtain

/v v / oo

Since 2 7 € L?(B,), we conclude W € W22(B,») for " < r'. Thus,
ofe |

o is W22(Br N {z" > 0}). q.e.d.

Corollary 5. Let V, Fy,...,F;, E, (zt, ..., 2"), (f', ..., f™), f5* be as
in the paragraph proceeding Theorem 3. If f : V — N is a harmonic
map, then

J
of«
Zw(Fj)afn(xl, L2 0)=0
j=1

foralla=1,....,m and all (z*,..., 2" 1 0) € VNE.

Proof. This pointwise equality follows immediately from Theorem 3
and the regularity result of Theorem 4. q.e.d.

The following corollary to Theorem 4 will be important in Theorem 7
when we restrict our attention to two-dimensional domains.

Corollary 6. Assume n = 2. Then for every 2-simplex F, the re-
striction of f% to the closure of F is C°° away from the 0-simplices.

Proof. We can push the argument for the proof of Theorem 4 further
in the case n = 2. We let = 2! and y = 2. Using the Lipschitz
continuity to bound the first partial derivatives of f, we see that

92 LA affarr  affaf
da2 Z Ff”(f(:”))(ax Oz * oy 8y)

By=1

< Co+ CiID*f| + Co|D* f? + C3| D f|
where Cy, C1, Co, C3 are constants, and |D?f| is the sum of the absolute
values of the ith order partial derivatives of f that involves at most one
+=-. By Theorem 4, 83& ew 2(BJF) for some 1 > 0 where we use the

2 a
notation B;f = B, N {y > 0}. Thus, 8;3 , gxi;]y € W12(B,,) and hence
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0? 0
the Sobolev embedding theorem implies that 6;[2 , Mi;y € Li(B,,) for

any ¢ < oo. Therefore, we conclude that gaf; € L*(B,). Using an
analogous argument as in the proof of Theorem 4, we can show that

0% 0*F
Vo -V— = P
B'r1 8 Brl 8$2

for any ¢ € C°(B,,). Thus 8% € W22(B,,) for some ry < r; which

o%f
immediately implies — 3 2(B;). z
ol fo
Now we continue inductively. Assume 82 € W22(B/}). Then
alJrlfa 8l+1f 6l+1f<_1 6l+1f<_1
3zl+1 ) 8xl8y WlZ(B+) and aTdaaTaé € Lq(B;’l—) for any q =

1,2,.... Then 271" ¢ L2(B) since

Oxlt1

ot [ of80fT 08 af

Ozl+l Fm(f(x))<8x dr Oy 8y>
Bry=1

< P(D*fl,..., D" f]) + Ciya| D2 |

where Cjy; is a constant, and |D?f| is the sum of absolute values of

the ith order partial derivatives of f that involves at most one 8% and

P(Xs,...,X;41)is a polynomial involving variables Xo, ..., X;11. Using
the weak differential equality
al+1¢ o E

Vo - V—= =

ot~ [, P Ve € O (Br)
1

B’"l
o+

we see that —- z+1 6 w2 2(B,’;rl) for rjpq <y

We now show that fi* is C°°. By the trace theory, a;% € W1’2(Bn+1
N{y = 0}) and hence f* € W22(B,, . N{y = 0}) which in turn im-
plies f € € C"Y(B,,,, N{y = 0}). Since f5* is a smooth harmonic map
in By, N{y > 0}, this implies that f* € CY ?“z+1) by the boundary
regularity theory of harmonic maps. Slnce [ can be made arbitrarily
large, f* is C°. q.e.d.

For a 2-complex X, the balancing condition along the 1-simplex
stated in Corollary 5 implies that Stoke’s theorem can be applied to
the integral of A|V f|? as long as |V f| is a bounded function in X.

Theorem 7. Let X be a 2-complex and f : X — (N,g) be a w-
harmonic map. If there exists C so that |V f| < C, then

/ AV f|2dp = 0.
X
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Proof. The Bochner formula gives

1 of of\ of of

ZA 2 _ d 2 RN A T A

SOV Ge) = (var? = (¥ (51, 50) O 21
where RY(-,-) < 0 by hypothesis. In particular, A|Vf|*> > 0 and the
monotone convergence theorem implies
(5) 0 < [ avea

X
= lim AV f|dp.
=0/ XU,y Bo(v)

Now applying Stoke’s theorem to each 2-simplex F' of X, we have

(6) 0 < /A\Vﬂ?dp
X
(7) — lim w(F)/ 919 ¢2ds
o—0 4 OF —Uyey, Bo(v) 91
)
+ lim w(F / —|Vf|*ds
o—0 ( ); 0B, (v)NF 877| |

where Z and Z indicates the sum over all 2-simplices F' and 0-

v
simplices v of X respectively and 7 is the outward pointing normal
to F' — Uyey, By(v). For an edge point p € X, let (z!,2?%) = (z,y),
(fY,.... f™), Fy,...,Fyand [f5* be as in the paragraph proceeding The-
orem 3. Then for every (z,0) € V

J

0
zwwww%x,m
=1
J ; 6
= Zw(maﬁyrwjr% 0)
j=1
J
0
= _;w@) 3

> gas(filz,y))

a,B=1

Now recall that the function ¢; : F; — C defined by

<8ff‘ of) _ofrof)  of ‘9ff) (2,1)

<8f]‘?‘ off L of aﬁ*)

Ox Oz dy Oy (2,9)=(2,0)

qu(m,y) = Zgaﬁ(fj(l‘a y))

) Ooxr Oz oy Oy ox 0Oy
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is a holomorphic function [S]. By Corollary 5,

qZ)JacO

HP1L<

a J fﬁ
ZQZgagfle /i Zw ,0) = 0.

a,f=1 j=1

Here, we have used the fact that f is smooth and hence fj*(z,0) =
fi(x,0) and aaf—f(a:,O) 8f1 ~-(x,0) for each j =1,...,J. Hence

MK‘

w( qSJ x,y)
7j=1

extends across y = 0 as a holomorphic function. By the Cauchy-
Riemann equation,

m o ,Oéafﬁ 0 qafﬁ
(Z gaﬁ(fj(%y))(ag 8; B (92 (%j)(x ))

S (2,y)=(,0)
Hence,
J d
Zw(Fj)afIVfJIQ(%O)
j=1
2> i) 2 (3 st 25 2
= Gap\J;j\ T y Y
= ot Oz (2:y)=(2.0)
J af 8 Y
8f af; of;
=2 w(F Gop(fi(z —L(x,0)
= a,@ . 6x O dy

J fa 2fﬁ
T4 ul(E a; 900152, 0) 52 5y (50O

1
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Again, using the fact that f is smooth, which implies f;(x,0) = fi(z,0)
and %(1’,0) = %(m,O), we have

3 F; 0 Vfil?(x,0
Zw( J)afyl fil*(x,0)

7j=1
5y (.on IO ST
m B
o 0 [~ O,
By Corollary 5,
> w(Fy) 5L (2,0) =
j=1 0y
Thus, we conclude
0
8 w(F / 2|V f2ds = 0
() ; ( ) 8F—UUEVBG(U) 677| |

for any ¢ > 0. This implies

)
9 og/ ANV fPdp = wF§j/ — |V f|?ds
©) X —Uyey By (v) | | I ) o JO0Bs(v)NF a77|

by equation (5). With r denoting the distance from the vertex v,

1
/ 3|Vf|2ds=ai / |V f|2ds | .
9B, (v)nF O do \ o JaB, (w)nF

Since -2 = —Q, equation (9) implies
on or

d 1/ 9

— w(F — Vflfds ] <0

do (XF: ( )ZU:U anr(v)nF' | )
and

1 2
- ;ww) Z > LBU(W IV f|2ds

is monotone non-increasing. On the other hand, the hypothesis implies

that
1

/ |V f|2ds < C'
0 JoBy(v)NF

for some constant C’. Thus,

1
L=1lim Y w(F / |V f|%ds
=0 = ( )ZJ:O’ 9B, (v)NF
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exists. Let
0 fore=0
GlO)=9 S w(F)Z faBe(v)ﬂF [V f[Pds  for e € (0, 3].

Since |V £|? is C! away from the vertices, G is a differentiable function

on (0, 5). Furthermore, since |V f| is bounded, G is continuous on [0, 3].

Therefore, for o; — 0, we can choose ¢; € (0,0;) by the mean value
theorem so that

d >
: (ZF:M(F)ZU:ABE(U)QF‘Vﬂ ds> e,

1 2
— ds.
=LY / g VIS

Then

f|Vf| ds
or
F v € (U)mF

d (1
- F 15 - 2d €=¢€;
Zw( )Zede (6/63 (v)mFWf| S>| '
F €
4

 de (ZF: (F)Z/a&(v)mF V7] ) =

EF:,LU zvjfz /8B6 (v)N ‘Vf‘ o
v 2
Yuny, /8 o ¥

F — Vf|2ds.

I )ZU:Q /8B€i(’u)ﬁF flds

Letting ¢ — 0, we obtain

og/XA]Vdeu:}i_r)%zF:w(F)zU:/

\Vf| ds=L—-L =0.
IBc, (yNF or

q.e.d.

We are now ready to prove the following:

Theorem 8. Suppose X is a 2-complex and (N, g) a complete Rie-
mannian manifold of nonpositive sectional curvature. If f : X — (N, g)
is a w-harmonic map and |V f| is bounded, then f is totally geodesic
on each simplex of X. Furthermore, if the sectional curvature of N is
strictly negative, then f maps each 2-simplex into a geodesic.
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Proof. By Theorem 7,

/ AV f|*dp = 0.
X

On the other hand, for any point on the interior of a 2-simplex, the
Bochner formula implies

1
(10) §A|Vf\2 > |Vdf[* 2 0

by the hypothesis on the flatness of X and the nonpositive curvature
of N. Therefore |Vdf|?> = 0 and f is totally geodesic on each simplex.
The second statement follows because the second inequality of (10) is a
strict inequality if f is nonconstant and the sectional curvature of N is
negative. q.e.d.

4. Tangent maps and eigenvalues of the link

By Theorem 8, a harmonic map is totally geodesic provided that the
energy density function is bounded. This behavior can be guaranteed
by certain assumption on the link of a vertex which is defined in terms
of a spectral theory on graphs.

Let G be a graph. We denote the edges and vertices of G by ey, ..., er,
and vy, ...,vx respectively. For each k = 1,..., K, let & be the set of
edges incident to vertex vi. We identify each edge e; with the inter-
val [0, ] (the % corresponding to the fact that all our 2-simplices are
equilateral triangles) and we assume that each edge e; has an associated
weight w; = w(e;). In the case G = Lk(v) where v is a vertex of a
2-dimensional simplex X with weights w(F}), we define

w(ey) = w(F)

where Fj is the join (i.e., convex hull) of v and e;. Returning to the case
of a general graph G with weights w;, [ = 1,..., L, we let G be the set
of functions ¢ : G — R so that ¢; = ¢|, is smooth up to the endpoints
and

0
(11) 3 wla—f;(vk) —0
e €€y

where 8@ is the outward pointing unit normal at the vertex vg. On each

edge ¢;, define the measure w;dr, where d7 is the Lebesgue measure on

e; = [0, 5], and let dv be the measure on G so that dv|., = wdr.

Lemma 9. For any ¢ € G,

[ et == [ wa
G G

where 1 : G — R is a continuous function so that ¥, = 1|, is C*.
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Proof. By integration by parts, we get

L w/3
/¢WW=§]MA () = iep) dr
L
=Zwl<wl<o>‘;fj<> (39 2 (3 - / wl)

L
o A dpy de 3,
=S (w20 + wl<w/3>dnl<w/3>) - [ o

by equation (11). q.e.d.
Definition. The eigenfunction and eigenvalue (of the Laplacian A
on G) is a function ¢ € G, not identically 0, and A € R so that for
Y1 = @‘6”
1+ 2o = 0.

Lemma 10. The eigenvalue A of G is positive.

Proof. By Lemma 9,

A/ﬁwz—/wwwz/WWW
G G

which immediately implies A > 0. q.e.d.

Next, we show that a tangent map of a w-harmonic map at O-simplex
v defines an eigenfunction on the link of v. First, we review the notion
of tangent map f, of f. For a more detailed discussion for the special
case of w so that w(F') = 1, see [DM]. The general case considered here
follows by a trivial modification of the argument in [DM]. Let p € X
and d, be the distance function on N induced by its metric g. Define

E(o) = / IV 2dp,
Bs(p)

_ 2 3
I(0) = /8 o S T
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and

where ds is the measure on 9B, (p) so that ds|pnop, (p) = w(F')df where
df is the Lebesgue measure on dB,(p). The above limit always exists
as the quotient appearing on the right is a monotone non-decreasing
function of ¢. This limit is called the order of f at p.

Let p € X. The star St(p) is the union of all simplices whose closure
contains p. Let o be sufficiently small so that B,(p) C St(p), let By be
Bo(p) rescaled by a factor of  so that it has radius 1, and S : By —
B,(p) be the natural identification map defined by the scaling. Define
the o-blow up map of f at p as the map 7 f : By — (V, g,) given by

7f(p) = foS(p)

and where (N, g,) is the manifold (N, g) rescaled by a factor of u(c)?,
i.e., go = pu(0)?g. The map °f converges locally uniformly in the pull-
back sense (see [KS2] and [DM]) to a w-harmonic homogeneous map
fo=(fL ..., f™) : By — R™ of order p. By using polar coordinates
(r,0) on each face F' incident to p so that » measures the distance from
the vertex p, we can write

Je(r,0) =ref2(1,0)
fora=1,...,m.

Lemma 11. Let p be a vertex of X and f, : By — R™ be a tangent
map of f at p. The function v, : G — R defined by letting G = 0B
and @.(0) = f&(1,0) is an eigenfunction of G with eigenvalue o°.

Proof. Let v be a vertex in Lk(p). Let F}, 1 =1,..., L, be the faces of

B which contain v. Without the loss of generality, we arrange the polar
coordinates (r, ) on Fj so that (1,0) corresponds to v. By Corollary 5,

L Fa*O;lO—O
S w(F) e (1,0) =

=1
where fy = fi|F,, which is equivalent to

. 004
Z w; an (v)=0

e €€

where £ is the set of edges of Lk(p) containing v. Furthermore, f¢ is a
w-harmonic function on each face and hence

0 = Af

Ope  1ofe 104

N T

o0 — 1)re™2p + or¢ 7208 + 1072 (p2)"
= (&%% + ()" )re ™
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which shows ()" + 0%p% = 0. q.e.d.
By combining Lemma 11 with Theorem 8, we obtain:

Theorem 12. Suppose that X is a 2-complex such that every nonzero
etgenvalue of the link of every vertex in X satisfies X > 1.

(i) If f : X — (N, g) is a w-harmonic map into a complete Riemann-
ian manifold of nonpositive sectional curvature, then f is totally
geodesic on each 2-simplex of X. In particular, this implies that
if the sectional curvature of N is negative, f maps each 2-simplex
into a geodesic.

(ii) If the eigenvalues satisfy the stronger condition A > 1 then f is a
constant map.

Proof. If o is the order of f at a vertex p, then by Lemma 11, o?
is an eigenvalue. Hence p > 1 by assumption and the first assertion
of the theorem follows from Theorems 2 and 8. Let (r,60) be the polar
coordinate where r measures the distance from a vertex p. Since f
is totally geodesic, we have f(r,0) = rf(1,0). If f is not identically
constant then f is of order 1 at p. Again, by Lemma 11, the second
assertion of the theorem follows immediately. q.e.d.

Finally, we need to characterize the assumption on the complex X for
which the eigenvalue assumption of Theorem 12 is satisfied. For this,
we need to divert our attention to the notion of the discrete Laplacian
on a graph. Again, let G be a weighted graph as in the beginning of
this section. Let V(G) = {v1,...,vk} denote the vertex set of G and
let A(G) = RX denote the space of functions ¢ : V(G) — R. Given
v;,vj € G, we set

ds — Wy if v; is adjacent to v; and vv; = e
K 0 otherwise

and
k
di =) .
j=1
Finally, the discrete Laplacian is defined to be the linear operator

Adise . 4Gy — AG)
defined as

K .
. Wi
(28) () = 37 =L (i) = p(v7)).
Notice that AdISC jg self-adjoint with respect to the inner product

K
(o, 0) = > dip(vi)ip(v;)
=1
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and
) K K
e =30 D il = @) () = v()

The next proposition relates the spectra of A and AdISC,
Proposition 13. A real number X\ # 9k%, k = 1,2, ..., is an eigen-
value of A\ if and only if 1 — cos (@) is an eigenvalue of ndisc,

Proof. Assume A\ > 0 is an eigenvalue of A with eigenfunction ¢,
X # 9k%. Then for each [ =1,...,L, 0<z <3,

p1(0) sin(VA(n/3 — ) + pi(m/3) sin vVAz
sm(\fﬂ/?))

We claim that the balancing condition implies that ¢|y(g) : V(G) — R

pi(z) =

is an eigenfunction of ANSC with eigenvalue 1 — cosv/\. Indeed, fix
v; € V(G). Then

L]
S w —01(0)VAcos(VA(n/3 — x)) + pi(m/3) cos VAx
sin(vA7r/3)

|ac:0
e €€

- e (o (57) e (3)
D () (5 ) s S )

e EE; e €E;

VA
:@ —cos( ) ip(vi) +Zwm90vj)

JF#i
Va /s A
= e 1—cos | —— || dip(vi) + Zwij(@(vj) —p(vi) ¢,
s (T) j
hence
Wi VAT
Y e(vi) —p(vg)) = | 1=cos | = | | o(vi)
= d; 3
and the proof of the claim is complete. By reversing our argument the
converse is also true. q.e.d.

Corollary 14. Any nonzero eigenvalue of A is > (>)1 if and only

if the first nonzero eigenvalue of AV js > (>)%
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Proof. 1t follows immediately from Proposition 13 and the equiva-
lence 1 — cos (%ﬁ) > (>)% if and only if A > (>)1 for A > 0. q.e.d.

Now let X" be a compact n-dimensional simplicial complex with an
admissible weight ¢ (see Definition 2.1 of [W1] for a precise definition).
Let w be the induced weights on the 2-skeleton ©(2) = X. By applying
Theorem 12 and Corollary 14 to X with weights w, we immediately
obtain as a corollary the main theorem of [W1] (cf. [W1] Theorem 1.1)

Corollary 15. Let (X", ¢) be a compact simplicial complex with ad-
missible weight. Assume that the first nonzero eigenvalue of the link
of vertex is > % Then 71 (X) = ' has property F; i.e., any isometric
action of I' on a complete, simply connected manifold N of nonpositive
sectional curvature has a fized point on N = N UON.
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