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PROCESSES AND THE DERIVATION OF THE GROSS-PITAEVSKII
HIERARCHY

XUWEN CHEN AND JUSTIN HOLMER

ABSTRACT. We consider the dynamics of IV bosons in three dimensions. We assume the pair
interaction is given by N*?~1V(N#.) . By studying an associated many-body wave operator,
we introduce a BBGKY hierarchy which takes into account all of the interparticle singular
correlation structures developed by the many-body evolution from the beginning. Assuming
energy conditions on the N-body wave function, for 5 € (0, 1], we derive the Gross-Pitaevskii
hierarchy with 2-body interaction. In particular, we establish that, in the N — oo limit, all
k-body scattering processes vanishes if £ > 3 and thus provide a direct answer to a question
raised by Erdos, Schlein, and Yau in [3I]. Moreover, this new BBGKY hierarchy shares
the limit points with the ordinary BBGKY hierarchy strongly for 5 € (0,1) and weakly for
B = 1. Since this new BBGKY hierarchy converts the problem from a two-body estimate to a
weaker three-body estimate for which we have the estimates to achieve § < 1, it then allows
us to prove that all limit points of the ordinary BBGKY hierarchy satisfy the space-time
bound conjectured by Klainerman and Machedon in [47] for g € (0, 1).
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1. INTRODUCTION

A Bose-Einstein condensate (BEC), is a peculiar gaseous state in which particles of integer
spin (bosons) occupy a macroscopic quantum state. Though the existence of a BEC was
first predicted theoretically by Einstein for non-interacting particles in 1925, it was not
verified experimentally until the Nobel prize winning first observation of Bose-Einstein
condensate (BEC) for interacting atoms in low temperature in 1995 [4, [26] using laser cooling
techniques. Since then, this new state of matter has attracted a lot of attention in physics
and mathematics as it can be used to explore fundamental questions in quantum mechanics,
such as the emergence of interference, decoherence, superfluidity and quantized vortices.
Investigating various condensates has become one of the most active areas of contemporary
research.

As in the study of any time-dependent interacting N-body system, the main difficulty in
the theory of BEC is that the governing PDE is impossible to solve or simulate when N is
large. For BEC, the time-evolution of a N boson system without trapping in R? is governed
by the many-body Schrodinger equation

(1.1) 0y = Hyty

where the N-body Hamiltonian is given by

N
(1.2) Hy=-=Y Dg 4+ Y N¥W(NP(z; — ay)) with 8 € (0,1].
j=1

1<i<j<N

Here, (21, ..., zx) € R3 is the position vector of N particles in R?, we choose || (0) | p2@snvy =
1, and we assume the interparticle interaction is given by N3~V (NF.). On the one hand,

(1.3) Vn () = N¥V(NP)

is an approximation of the Dirac d-function as N — oo and hence matches the Gross-Pitaevskii
description that the many-body effect should be modeled by an on-site strong self interactionE]
On the other hand, if we denote by scat(WW) the 3D scattering length of the potential W,
then we have

Nscat(N 'Vy(-) ~ 1

which is the Gross-Pitaevskii scaling condition introduced by Lieb, Seiringer and Yngvason
in [50]. In the current experiments, we have N ~ 10* which already makes equation (1.1])
unrealistic to solve. In fact, according to the references in [50], the largest system one
could simulate at the moment has N ~ 102. Hence, it is necessary to find reductions or
approximations.

It is widely believed that the mean-field approximation / limit of equation ( is given
by the cubic nonlinear Schrédinger equation (NLS)

(1.4) 0 = —Do +clo]’ ¢,

'From here on out, we consider the 8 > 0 case solely. For § = 0 (Hartree dynamics), see [34, 29, [48] [53]
51, 139, 40, [17, 12, 3, 8] .
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where the coupling constant c is exactly given by 87N scat(N "'V (-)). That is, if we define
the k-particle marginal densities associated with 1, by

(15) AW (txux}) = /lﬁN(t,XkaXN—k)W(t,Xﬁwa—k)dXN—ka Xp, X, € R,

and assume

00, x0,%) H%WO ) s ¥ — o

where x;, = (21, ..., 2;) € R3*, then we have the propagation of chaos, namely,

k
(1.6) W (83, %) ~ [T ot 2,)6(t, ) as N — oo
j=1
and ¢(t, z;) is given by (L.4)) subject to the initial ¢(0, z;) = ¢(x;). Naturally, to prove (1.6,
one studies the N — oo limit of the Bogoliubov—Born-Green-Kirkwood—Yvon (BBGKY)

hierarchy of the many-body system 1} satisfied by {75’;)}:

(1.7) iat’YEI\;) + [Axk’ny:| - Z [VN %) (k)]

1<z<j<k
ZTrk-i-l [VN — Tpt1) VE\I;H)

if we do not distinguish 75\’;) as a kernel and the operator it defines. Here the operator Vi ()
represents multiplication by the function Vi (x) and Trj,; means taking the k + 1 trace, for
example,

k k
Trys1 Vv (25 — Zpg1) VSVH) = /VN (xj — Tpy1) VEVH)(t,Xk,%H; X}, Tht1)dTpy1-

Such an approach for deriving mean-field type equations by studying the limit of the BBGKY
hierarchy was proposed by Kac in the classical setting and demonstrated by Landford’s
work on the Boltzmann equation. In the current quantum setting, it was suggested by
Spohn [54] and has been proven to be successful by Erdss, Schlein, and Yau in their
fundamental papers [30, 81, B2, B3] which have inspired many works by many authors
[47, 45, (11, (18, 13, (19, [7, 20, 21, 38, 22, 6, 23] .

This paper, like the aforementioned work, is inspired by the work of Erdos, Schlein, and
Yau. The first main part of this paper deals with a problem raised on [31} p.516]. To motivate
and state the problem, we first notice the formal limit of hierarchy :

(1.8) iaﬁ(k) [ xkﬁ = bo Z Tl"k+1 — Thy1), V(kﬂ)}

where

by — /RSV(x)dx.
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We make such an observation because Vy(-) — ( [os V(2)dz) 6(-). If we plug

E?r

(1.9) Y E (£, %, X)) o(t, 2;)o(t, )

j=1

into (1.8) and assume ¢ solves (1.4)), then is a solution to (|1.8) if and only if the coupling
constant ¢ in (|1.4) equals to bo. Since

87 lim Nscat(N 'Vy(-)) = b for 3 € (0,1),

N—o0

the formal limit ([1.8)) checks the prediction. It also has been proven in [31] for § € (0,1/2).
However, this formal limit does not meet the prediction when $ = 1 because

87N scat(N 'Vy(-)) = 8mscat(V) = 8may for B =1

which is usually a number smaller than by. In [30, 32] 33], Erdss, Schlein and Yau have
established rigorously that the real limit of the BBGKY hierarchy ((1.7)) associated with (|1.1)
matches the prediction and is given by

k
(1.10) 10y *) 4 [Axk,y(k)] = 8may Z Trp 1 [5(@ — Tpi1), fy(kﬂ)} )
j=1
The reasoning given is that one has to take into account the correlation between the particles.
To be specific, as in [50} 30, B1], B3], let wy be the solution to

1 1
(—A+§Nﬁ—1V)wo(x) = 5V

lim wy(x) = 0.

|z|—o00
We scale wq by
wy(z) = N°wy (NPz)

so that wy is the solution to

|l‘i£n wy(z) = 0.

The papers [30, 32, [33] then suggest that, instead of considering the limit of hierarchy (|1.7)
directly, one should investigate the limit of the following hierarchy

. k k k
(1.12) zawgv) + Ax,ﬂgv) - ﬁxw( )
k
Z (VN Ty — x])f}/N’L N VN (%; )VEV)z’ j’)
1<z<]<k

N k k+1 - k+1
t— ZTYkH (VN( - $k+1)7§vj,k)+1 — V(] $k+1)7§vj zkﬂ))

which has the Slngular correlations between particles built in. Here

VN(') = Vn ()1 —wn (")),



THE KLAINERMAN-MACHEDON CONJECTURE FOR g € (0,1) 5

and
(k)
k) _ N

T (= (e = )

As N — oo, one formally has

k k
’75\]) ~ ’VEV,)i,ﬁ

and
VN() - 87’(’&0(5('),

hence one obtains as the limit of the many-body dynamic ({1.1]).

One immediate question to this delicate limiting process is: aside from physical motivation,
is there a more mathematical explanation for why is not the limit of (|1.1)) when 5 =17
An answer is that the "usual" energy condition:

1
(1.13) sup (Tr S(k“)'ygl\;ﬂ) + ﬂ5151,5<k>7§5)) < CFfor k>0,
t

where

k
Sj=(1—2,,)% and S® =T 88,
j=1

first proved in [28, B1] for 8 € (0,2) and later in [45, (1T, 18, 19, 22, 23] , is not true when
[ = 1. This can be proved by contradiction: assume that does hold when 8 =1, then
with a simple argument in [45] which is first hinted in [31] and used in [45] 11} 18, 19, 22, 23]
, one easily proves that hierarchy converges to the wrong limit and reaches a
contradiction.

Another immediate but much deeper question is that, if the singular correlation structure
between particles is so crucial, then why would one only take a pair into account at a time?
For example, when considering the term

k

Viv(z1 — 22)7Y)

why would one only put in the singular correlation structure between particles x; and x2 and
why not put in the singular correlation structure between particles x; and z3 or x5 and x37
That is, why not consider a term like

(k)

Vi (1 — 22) (1 — wy (1 — :cg))} [( IN12 ))] ?

1-— wN(a:l — X3

The above expression corresponds to a three-body interaction. Basically, the question is: why
can this case be dropped? This is actually a problem raised on [31], p.516].

Problem 1 ([31) p.516]). One should rigorously establish the fact that all three-body scattering
processes are negligible in the limat.

In the first main part of this paper, we provide a direct answer to Problem I We take into
account all of the interparticle singular correlation structures developed by the many-body
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evolution from the beginningﬂ We rigorously establish that, in the N — oo limit, all k-body
scattering processes vanishes if £ > 3. To be specific, we have the following theorem.

Theorem 1.1 (Main Theorem I). Define

-1 -1
(114 ¥t xx) (60 x0) (G0 6x0) APt x %),
where
(1.15) GV (x) = [ (- wn(a — ;).
1<i<j<k

Suppose € (0,1]. Assume the energy bounaﬂ:
1
(1.16) sgp (Tr S(S)QE\?;) + N Tr 5151/5(3)0453)) < C.

Moreover, denote L3 the space of Hilbert-Schmidt operators on L?(R3*). Then every limit point

I — {V(k)}/:il of {FN(t) _ { (k)} . in @, C (10,71 , L2) with respect to the product

topology Tprea (defined in Appendiz|A , iof there is any, satisfies the cubic Gross-Pitaevskii
hierarchy:
k
(1.17) 10" = Z [~ D07 + e ZTI“k+1 = o), 7]
j=1

where the coupling constant cy is given by

{ng 2)dr if B e (0,1),
Co =

(1.18) .
8mag if B=1.

An important feature of 045\]?) is that, considered as bounded operators, agl\;) and ’ygl\f) share

the same N — oo limit for 5 € (0, 1), if there is anyﬂ We will prove this simple fact in Lemma
2.1] Hence, Theorem and its proof give us a better understanding of the limiting
process and allow us to solve an open problem, raised by Klainerman and Machedon in 2008,
for 5 € (0,1) in the second main part of this paper. After reading Theorem an alert
reader can easily tell that one needs to prove a uniqueness theorem of solutions to hierarchy
before concluding that equation (|1.4)) is the mean-field limit to the N-body dynamic
. In the second main part of this paper, we solve an open problem about an a-priori
bound on the limit points which leads to uniqueness of , conjectured by Klainerman
and Machedon [47] in 2008 for 5 € (0,1). Though this conjecture was not stated explicitly
in [47], as we will explain after stating Theorem , this Klainerman-Machedon a-priori

’In the Fock space version of the problem, there is another way to insert all of the correlation structures
using the metaplectic representation / Bogoliubov transform. See [7].

3We remind the readers that the "usual" energy condition (1.13) is not true when § = 1. The energy
conditions and we impose on Theorems and have been proven for k = 0,1 or with spatial
cut-offs for general k in [33] [32].

4The same thing is weakly true for § = 1 but we omit the proof at the moment since Theorem applies
only to 5 < 1.
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bound is necessary to implement Klainerman-Machedon’s powerful and flexible approach in
the most involved part of proving the cubic nonlinear Schrédinger equation (NLS) as the
N — 0o limit of quantum N-body dynamics. Kirkpatrick-Schlein-Staffilani [45] completely
solved the T? version of the conjecture with a trace theorem and were the first to successfully
implement such an approach. However, the R3 version of the conjecture as stated inside
Theorem , was fully open until recently. T. Chen and Pavlovi¢ [13] have been able to prove
the conjecture for § € (0,1/4). In [19], X.C simplified and extended the result to the range of
B € (0,2/7). X.C. and J.H. [21] then extended the 8 € (0,2/7] result by X.C. to 5 € (0,2/3).
In the second main part of this paper, we prove it for 8 € (0,1). In particular, away from the
[ =1 case, the conjecture is now resolved. To be specific, we prove the following theorem.

Theorem 1.2 (Main Theorem II). Define

k

R(k) - H ‘vl’j| Vx; )
j=1
and
Bj,k+1’7(k+1) = Trpqq [5(g;j — Tpi1), ,y(k+1)} ’

Suppose 5 € (0,1). Assume the energy bound:

1
(1.19) sw<ﬁyH1W”+NH&&$ ngO?WMk>o
t

N
then every limit point I' = {’y(k)}?_l of {FN( )= {agl\?)} } obtained in Theorem (and
= k=1

N o0
hence of {{755)} } because they have the same limit), satisfies the space-time bound
k=1

conjectured by Klainerman-Machedon [47] in 2008:

(1.20) /ﬂm>@kﬁﬁwﬂ{b dt < C*.

/

In particular, there is only one limit point due to the Klainerman-Machedon uniqueness
theorem [47, Theorem 1.1].

In 2007, Erdss, Schlein, and Yau obtained the first uniqueness theorem of solutions [31],
Theorem 9.1] to hierarchy . The proof is surprisingly delicate — it spans 63 pages and
uses complicated Feynman diagram techniques. The main difficulty is that hierarchy
is a system of infinitely coupled equations. Briefly, [31, Theorem 9.1] is the following;:

Theorem 1.3 (Erdos-Schlein-Yau uniqueness [31, Theorem 9.1]). There is at most one
nonnegative symmetric operator sequence {,},(k)}:‘;l that solves hierarchy subject to the
energy condition

(1.21) sup Tr SH~®) < Ok,
te[0,T
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In [47], based on their null form paper [46], Klainerman and Machedon gave a different
uniqueness theorem of hierarchy in a space different from that used in [31, Theorem 9.1].
The proof is shorter (13 pages) than the proof of [31, Theorem 9.1]. Briefly, [47, Theorem
1.1] is the following:

Theorem 1.4 (Klainerman-Machedon uniqueness [47, Theorem 1.1]). There is at most one
symmetric operator sequence {’y(k)}]zil that solves hierarchy subject to the space-time

bound (1.20).

When propagation of chaos (|1.6)) happens, condition (1.21)) is actually
(1.22) sup [|(Va) ¢l . < C,

te[0,7

while condition (1.20) means

(1.23) / 1191 (167 6) | . dt < C.

When ¢ satisfies NLS (L.4), both are known. Due to the Strichartz estimate [43],
implies (1.23)), that is, condition seems to be a bit weaker than condition (I.21). The
proof of [47, Theorem 1.1] (13 pages) is also considerably shorter than the proof of [31]
Theorem 9.1] (63 pages). It is then natural to wonder whether [47, Theorem 1.1] provides a
simple proof of uniqueness. To answer such a question it is necessary to know whether the

limit points in Theorem [I.1] satisfy condition (1.20)).
Away from curiosity, there are realistic reasons to study the Klainerman-Machedon bound

. In the NLS literature, uniqueness subject to condition is called unconditional
uniqueness while uniqueness subject to condition is called conditional uniqueness. While
the conditional uniqueness theorems usually come for free with the uniqueness conditions
verified naturally in NLS theory because they are parts of the existence argument, the
unconditional uniqueness theorems usually do not yield any information of existence. Recently,
using a version of the quantum de Finetti theorem from [49], T. Chen, Hainzl, Pavlovi¢, and
Seiringer [I5] provided an alternative 33 pages proof to [31, Theorem 9.1] and confirmed that
it is an unconditional uniqueness result in the sense of NLS theory. Therefore, the general
existence theory of the Gross-Pitaevskii hierarchy subject to general initial datum
has to require that the limits of the BBGKY hierarchy lie in the space in which the
space-time bound holds. See [10, 12, 13| 14] .

Moreover, while [31, Theorem 9.1] is a powerful theorem, it is very difficult to adapt such
an argument to various other interesting and colorful settings: a different spatial dimension,
a three-body interaction instead of a pair interaction, or the Hermite operator instead of the
Laplacian. The last situation mentioned is physically important. On the one hand, all the
known experiments of BEC use harmonic trapping to stabilize the condensate [4} 26, 9], [44. 55].
On the other hand, different trapping strength produces quantum behaviors which do not
exist in the Boltzmann limit of classical particles nor in the quantum case when the trapping is
missing and have been experimentally observed [35, 57,25, [41], 27]. The Klainerman-Machedon

5See also [56, 24 [42)].
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approach applies easily in these meaningful situations ([45] 11}, 18, 19, 20, 36, 22, 23] ). Thus
proving the Klainerman-Machedon bound actually helps to advance the study of
quantum many-body dynamic and the mean-field approximation in the sense that it provides
a flexible and powerful tool in 3D.

1.1. Organization of the Paper. We will first compute the BBGKY hierarchy satisfied
by {ag\]f)}, defined in (|1.14)), in . Due to the definition of {ag\’;)}, the BBGKY hierarchy

of {ag\k;)}, written as (2.13]), takes into account all of the singular correlation structures

developed by the many-body evolution from the beginning. The differences between hierarchy
and hierarchy are obvious: hierarchy for ozg\lf) has k—body interactions
where k& = 2, ..., k, but most importantly, for the purpose of Theorems and [I.2] hierarchy
does not have 2-body interactions not under an integral sign. We will call the key new
terms the potential terms, which consist of three-body interactions, and the k-body interaction
terms, which consist of k-body interaction for all £ > 3.

With the BBGKY hierarchy satisfied by {ag\?)} computed in , we prove Theorem
in §3)as a "warm up" first and then establish Theorem [I.2]in §4. The gut of the proof o
Theorems [I.1] and [T.2)is the careful application of the 3D and 6D retarded endpoint Strichartz
estimates [43] and the Littlewood-Paley theory.

One of the effects of considering the singular interparticle correlation structures developed
by the many-body evolution is to replace the potential
(1.24) N Wy (z; — ;) = N¥*V(NP(z; — ;))

with the new potential

(1.25) (Va,GNit)(Va,GNje), 1F# G 0# 0,5 F#L

(among other terms). (1.25)) could be considered as a three-body interaction, since it is only
nontrivial if all three z;, x;, and z, are within ~ N~?. One might wonder why a three-body
interaction is better then a two-body interaction because a three-body interaction is more
complicated. For the purposes of estimates, the original potential (1.24]) has the behavior
(126) N_lVN(ari — .fIfj) ~ N3’8_1<N’8(.’Ei — [L’j)>_100

For the new potential, we have effectively

(1.27) (Va,Gnit) (Va, G o) ~ NN (@5 — ) (NP (2 — 20))
Note that if 5 =1 and i = j, then (1.27)) and (1.26]) are effectively the same, and there is no

gain in going from ((1.24) to (1.25)). However, i # j in (1.25]) and hence (1.25]), a three-body

interaction, actually offers more localization than ((1.24)), a two-body interaction. It is then
natural to use the 6D endpoint Strichartz estimate when one wants to estimate a term like

; TN
Here U®)(t,) = e Bx o B

tg
/ UR (t) — trer) [(VIZGN,M)(szGNJaﬁ)agl\;) (tk“)] dtpss
0

oo T2
L Lx’x,
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Using the Littlewood-Paley theory or frequency localization effectively gains one derivative
in the analysis. That is, we avoid a N? in the estimates. Heuristically speaking, it sort of
averages the best and the worst estimates. Here, the "best" means no derivatives hits V and
the "worst" means that two derivatives hit V. For example, say one would like to look at

(1.28) | ParPir [V Vs | V(1 = 22)]| 2 -

Here, P}, is the Littlewood-Paley projection onto frequencies ~ M, acting on functions of

z; € R3. There are two ways to look at (1.28)), namely
M* [[Viy(z1 — @2)l] 2

and
N\ Py Py (V") (w1 — w2)]| 2 -

Then depending on the sizes of N and M, one is better than the other. As we will see in the
proof of Theorem in , such a consideration will effectively avoid a N in the estimates.

1.2. Acknowledgements. J.H. was supported in part by NSF grant DMS-1200455.

2. THE BBGKY HIERARCHY WITH SINGULAR CORRELATION STRUCTURE

Recall (1.15))
GV (1, o) = [ (1 —wn(z: — =),

1<i<j<k

where wy is defined via 1) We decompose Ggl\;) as follows:
GS\I;) = H GNJ"]' N GNJ'J =1- wN(xi — .fj)

1<i<j<k
and define the multiplication operator Y]f,k) by

(2.1) (VAN o) (@, o) € G (a1, a) by (@, - o).

An immediate property of ij,k) is the following.

Lemma 2.1. Let ag\];) be defined as in (1.14). For 8 € (0,1), Vf € L? (R%),

tim ol (£) =2 (£)

N—o00

=0.

op

. k
L <CIfI Jim [y =1

L

Here ag\’f) (f) and 755) (f) means the operators ag\’;) and 7%6) act on f, and ||-||,, means the

operator norm.

Proof. We have

k k k) (k k k
[ r =], = [y -0,
k) (k k k k k k k
< WY F - WEV)YJ(v)fHLQ + Hvﬁv)Yz(v F=f L
k k k k k
< =1 @I PR i 0 =] .
op op op op op
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Notice that the Hilbert-Schmidt norm of fygl\;) is uniformly bounded by 1 because we assume
[ (0)|| f2(gsny = 1. Moreover, since 3 < 1, we have

- ® Ll _
dim | =1, =0

op
In fact, consider

.CC X
/‘ = 2 f(ﬂjl,l’g

1 —wy(z1 — x2)

2
dxz /‘ wy(z1 = 2) \f(x1,$2)|2dxz

1 —wn(z) — 29)

where
wy(ri—22) NP=Ywo(NP (21 — x2))
1 —wy(xg — x9) 1 — NB-1wo(NB (21 — x3))
< ONP 'S 0as N — oo

because wo € L™ (R3) and 3 < 1. So we conclude that

tim ol (£) =2 (£)]

N—o0

=0.

op

<O Jim [P -

L2

To compute the BBGKY hierarchy of {ag\];)}, we first give the following lemma.
Lemma 2.2. We have
k) (v (k) — k)y— k k k
(2:2) HY (V)™ = (W) H + AV + YY),

where Hg\lz)() 15 the ordinary Laplacian

k
H](V’)OZ - ij,

M-

7=1
Agl\;) 1s the zeroth order operator of multiplication by

VIZ GN7‘€7Z : vm[ GN7£7]
)
2 Grei G,

1<i,j0<k
1,5,€ distinct

and E](V) 1s the first order operator
V.G ‘-
Z s Ter

1<je<k Nt
el

Before proceeding to the proof, let us note that the terms AE@ and E](\]f) should be thought
of as “error terms”. Indeed, A%“) involves only three-body interaction — it is only nontrivial if
z;, ¥, and x; are within ~ N~ of each other.
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Proof. We start with

(k) (k)
(2.3) () log G = - Bxn | [VerCar T
: Z k k
Gy Gy
Using that
vxeGg\I;) _ Z vxeGN ) ] _ Z vmgGN K,j
k
Gg\f 1<i<j<k G 1<j<k G,
J#L
we can rewrite (2.3) as
2
A, G ) Ve, G
(2.4) — =N — (—A,,) log Gy —L
® ‘ G
Gy 1<j<k N.Lj
J#L

On the other hand, we have

log GS\];) = Z log G,

1<i<j<k

and hence ([2.3)) also reads

(_Axe) 10g Gs\l?) - Z <_ IZGN’Z’] + ‘VUGN’Z’]

)

1<i<j<k Gnij Gnij
Azf GN 2.3 Vx( GN ZJ
=2 G, T2 |G
1<j<k Nt 1<j<k N.Lj
VE J#L

Plugging this into (2.4) and expanding the square in ([2.4]),

(k)
AIZG § _AxéGN Z:] _ 2 E ngGN,Eyi ) VIZGN7€’]'
1<j<k NZ,] 1<i<j<k GN,ZJ GN,ZJ'
T 7, j20

We infer from 1) that —AGy = —%NﬁlvNGN, SO

A, G 1 Vo Gnioi Vo Gy
——® = TN > Vnei—2 ) GW’ e e
Gy 1<j<k 1<i<j<k Nt STNLj
J#t i£L, jFAL

Now summing in ¢, 1 < ¢ < k, we obtain

Vi, GNii Vi, GNoi

H(k)G(k) _ _2G(k) § : g TN Lji g N, 737
NN N Gnuei G,

1S7/<]Sk sty 3%,

1<0<k

i#L, j7#L
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Here H](\f)GS\]f) is considered as H](\l;) applied to the function GE\’;). Note that the sum on the
right side is perhaps more intuitively written as

Ve, GNii Vi, GNoi
HJ(\?)G(IC) _ _G(k‘) Z ¢ TN, eI NLG

1<i,.(<k e TG
,4,€ distinct
which implies (2.2)). OJ

With the above Lemma, we compute the BBGKY hierarchy of { } Applying Y( )
the left of the operator equation -, we obtain

k k k)\— k k k
(25) YHR ()T = (Hyy + AR + EY)

Thus Y]\(,k) could be regarded as an approximation to the wave operator relating H](\]f) to H](\IZ)O,
although a more precise statement is that ij,k) is an exact wave operator relating HJ(\;C) to an
approximation of H](\]f}), namely the operator H](\% + Ag\k;) + Ej(\lf). Since H](\% + Ag\k;) + EJ(\];) is
not self-adjoint, the wave operator Y(k)
We now work out the BBGKY hierarchy of {04 N } We will need to compute Y( )[H ](\]f), 'ygl\;)]Y]S,k).

To this end, we use the operator property: given two operators Y7, Ya, let o = Y;7Y, ', then
VilHAY; ! = (Y, Ya — a(VaHY; ),
In the above, taking Y; = Yjs,k) and Y; = (Y(k) )~!, and applying (2.5) give
k) rp(k)  (k)1y-(k k) k k k)\*
(26)  YWHY WYY = (Hyp +AY + Ey)a — a(Hyy + Ay + (BY)")

Moreover, let us introduce the operator VV](V

is not unitary.

which acts on any kernel K (xy,x},) by

WK (xp %) = VPV K (x5, x],)
1
= K(x,x)).
Gy (xk)Gn(x),) (i, x3)

With the above notation, the BBGKY hierarchy of equations for the operators {ozg\];) = Y]f,k)yg\l,C)Y]S,k)}

()
or the corresponding kernels { g\,)(xk, X)) = %} (using that Y]\(,k) is equal to its
k

transpose) is given by

@7) el = (HY)- H}V’“'())) o)+ (AY = AQ) olf + (BY - BYY) ol
N k
Z Ble—H WJSZCH))_IC&H)

where

(2.8) (WA B (W)Ll (x4 4
k
B / (Vv = k1) = Vvl = 1)) [[ G Grgrsra () da
]R3

J=1
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where (-++) I8 (@1, ..., T, Tpy1; T, -+ Thoy Thop1)-
We will decompose the terms in (2.8) to properly set up the Duhamel-Born series. Let

k
def
Lyeps1 +1 = GNg 1 H GNjkr1GNj i1 = GNe 1 H GNjkt1G N k15
Jj=1 1<5<k
7t

Ly g1+ 1< N b H GNjk+1GNj k1 = GNors1 H GN i+ 1GN 7 ot1-
j=1 1<<k
7
Here L stands for localization. Also let

V() = Vi (&) (1 = wy (@)

so that
V(21 — 2py1) = V(@1 — 2x41) GN e
VN@”E — Tpy1) = VN(JCE — Tps1) GN e k1
Then
(2.9) (WA B s (W) 1l ™) (k0 x4
= VN(xl — l‘k+1) (LNI k+1 1) (k+1) ()d$k+1
R3

_/ Vi (2] = @) (L esr + 1) ozg\liﬂ)(...)dxkﬂ
R3

Separate "the k-body part" and "the 2—body part":

(210) B}\]fg7jnlg,‘)nya§\l;+l Z BN many,l,k+1a(k+l)>
=1

where
(k1) det NV — K

(211) BN many Lk+10y N (VN(JUZ — Tpg1) Lves
R3
— V(@) — 2r1) v )y () dageg
and
(k+1 k+1
(2.12) BUED o1

k
—k - -
S |t = an) = Vi = i)l ™) do
=1

k

r (k+1)
E BN,l,k+1OéN )
=1,

so that
N k - .
Zw(k BNMH(WUCH)) _ Bl _'_B](\lfc-i-l)

N,many
(=1
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)

The operator B N,many Will give rise to the k-body interaction part and B](f will give rise to

the interaction part in the Duhamel-Born series below.
Finally, introduce the operator

(k) (k k k)’ k k k)’ k
el = (A% = AR el + (BY = B )oY

which will give rise to the potential part in the Duhamel-Born series below.
From (2.7)),

tr 5
213) oWt = UM H)aly i / UB (15— ty) VAP0 (tin) i
0
tr ~
_i/ UM (th = ths1) BN g0 (trr) dlisa
0

tr 5
_i/ U (1, — tisn) BY D aGH (tsr) dpn
0

= FP" 4 PP" 4 KIPH 4 [P,

3 —it N1
Here, UM (t),) = e “ie " *j, FP*0 stands for the free part of ag\lﬁ) with coupling level 0,

P P*0 stands for the potential part of ag\’;) with coupling level 0, K I P*? stands for the k-body
interaction part of ag\l;) with coupling level 0, and 1P stands for the 2-body interaction
part of agl\;) with coupling level 0. We will use this notation for the rest of the paper.

Remark 1. In the case f =1, BN,l,k—H is where 8wag shows up. In fact

GNk+1VNek1 — 8magd(xy — Tpy1)

as shown in [33].

3. PROOF OF THEOREM [L.1]

We prove Theorem [[.1] as a warm up to the proof of Theorem [I.2] Here "warm up" means
that we do not need to iterate (2.13)) many times to get a good enough decay in time for the
interaction part and do not need to use the Littlewood-Paley theory or the Xy, spaces.

To prove Theorem , we prove that hierarchy converges to hierarchy which

written in the integral form is

ti
(3.1) ¥ (ty) = U™ (tk)Vék)_iCO/ UM (tp—tri1) Trapn [0(2; — 2p0), Y5 ()] diga
0

It has been proven in [1} 28, 30} B3], 31, 32, [45] 1T], 20] that, provided that the energy bound
(1.16)) holds, the 1st term and the last term on the right handside of (2.13]) do converge to
the right hand side of (3.1)) weak*-ly in L £!. In particular, it is proved that, as trace class
operators

tr B
/ Ut~ tkﬂ)BN,j,kJrlag\]/CH) (trs1) dli
0

N—o0

~ tk
— (lim / VN(:c)dx) / U (ty — tri1) By ™™ (trp) dtgry weak*
0
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where limy o [ Vi (z)dz is exactly the ¢ defined in (1.18). So we only need to prove the
following two estimates:

(3.2) HPPMHL%H — Oas N —oc

(3.3) [KIPM]| pe — 0as N — oo,

where
ti ~

PP (1) = —i/ U(k)(tk: - tk+1)vj(vk)0‘§\];) (tet1) dtpsr,
0
tg
K[Pk,l)(tk> - —i/ U(k)(tk—tkH)B](\lfjany 55+1) (ths1) dtpyr.

0

Before delving into the proof, we remark that condition ([1.19)) implies that

o (Jntl, gl ) <a
t L2 L2 ’
X X k X X,
In fact, consider the second term for k = 2:

ﬁusmw@uﬂ

Xx1,%7

1/1va Y (X2, Xn-1) Y (%5, XN 2)

Cauchy-Schwarz in dxy_o,
1
2

2

1 / Yy (X2, XN-1) /
— S8, [ FAT T ) dx
VN ' 2( G (x2) "
1 1 1
= ,6(2),,(2)) 2 2),,(2))?2
m(TrSlSlS oY) (Trs@af)

< Gy
by condition (1.19) with k£ = 2.

3.1. Estimate for the Potential Term. Recall
k k k) (k k k)N (k
el = (A = AW )l + (BY = B )aly,

NI

2

dX2

[N

2
SlSQ ¢N (X27 XN_Z)

dXN
GY(

/N

X3)

where v G v G
k T N,l,i T Nt k
Agv)agv)__ Z eG Gz JSV)>
1<i,j,0<k Nti TN
i,jj@ distinct
and v
E(k) — 2 Z Ty N?]? . leag\l/'{:)
1<j <k Nt

i
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Let us define

VaeoGnei Ve, GNeg )
3.4 A(k)A . Oz(k) _ _ Ym TNL Ty b o, ’
( ) N,i,j I~ N GN,E,i GN,Z,]’ N
V., GnN.
(3.5) EW ol = otmTNit g k)
7 Gje

then to prove estimate (3.2)), it suffices to prove the following estimates

173
/ UB (b, — ts) AV 108 (i) dten < OpN7,
0 L?Liﬂ
ty
k _
‘ / UB (b, — ter) BN 108 (tesr) dis < CpN~ ',
0 rF2,,
In fact, assume the above estimates for the moment, we have
k,0 _ k,0 32+ 2 A7—1+
1PP* | o = PP ez, S CrR*NT2T 4 Crk2N
— 0as N — oo,
for g € (0, 1], where we used the facts that ’H|L%°,/L2 = ||'||L;°L2 ~and there are k* summands

in ASI\?) while there are k? summands in E](\’,C). So we finish the estimate for the potential part
in the proof of Theorem [I.I] with the following two lemmas.

Lemma 3.1. We have the estimate:

tg
|00~ ) AQ 10 () dtes
0

coT2
LF Lx7x,

< CpN72F H<V:c1> (Va,;) (V) a® <tk+1)”L§OL2 ‘

U

In particular, if one assumes the energy bound , it reads

tr
/ UB (b, — ts1) AV 10N () dten < OpN72,
0

coT2
LF Lx,x,

Lemma 3.2.

ty
/ UB (b, = tr1) B0 (tea) db
0

LEL? o
< CTN_1+ H <Vg;]> <Va:e> a(k) (tk+1> HL?"LQ ,
In particular, if one assumes the energy bound , it reads
. k) ()
/o UM (t, — 1) BN ion (bern) dia < COpN~'

LEL2
Proof of Lemma |3.1. Define

_ N?H(Vw) (NPz)
U2,N(£E) = GN(x) )
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then
_ N?1(Vw) (NPz)

vo N () = v ) ~ NP1 <Nﬁa:>_2 = Og (7).

So

tr
/ U (b, — thrl)Ag\’;,)i,j,la(k) (tit1) dbpsn
0

Y ‘

coT2
LF Lx,x,

tg
/ U(k) (tk _ tk’Jrl) [627]\7(3;[ — mi)ﬁ2,N($l — .T])a(k) (tk+l):| dthrl
0

corT2
LF Lx’x,

Insert a smooth cut-off 0(t) with (t) =1 for t € [-T,T] and 6(¢t) = 0 for t € [—27, 27| into
the above,

12
< He(tk) [ 000~ ) [t 2t = 00001200 ()] i
0

cor 2
L Lx’x,

Since H-HLfoLi’x/ <C HHchi, we have

123
<C He(tk)/ UM (ty = tp) (Do (@0 — 23) 02,5 (21 — 25)0(tr1) 0™ (r41)] diga
0

(k)

Xl
2
By Lemma [5.1]
<C Hﬁz,N(Sﬁl — 2y v (17 — ;)0 (1) a®) (thrl)”X(ki
Use the first inequality of ((5.18) in Corollary |5.10}
< Cltawll; g 101 (V) (V) (Vi) @® (trit) | 20
< COr ||172,N||i§+ 1{V2,) (Vi) (Vi) o (tk+1)”L;x>Li .
where
||62,N||L%+ =CN~'™.
That is
th .
/ UB (b = tri1) AN 5,00 (tg) db
0 L%Liﬂ
< CTN_2+ H<V%> <ij> (le> a® <tk+1)||L,?°L2 /
as claimed. 0

Proof of Lemma[3.3. As in the proof of Lemma [3.1], we replace

N (Vwg) (NPz)

va N (2) = Gn ) ~ N26-1 <Nﬁx>—2 = Dy n(2)
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with 0y y(7) = N2°-1 <Nﬁx>_2. Then, we have

tg
|0~ ) B0 () s
0

oo T2
LZ Lx’x,

~

/Ok UP (ty = tig) [Pon (@) (IVa, | 0®) (tei1))] dtnsa

coT2
LZ Lx"x,

G280 () (0(tk11) [V | ™) (t41)) HX““{

_7_‘_

Use the second inequality of in Corollary ,
< Ol 100082) |9 191 0 (i)
< CrN~Y[(Va) (V) a® (tk+1)HL§oLi )
So we have finished the proof of Lemma 0

3.2. Estimate for the k-body Interaction Part. Recall

k1) (k+1) k+1
B](anany §V+ ZBNmanyvl7k+loéA(N+ )
To prove estimate (3.3)), we prove the estimate:

1
< CTckJrleng,

cor2
L% Lx,x,

(3.6)

/ U™ (tr = the1) BY pangips1 0 (trs) At
0

~+ . ~ .
where B Nmany Lk+1 18 half of By many,ik+1. Assume estimate 1} then

1K TP e o = || KT

< 2kCyCH N2 5 0 as N — oo.
T “x,x!

The rest of this section is the proof of estimate (3.6). We first give the following lemma.

Lemma 3.3. One can decompose Bﬁman%l,kﬂag\?ﬂ) (tkt1), defined in (2.11), as the sum of
at most 8% terms of the form

+ (k+1)
BN ;many,l,k+1, N (tk+1)
N —k

= N Vv (2 — 21 ) NP g (NP (2, — $k+1))14a06§\];+1) (Xks T 15 Xy Tho1) ATje1.
R3

Here, x, is some x; or x; but not x; and A, is a product of [Nﬁflwg(Nﬁ(xj — xk+1))i|,
[Nﬁ_lwo(Nﬁ(x;- - xk+1))] or 1 with x; not equal to x; or x,.
Proof. Recall,

a8 Wty _ N—-k [ &
BY many 1 k419N = N V(21 — Trs1) L et

R3
(k+1) .
(5N (Xkaxk+laxk7'xk+l)dxk+l
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Notice that,

Lyiwi+1 = Gyrwnn [ CniksrGujran
1<j<k
i
-1
Grjrsr = 1= NThwg(N (25 — wp41))
Thus, taken as a binomial expansion, Ly, 41 is a sum of 2k classes where each class has

(2k) ,J =1,...,2k, terms inside, that is:

J

Lygk+1

= | Y NT'wo(N (5 — wpg)) + Y NP Mwg (NP (2 — 2441))

1<j<k 1<k
I
+...
+H([N7 g (NP (2] = x41))] H [N wo(NP (25 — w41))] [NB*IWO(NB(UF} — 241))])-
1<k
J#l

Thus Ly, r+1 can be written as a sum of at most 8% terms which individually looks like
N wo(NP(2y — 2311)) Ay

where z, is some z; or ; but not z; and A, is a product of [N two(N?(z; — x41))],
[NO~ wo(NP (2, — 2p41))] or 1 with z; not equal to x; or z,. Inserting this into (2.11)), we
have the claimed decomposition. O]

With Lemma, we have the following estimate.

Lemma 3.4. Let B]\Lf,many,l,kﬂ,a be defined as in Lemma we have

th R
/ U(k) (tk - tk+1)BZ—\;,many,l,kJrl,aa(k_'—l) (tk+1) dtk+1
0

L%OLi’x,

ke a—t4 L 2 k+1
s G VN H<vmk“> <Vx;€+1> " (t141) ‘L?’LZ .

Consequently,
tr B
/ U(k) (tk - tk+1)B]—~\},many,l,k+1a(k+1) (tk+1) dtk-‘rl

0 L%OLi"x,

k1 -t L 2 k+1
< CpC"T N2 \/_N H<vmk+1> <vx;€+1> al )(tk—l-l) 1oL

because, by Lemma

D+ (k+1) _ R+
BN,many,l,k—l-lOéN - BN,lac,l,k—l—l,U’
o
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where the sum has at most 8¢ terms inside. In particular, if one assumes the energy bound
11.10), it reads

th .
/ U(k) (tk - tk+1)B]—~\},many,l,k+1a(k+1) (tk+1) dtk-l-l
0

oo T2
LZ Lx"x,

< CTck+1N—%+’
which 1s exactly estimate @

Proof. Recall

B k
B;,many,l,kJrl,cra/( ) (tk—l—l)
N —k ~

=~ |, Vn(z, — ka)Nﬁ_lwo(Nﬂ(xa — xk+1))Ao-OZ(k+1)<Xk7xk+1;x;€,xk+1)dxk+1.
R

There is no need to write out the variables in A,. In fact, A, is a harmless factor because
NP wo(NP(x; — xgyq)) is in L uniformly in N if 8 < 1.
As in the proof of Lemmas and [3.2] we insert a smooth cut-off 6(¢),

tr _
< He(tk) / UB (tr = th1) B pmangansro (0ks1)a®™ ™ (tei1)) dip
0

tr _
/ UMtk = t41) B angipi 1,000 (Bra) digga
0

o072
L Lx7x,

Y

LEL2
and proceed to
g C HBJJ\r/,many,l,k—t—l,a (e(tk+1)a(k+1) (tk+1)) HX(k)
1
-2
_ ¢ / Ve (@r — 2een) N* o (N (25 — 21s1)
R3
ApO () (xp, Tpsr; X, Tprn ) g
)
The third inequality of (5.21]) of Lemma [5.12] gives
< )., 1N oV O o Aol
2
X H<ka+1> <Vx;+1> Q(tk+1)a(k+1)(xk7xk+l§X;cvxkﬂ)‘ oo
tx,x!

where

HVNHLH HNﬁ_le(Nﬁ('))”LBJr HAaHLoo < kNI,
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Thus
ti _
‘ / U(k) (tk - thrl)B;,many,l,k—&-l,aa(kJrl) (thrl) dthrl
0 LEL2
-1+ L 2 k+1
< CrOMIN (V) (Tag, ) 0 )(tk“)HLgoLz .
which is good enough to conclude the proof of Lemma O

4. PROOF OF THEOREM [.2]

We will use Littlewood-Paley theory to prove Theorem . Let P; u be the projection
onto frequencies < M and Pj,; the analogous projections onto frequencies ~ M, acting on
functions of z; € R? (the ith coordinate). We take M to be a dyadic frequency range 2¢ > 1.
Similarly, we define Pg v and P}Q, which act on the variable x}. Let

k
k i il
(4.1) P =T PinPiu-
i=1
As observed in earlier work [I3], 19, 21], to establish Theorem it suffices to prove the
following theoremﬂ

Theorem 4.1. Under the assumptions of Theorem there exists a C (independent of
k, M, N ) such that for each M > 1 there exists Ny (depending on M ) such that for N > Ny,
there holds

k ~ k
(4.2) IPER® By gy ™ O)lngrz, < O

/

In fact, passing to the weak limit 751\?) — ) as N — 0o, we obtain

| Pé%R(k)Bj,HW(kH) I bz, S c*

Since it holds uniformly in M, we can send M — oo and, by the monotone convergence
theorem, we obtain

||R(k)Bj7k+1’y(k+1)||L%~Li,x/ <ck

which is exactly the Klainerman-Machedon space-time bound . This completes the
proof Theorem [1.2] assuming Theorem [4.1]

The rest of this section is devoted to proving Theorem [4.1 We will first establish estimate
for a sufficiently small T" which depends on the controlling constant in condition (|1.19)
and is independent of k£, N and M, then a bootstrap argument together with condition ([1.19))
give estimate for every finite time at the price of a larger constant C'. The first step of
the proof of Theorem is to iterate p times and get to the formula

aW (1) = FPEP () + PP (1) + KIPMP(ty) + TP*? (1),

6To be precise, this formulation with frequency localization is from [2I]. The formulations in [I3} 9] do
not have the Littlewood-Paley projector inside.
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then estimate each term, that is, prove the following estimates:

k—1 1) 5 _

(43) ‘ PéM )R(k 1)BN’17kFPk,p o < Ck 1’

(44) ‘ ngj\zl)R(k—l)BN 1 kPPk’p < Ok_l,
= ” LYL2

(45) ‘ Pg}}l)R(kfl)BN 1 kK[pk,p < Ckfl’
= ” LYL2

(4.6) |PU RS D Byt P <R
- LTnyx/

for all £ > 2 and for some C' and a sufficiently small 7" determined by the controlling constant
in condition and independent of k£, N and M. Here, we iterate because it is
difficult to show unless p = In NV, a fact first observed by Chen and Pavlovic [13], who
proved for 5 € (0,1/4), and then used in the 5 € (0,2/7] work [19] by X.C and in the
B € (0,2/3) work [2I] by X.C and J.H. As proven in [19] 21], once p is set to be In IV, one
can prove estimates and for all 8 € (0,00). The obstacle in achieving higher f lies
solely in proving (4.4]) and . Hence, in the rest of this section, we prove estimates
and only and refer the readers to [19, 2] for the proof of estimates and ([4.6)).
To make formulas shorter, for ¢ > 1, we introduce the following notation:

Jz(\f7q) (tk,q)(f(k—’_q)) = <U(k) (tk — tk+1)éz(\lr€+l)) e (U(k+q_1)(tk+q—1 — tk+q)éz(\];+q)> fHrD,
where ¢, , means (tj11,...,trq). When ¢ = 0, the above product is degenerate and we let

I o) (1) = 1.
Now plug the (k + 1) version of into the last term only of to obtain
o (tr) = FPRL (1) + PPRY(ty) + KIP™ (t) + TP (1)
where the free part is

FP*(t,)

tr 5
= UM (t)ally + (—i) / U® (b, = t1) BY TS (t41)0l Y dts
0
1

- > I 0 N b

q=0 0<tpyq—1<-<tg
with

k, k
(4.7) fd = g+ (1, aled?
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the potential part is
PP*(t;,)

tr B
B _i/ UB () — t1) VYl (trn) dysn

tk+1 5
(=) / / t’“ - t’fH)BJ(\’;H)U(kH)(tkH — tk+2)Vz\(Jk+1)O‘55+I) (thio) dty o
1

1 k, k,
- > Kt )t
0<tpyq_1<-<tp

q=0

with
k) _ [ (+0) (50
(4.8) PP :/ UMD (thyg = teggr)) Vi Y (thrgr1) dtigg
0
the k-body interaction part is
KIP*(ty)

tg
= —@'/ UM (1 — ths1) BN g0 (trer) s
0

tet1 ~ ~
/ U (tk — tk+1)BJ(\’;+1)U(k+1) (thr1 — tk+2)Bz(\]/€,;?nyO‘§\l?+2) (try2) dty, 5

1
- > Tt )

q=0 0<tpyq_1<-<tg
with
k) _ [ S(ktq+D) ()
(4.9) KIP = / Ut = thrgr1) BN g O (thtg+1) dlisgi
0
and the interaction part is
1P (1))

tk+1 _
B / / t’“ o t’fH)BJ(\l/CH)U(kH)(tkH - tk+2)Bz(\’/€+2)0‘§\]/€+2) (tri2) dty o

~ () // T t12) 0 ()

Now we iterate this process (p — 1) more times to obtain
(1) = FP*P(t),) + PPHP(t,) + KIP*P(t,) + TP (1)

where the free part is

p

(4.10) PP (1) = 3 (i) / JED (1, )(FED
0 0<tpyq1<-<ty

q=
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The potential part is

p

(4.11) PP (1) = 37 (<)t / JED (1, ) (FEDdt,
p 0<tpsq1<<ty

[e=]

The k-body interaction part is

p

. k,
@ KIP) =Y ot | O T
oy 0<tqqg—1<<ty
The interaction part is
. k 1 k 1
(4.13) IPRP(ty) = (=it / TP (e ) O (Brpin) )t 1.
0<tppp<--<ty

We then apply the Klainerman-Machedon board game to the free part, potential part, k-body
interaction part, and interaction part.

Lemma 4.2 (Klainerman-Machedon board game). [47] One can express

kv
/ JED (1 (D) gy
0<tpyq1<-<ty

as a sum of at most 49 terms of the form

k»
/D JED (1 ) (FE)

or in other words,

/ JED (8 N (FED) Z / JED (b ) (Pt
0<tpqq_1<-<ig

Here D C [0, tx]?, p,, are a set of maps from {k+1,... . k+q} to{k,..., k+q—1} satisfying
o (k+1) =k and p,, (1) <1 for all 1, and

I8t o ) (FETD) = UB(t, — t41) By ket UFD (B0 — tso) B, (be2) pva
UMD (g3 = trgg) By, (v g (FET0).
4.1. Estimate for the k-body Interaction Part. To make formulas shorter, let us write
k k
R(<Jz/[k = Pé]\)/[kR(k)’

since ng&k and R™ are usually bundled together.

4.1.1. Step I. Applying Lemma to (4.12)), we get

HR ) By yKIPM

DD

q=0 m

172
LTLx,x'

k—1 k:
\R;MkLBN,l,k [ A g A,

172
LTnyx,
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where fK ) g given by (4.9) and the sum ) = has at most 47 terms inside. By Minkowski’s
integral inequality,

_ / dty
< J
[0,7]a+1

Cauchy-Schwarz in the t; integration,

1
. 2 2
[OvT]q x/

X,

k-1 k,
RiMk)lBN,Lk/DJ](V q)(§k7q>ﬂm)( KIP)dtk

172
LTLx,x/

dty,
L2
x,x/

[ RS B8 G ) S

R(<Mk) 1BN 1 kU ( k — tk+l)BN’k’k+1mHL2 dtkdtk,q-

(SIS

<T

By Lemma, [5.2}

l1—¢
1 My
< C.T E ( ]\I/C[ 1) / R<MkBNkk+1U D(thsr — thya) - ‘ , b,
My, >M, k (0,777 Lo
k=

Iterate the previous steps (¢ — 1) times,

(Mk 1 My Mk+q—2>1_a

< (C.T2)
(CT2) Z My My Mg

Myyq122Mp>=M_4

L1L2 ]

x/

Rk+q 1)
<Myt q— 1 Nty (k+q),k+q KIP

= (C.T2)" >

—&
( M
My, 1
Myyq122>2Mp>Mp_y +a-

(k+q—1) (k,q)
HR<M,€+Q 1BN,um(k+q),k+q< KIP

/

172 ]
LTLx,x

where the sum is over all My, ..., My, dyadic such that My, 1 > -+ = My > Mj_4.
Hence

| RY By KIP-

172
LTLx,x'

<yerr x IEE)

q=0 Myyq12+>2Mp>My_y

(k+q—1) (k,q)
HR<MZ+q 1BN7lu’m(k+Q)7k+q < KIqP>’

L1 12 ]

T x,x!
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We then insert a smooth cut-off 0(¢) with 0(¢t) = 1 for t € [-T,T] and 0(t) = 0 for
t € [—2T,2T]° into the above estimate to get

HR<Mk By KIP"

LypL?
p 1—¢
1 Mk—l
Serr S [(fe)
q=0 My q—122Mp>My_1 Fta-1
k+q-1) 7 7 (k,
X “R;MZ+qEIBN,um(k+q),k+q (‘9(tk+q) 1(<16113)> 112 }
T x,x!
with
B tk+q ~
(4.14) Kin = / U D (g — tk+q+1)9(tk+q+1)Bg\lfﬁ,;intz)ag\];+q+l) (Petqr1) dliiqrt,
0

where the sum is over all My, ..., M}, dyadic such that My ;1 = -+ 2> M, > M.
4.1.2. Step II. With Lemma [5.3] the X}, space version of Lemma [5.2] we turn Step I into
| RE BrasKIPM

L%“Li,x’
p . M 1—¢
< ) (Cr) > [ (MH)
q=0 My g2My g 122Mp2My_1 kta
H]:i<k]\t[z)+ <9(tk+q) I(fl’?z) x(k+a) ]
3+
Use Lemma [5.1] gives us
p l1—¢
< Y (i > [ (%’H)
4=0 MMt g1 My >Mj_ kte

(k H(k 1 k+q+1
HR<J\—ZZ (0(tk+q+l>B](V,:5;y)a§V ) (tk+q+1)> HX('”") ]

Carry out the sum in My < -+ < Myy,—1 with the help of Lemma

p 1 M\ [ (logy 152 + )¢
1 1 k—1 M1
< § (C.T2)" Z [ (Mk—i—q) ;

q
q=0 My yq>Mg_1

(k+q) 5 (ktq+1)  (k+g+1
HR<MZ+ <e(tk+Q+1)B](V,m(izny)a§V ! )(tk+q+1))HX(kl+q):|'

2

Take a T9/* from the front to apply Lemma

< <06T%>Z{<0€Ti>q > [(%’fi)

q=0 Mpyqq=Myp—1 k+q

(k+q) H(k+q+1 k+q+1
”R<MZ+ <9<tk+q+1)B](V,mqany)a§V s (thqurl)) HX(qu) :| }

2
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where the sum is over dyadic My, such that My, > Mj_;.

Lemma 4.3 (|21, Lemma 3.1]).

_ (log, M’“” +j)

2 ! ’

- |
My 1 <M< <Mpy; 1<Mpgy; J

where the sum is in My, < --- < M1 over dyads, such that My < My, <--- < M1 <
M ;.

Lemma 4.4 (|21, Lemma 3.2]). For each a > 0 (possibly large) and each ¢ > 0 (arbitrarily
small), there exists t > 0 (independent of M ) sufficiently small such that

t/(alog M + j)7

Vi>1, VM, we have S
4!

< M°

4.1.3. Step III. Recall the ending result of Step II,

HR ) By i KIP*

172
LTLx,x/

< <0€T5>Z{<C€Ti>q > [(%ﬁ—;)

My q=>Mjy_1 ktq

(k-+q) ktq+1) (k+g+1
HR<MZ+ <9<tk+lI+1)BJ(V mqany)aﬁ\f "y (tk"‘q"‘l)) HX(kJrq) ] }
“i+
Use Corollary [4.5]

< <06T%>Z{<03Ti>q > [(%—)

q=0 My g=2Myp_1

x CHHH N =2+ min(N?, My.,) H9 trqi1) S S Y L2 I2r? ] }’
/ thtq+1

because there are (k + ¢) terms inside B ]\]f ;ﬂ? Rearranging terms

p
< Ck(CeTﬂZ{( fHﬁqu ST

q=0

L3, . L3I,

X Tx!

MIZENTTT )T min(M N M,fiq)}

My q=2My_1
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We carry out the sum in M, by dividing into M, < N (for which min (M, j;%N POME,) =

M?€) and Mjyq > NP (for which min(M,_} 1“ENﬁ ,ME,) = Mqu“sNﬁ). This yields

(415) > min(M7*N° M) < > (.)+ > ()

My yq=2My_1 NP>Myqq=Mj_y Mjyq=My_1, My q=NP
1+2e A78
S Mg+ YL METEN
NB2Myqq=>Mp_q My q=NP
2e
< N

Remark 2. The above is exactly what we meant by writing "gains one derivative via
Littlewood-Paley" in {1.1.

So we have reached

| RO By sl TPH

2 2
LE . L2,

p
< Ck:(CET%) Z {( \/_ He tk+q+1 Sls (k+q+1) ]l\;+q+1)

q=0
M;_IZEN%”E}.

Via Condition (1.19)) (the energy estimate), it becomes

p

< C«k(C«ET%) (C )qc«q-&-lM]i 128N—*+2£

L)
=)

We can then choose a T independent of M;_q, k, p and N such that the infinite series
converges. We then have

HR(k 1) BN,l,kK[Pk’p < C«k—lM]}::IZEN—%-l-Qa

172
LTLx,x/

for some C' larger than Cy. Therefore, on the one hand, there is a C' independent of M;_1, k,
p, and N s.t. given a Mj,_4, there is No(My_1) which makes

< CF L for all N > NN,

172
LTnyx,

HR ) BraxKIP 4’)

on the other hand,

—0as N — o
Lir2
T x,x/

| R B 1Pt

which matches Theorem as well. Whence we have finished the proof of estimate (4.5)).
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Corollary 4.5.

R (k+q) p(k+q+1) (k+q+1)
<Mk:+q N,many N X(k+‘Z)
1
+

2
(4.16) My N72F
NB-3+

e CIDECTE N ){

Proof. Recall (2.10), which gives the expansion

k+q
~ (ke ~
(417) B}V,jnqa)ny = § BN,many,Z,k—i—q-l—l
=1

where B N,many £ k+q+1 15 defined by (2.11]) and itself decomposed in Lemma into a sum of
at most 8¢ terms of the form

N —Fk
k _
(4.18) BV = N V(21 = Thrgr)) NP o (N (25 — Zpggi1)
R3
Aaaﬁ’ﬁ‘”” (Xk+q7 Thtq+1; X;Hq; $k+q+1) d$k+q+1-
Here, 2, € {1, .., Thiqe1, ¥, Tpygyr )\ e} and
!
Il %%
1<j<k+q
b jto

where Z; is either 1 or Nﬂ_lwo(]\fﬁ(:ﬁj—xkﬂ“)) and likewise Z; is either 1 or Nﬂ_lwo(N'B(m’ —
Tkiq+1)). Since there are (k + ¢) terms in and < 8k+q terms of the type By (hta)

, we multiply by a factor C*+4. For each 1nd1v1dual term B(k+q , the derivatives V. for
1<j<k+gq,j#/, j+# o can either land on Z;Z} or agl\;+q+ ), giving 28t9~! terms. Each
possibility is accommodated by a suitable variant of Proposition [5.13] Of course, we actually
need to modify so that it has a (k + ¢ + 1)-component density (as opposed to 4) and
multiple factors of the type fy (1 — z4) in (5.25), but these modifications are straightforward
and amount to bookkeeping. The remaining coordinates act as “passive variables” and are
placed in L? on the inside of the estimates, and otherwise do not play any role. U

4.2. Estimate for the Potential Part. Repeating Steps I and II in the treatment of the
k-body interaction part, we have

HR<Mk By xPP vp‘

LlTLi’x,
) p L M]iilzs
< (CETE) Z (CaTZ)q Z |: Ml 2e
q=0 Mk+q>Mk—1 k+q

(k ktq) (k
HR<J\ZZ+ (e(tk+q+1)v( ot (tk+q+1)> HX(k+q) ] }
14
Recall
k k kY (k k kY (k
Vil = (AN — AR )ay) + (BN — EY)ay.
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From here on out, we will call (A%“) — Ag\’f),)asé) the three-body potential term and (E](\]f) -
E](\If)/)ozg\]f) the two-body error term.

By Step III in the estimate of the k-body interaction term, it suffices to prove the following
two corollaries.

Corollary 4.6. Recall

A(k{'q.) (k+q) _ VWGN@% VMGNM (k+q)
Noi-git Gnyei Gny,j

as defined in (3.4)). Then

38—2
(k+q) k+q) (k+q) k+q)
IRy, ANid, alyy ||X(k;> SUISE D22 {M;§+qN2+

Corollary 4.7. Recall

E(k“l’Q) (k+q) — VxZGszze . Vx a(k+q)
N.jl GN,j, ’ ‘

as defined in , we have

k+q (k)
HR<Mk+q (EN]la( ) (tk+1)> HX(kiHI)

(4.19) 1 M;HqNg*%
S (NHIS8® 0l e+ 1SWallge )3T
*k+q%k+q *Xktq*ktq 2 1

where, for convenience, we have assumed that [ > %

Then one merely needs to estimate the following two sums:

N2+ Z min (M N3 M2
My q=My_1
and
NN min (MENS ME,)

k+q
Mk+q>Mk 1
In fact, separate the above sums at My, > NP and My, < NP, then use the same method

as in estimate (| , we get to
N—2+ Z min (M 1+25N3ﬁ M2+26) < N—2+N25+2€

k+q
My q>Mp_1

NN min (MENS ME,) S NRTATNE

My q=>Mj_1

which is enough to conclude the estimates of the potential part for 5 € (0, 1).

Remark 3. We remark that the estimate for the three-body interaction term is the only place
in this paper which requires < 1.
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Proof of Corollary[4.6. Since V,, and V, ,, move directly onto o N ,for p e {1,... )k +

q\{i,7,¢}, it suffices to use the obvious extensmn of Proposition where {1,2 ,3} is

replaced by {/,i,j}, a® is replaced by a¥*9 and X (j? is replaced by X (Hq) Note that
2

Aije = N7 2Un (2 — 23)Un (e — 2;7)

where
(Vwo)(z)
U(iﬂ) = 1 — Nﬁflwo(l‘)
Note that
) — V2w0 8-1 1 2
YU = gy Y ()
and
U()| S{)72,  [VU@)| S0, [VU(@)| S (@)™

uniformly in N. Hence U, VU, and V2U all belong to L? for p > % (uniformly in N). O
Proof of Corollary[{.7. Note that

Gnje
where Vao(a)
. Wo\T
Ulz) = 1 — NB=lwy(z)

We then appeal to the straightforward generalization of Proposition to (k + q)-level
density, noting that |U(z)| < (z)72, |VU(2)| < ()73, and |V?U(z)| < ( )~4, uniformly in
N, so Cy < oo and independent of V. O

5. COLLAPSING AND STRICHARTZ ESTIMATES

Define the nornd

2
™ o0 = ([ (7 + &) — 1€:)*
b

We will use the case b = %—l— of the following lemma.

A %) (7—7 €k7 62)

9 1/2
dr dg, dEL)

Lemma 5.1 (|21, Lemma 4.1]). Let 3 <b <1 and 0(t) be a smooth cutoff. Then

(5.0 o [0 -5 05| <189

k)
X

Lemma 5.2 (|21, Lemma 4.4]). For each € > 0, there is a C. independent of My, j, k, and

N such that
> () e
> M, Mp 1 <Mk+1

k+1=

| RS, Brjan UV (@0 f 5D a2, < C

where the sum on the right is in My, over dyads such that My, > Mj.

To be precise, this X} should be written as Xy ; in the usual notation for the X, spaces. Since we are
not using the s in X3, we write it as Xj.
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Lemma 5.3 (|21, Lemma 4.5]). For each € > 0, there is a C. independent of My, j, k, and
N such that

1—¢
*) 7 k1 M, (k+1) (k+1
”RngBN,jJH-lO‘( )||L3Lix/<0€ E: M RSMkJrla( )
My 12My ktl

Xy
where the sum on the right is in My.1, over dyads such that My, > M.

The 3D endpoint Strichartz estimate directly yields the following multiparticle estimate:

(k) < |1
R
where ¢ stands for the remaining spatial coordinates (za, ..., zx, 2], ..., x}). However, when
B® = V(z1 — m2)y®) this estimate does not allow us to put V in L3 since the L2, norm

comes before the LE:F norm. In order to effectively put the LiQ norm after the Lg%;r norm,
we need to translate coordinates before applying the Strichartz estimate. This maneuver
was introduced in our earlier paper [20, Lemma 4.6]. We restate the relevant estimate in the
following lemma.

Since we will need to deal with Fourier transforms in only selected coordinates, we introduce
the following notation: F( denotes the Fourier transform in ¢, F; denotes the Fourier transform
in z;, and Fj denotes Fourier transform in z;. Fourier transforms in multiple coordinates
will be denoted as combined subscripts — for example, Fyr = FoF1» denotes the Fourier
transform in ¢ and .

Lemma 5.4 (3D endpoint Strichartz in transformed coordinates). Let
T f(z1,22) = f(z1 + 22, 22)

T f (w1, 22) = f(21, 72 + 71)
Then

(k)
(AT 2, ), Lo

(5.2) ||6(k)||X(k) S 2 B
_%—0— H( ITQB )(t7€17x2)||L%L§1L§2+L3

where in each case ¢ stands for “complementary coordinates”, specifically coordinates (xs, ..., xp, T}, ...

Lemma 5.5 (Holder and Sobolev). If
(5.3) B (L, 2y, 20) = V(g — 2y P (t, 21, 22)
then
VI, s (V) 29 222
(5.4) I(FT8O) (21, &)l S 9 IV Ve lzrz

L§L§2L§1+ 2"~
VIl 7™l a2

!
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3
VI 10V 3@ a2
(5.5) |(FTBO) (1.6, 20)| < IV Ve @2z,

6
2712 5t ~
L3 L§1 LI2 Lg

U

IVl 7™l a2

/

Proof. Consider . By ,
(T8 (@1, 5) = V(@) (Tiy ™) (a0, 2)
and hence, applying F5, we obtain
(B0 (a1, 6) = V(@) (FTiy W) (a1, )
Applying Holder,
(BT M) (21, &)
By Sobolev,
(T8t 21,6)

< IV g IFETY )t 21, €)1

6
e+
L3, L2

3
< VI g Var) 2 (R ™) (21, €)1z, 12

(Tﬂ(k))(ta 1,§5) ||L§1Lg

6

e+
L5
3
2

= ||V||Lg+||72<vm1>

Applying the L7 norm and Plancherel in x,,

3
ALY L&), e, = IV ge V) @A)t 2, 22) 12
go 7T e

Reviewing the definition of 77, we see that

3

— VI g Ve 39O (820, 22) 12
The other cases are similar. O

Using frequency localization, we can share derivatives between two coordinates, as in the
following corollary.

Corollary 5.6. If v*) is symmetric and
B8 (t, 21, 39) = V(w1 — 22)7 W (t, 21, 29)

then
VI g (Va3 (V) 57 P 212
(5.6) 18900 S 4 VI3 M)z, with i = 1,2
R NPl

Proof. We need only to prove the first inequality of (5.6)). The other two are directly from
Lemma and the fact that v*) is symmetric i.e. |[(V4)7®|| = [[(Va,)7™|.
Split %) according to the relative magnitude of the &, and &, frequencies:

k k g
7® = Pe<ie,n™ + Peyi<ie, v™
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and define
B, V(@1 — 22) Py <ie, 1™
55’21 < V(1 — x2) Pe,j<je, 7"
so that
5(k) = 5@2 + 5&21
For the 65’22 piece, use the first estimate in together with the first estimate of to

obtain

k 3
18l S VIl g s IV Pessien e,
-2

3 3
SV g 10V2) (V) Pl cieg 7P 22
3 3

SIVI g V) (V) 19O 122

where, in the middle line, we used the frequency restriction to |£;| < [&,].
For the 5%’21 piece, use the second estimate in (5.2)) together with the first estimate of
(5.5)), and proceed in an analogous fashion to obtain

k 3 3
18521 xS IV (V) (Vi) 1Pz,
-2

U

O

Using Corollary [5.6] we can prove the following proposition which will be for the first order
term in the PP estimate.

Proposition 5.7. For any U(x), let Uy(z) = N3U(NPz). Then

IRE), (Un(ar = 22)V.,0®) | oo

(5.7) ) MQ(N%%JF —|—Nﬁ+%+)
S Co(NH155%allzre |, +15@alize ) S 1
X2X9 X2Xgy (N7+Z+ + N25+§+>
where
CU = ||V2UHL%+ + |’vUHL%+mL%+ + ‘|UHL%+QL3+

Proof. We begin by proving the first estimate of (5.7)). Let
g® = RY), (UN(:c1 - :@)vma(?)) - P®, V,.V., (UN(:E1 - xz)vma@)) —A+B
where A and B are produced by distributing V,, into the product:
A=NPR, VY, ((VU)N(:(;1 - g;Q)vma@))
B = Pg]\)@vm (UN(xl — xg)Vmeoz(Q))

Using PS\)/IZVJU2 < M, we have
1AL, S MoNP|[(VU) (21— 9L“2)Voc204(2)||x7%+
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By the first estimate of (5.2]) combined with the first estimate of (5.4]), we obtain
3

< MNP (VO g0 V) (V)02

2

38

38,1 _1
= MNF VU g (NH(V)

3
2

(Va)a@llpzez )
%)
Using ngbvm < Ms, we have
IBllx_,, S Mol|Un (21 — xz)vxlvxza(z)!\X,%+
By the second estimate of , we obtain
< MUl 3 72 212

5
1 _1 3
= MyNPE U] g (N Va2 Vaa @Iz )
X x2

Now we turn to the second estimate of (5.7)). In this case, we distribute both V., and V,,
into the product to obtain 4 terms

6(2) - R(SQJ)\/& (UN(Jfl - I2)V$2a(2)> - Pgl\)/lzvmvm (UN(‘Tl - :EQ)VMCY(Q))
—C+D+E+F

where

C=-N¥PE) (V2U)x(21 — 22)V,pa®
D= NBPS\)JQ(VU)N(% — 29) V4, Vapa?
E=-N°PE) (VU)x(z1 — 29)V2,a?
F= P23 Uy(x: — 22)V,, V2, 0?
By the first estimate in (5.2)) followed by the first estimate in (5.4]),
IClx_,, S N*I(V2U)n (21 = 22)Vipa®|x_,
2 2
3
S NP0l g (T E V0@ s,
= NE 90 g, (NH2) V000 iz, )
By the second estimate of (5.6])
IDlx_,, S NIVUIN 3 1(Var) Vi 0| 1212
2 X9 X!

2%
1 _1
S NPV g, (N0 Va0 ez )
By the second estimate of ([5.6)). The treatment of E is nearly identical. By the third estimate

of (5)

IFllx,, < IIUN||L3+||<Vx1>2Vx20é(2)lngL§2

3

S N s (NH(V0,) Va0 @22 )
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We now provide 6D analogues to the above coordinate translated 3D Strichartz estimate
in Lemma [5.4] and the associated Holder and Sobolev estimates in Lemma These 6D
estimates are essential to optimally distribute the derivatives in three-body estimates.

Lemma 5.8 (6D endpoint Strichartz in transformed coordinates). [f| Let
Tiaf (w1, 29, 23) = f(21 + 3, 29 + T3, 73

)

Tos f (w1, 22, 73) = f(21, 22 + 21, 03 + 71)
Tiaf(x1, 29, 23) = f(21 + T, Ta, T3 + X2)

Then

([[(FsTi2B8™) (¢, 21,25, &)

or2 79t
LPL2, L2y L2

3
N 1212 12" 12

(5.8) 18Dy < N(FT1sB)(E 1,65, 23)|
_%4’_ t gy T3 e
||(7:1T235(k))(t751; $27$3)H

or2 79t 1o
| L2L2 L2y, L2

where in each case c stands for “complementary coordinates”, specifically coordinates (x4, ..., xg, T, ..., x}).

Proof. We will only prove the first estimate in (5.8). The other two estimates follow in
analogy or can be deduced from the first estimate by permuting coordinates (this does not
require symmetry of (3 (k)).

(5.9) (FrasTiaB®)(t,€1,65,65) = (FrasBY)(t, 61,60, 65 — & — &)
Also
(5.10) G A (Fig T ) (1,6, 6, 6s)

= flz[(f3T125(k))(tax1 — 2t&5, 19 — 2t&3,63)1(61,62)
Now

(ForzsBW) (1 — [€5° + 26, - €5+ 265 - £5,61, 60,65 — & — &)
= (For2sTuaB®) (7 — [€3]* + 26, - &5+ 265 - €3, 61, €2, E) by
=Fo [eit‘53‘26_2”51’536_%52"53 (7123T125(k))(757 £1,89,63)](7)
= Folel Fra[(FsTiap®)(t, 01 — 265, w2 — 25, 63)(€1,6)](7) by
= Forzle®* (F3T12B®) (¢, 01 — 2t€5, w3 — 2t€5, €3)](7, 61, &)
Let
(5.11) oe,(t, 1, 75) = M6l (FyTyy B0 (1, 1y — 205, w0 — 215, 5)

8Tt was first observed by X.C. [I7] in the Hartree setting that the 6D retarded endpoint Strichartz estimate
helps to deal with three-body interactions and shows that three-body interactions are "better" than two-body
interactions. However, the problem we are discussing here provides a much deeper and much more substantial
explanation to this phenomenon.
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where & is regarded as a fixed parameter. Then we have shown that

(5.12) (-7'—012053)(7'7517 §y) = (-7:01235(k))(7 - ‘53’2 +2861 &3+ 285 63,61,60,83 — &1 — &)

Now consider

Hﬁ(k)HX_%Jr = |l(r + €117 + &7 + &%) 2" (ForzsB) (7, €41, 62, &) 2

7818283

Change variable &5 +— &3 — & — &, and then 7 +— 7 — |5 +2&, - &5 + 2€, - &5 and substitute

(5.12) to obtain
_1
18%x_y, = 147 +20€1 + 206 + 26 - €)™ (For0e, ) (761, €0) 22, 22

3718182

By the dual 6D endpoint Strichartz estimate [43]

169x_,, S llog,|

3
5+

L2 L2L2 .,

3

Returning to the definition of o¢, given above in (5.11)), and changing variable z; — x; 4 2t¢3,
Tg — To + 2t€5, we obtain

3
3+
r1T2

(k) < (k)
5 HX_%+NH-7'—3T12ﬁ ||L§3L%L

Lemma 5.9 (Holder and Sobolev). If 3% has any one of the following three forms
V(zy — 22)W (21 — x3)

(5.13) BW(t, 21, 29, 3) = Y F(t, 21, 20, 15) X V(w1 — 22)W (29 — 3)
V(zy — x23)W (29 — x3)

then all three of the following estimates hold

(5.14)
(VI 3 MWL 3 V2 2 (V) 39 P 2
IV Iz IW 2 Ve, Vo y® 22
||(f3T12ﬁ(k))<t,371,I2;§3)||L%L§3L§1;2Lg S VI W o4 (V2™ N 22
IVl W 2 1 Vv P 222
IV Iz W los 1222
(5.15)

Vg W, 3 (V) B (V) 3D 2
IV e W2 1V Vg ¥ 12
30 S IV W s [V ™® e,

[ TP L P LT
IV lzos W o 11 2

/

(T8 ) s, )l

!

/

!
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(5.16)
VI g WL 3 I1(Va3) 2 (V) 573 o2
V|2 W] 24 Vi Vs Pl 212
1 S VI W 2 929 iz,

[V |2+ [[W ]| o+ ||Vx37(k) ||L$L§x
VLo [V zos Iy 22

U

U

(k)
|[(F1T23B™)(t, &y, 2, $3)||L%L21L1213 )

/

\ !

Proof. All of the estimates have a similar proof. As an illustrative example, consider the first

estimate of (5.14). By (5.13)),
V(xy — xo) W (1)
<T12/8(k))(t; X1, T2, $3) - (T127(k))(t7 X1, T2, x3) X V(xl - l’g)W(fL‘Q)

V(z1)W (z2)

Hence

V(fL‘l — IQ)W(I‘l)
(FaTiaB™)(t, 21, 29, &5) = (FsTiay ™) (¢, 1, 2, &5) x { V(21 — w9) W (22)

V()W (2)

By Holder,

II(fsleﬂ(k))(t,xl,wz,€3)HLg+ g ”VHL%+||W||L%+H(F3Tl27(k))(tax17$2>€3)”L§°1;2L3
zjwg e
By Sobolev,
[(FsT128") (¢, 21, s, 53)||L§14;2L2
3 3
<AV s WL 52 (V)2 (V) 2 (FsTaay ™) (8, 1, w2, €5) 112, 12

3 3
= VI g W34 1F5(Va1) 2 (Vi) 2 (Tin ™) (8, 21, 22, 65) 122, 22

2 1T e

Apply ng and use Plancherel,

[(FsTr2B8) (¢, w1, 29, &5) | : AT
3 c

3 3
= VI3 W 3 14V 0 2 (Vi) 2 (T2 )t 21, 02, 3) 12,

3

3 3
= VI g W34 (Va2 (Vi) 29 (8, 21, 2, 3) | 2

U

The other estimates in (5.14)) follow by using Holder differently. O

By splitting up v according to the relative magnitude of frequencies, we can share
derivatives among three coordinates, as in the following corollary.
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Corollary 5.10. If % is symmetric and 3% has any one of the following three forms
V(zy — x2)W (21 — x3)
(5.17) BW(t, 21, 29, 3) = Y F(t, 21, 20, 15) X V(w1 — 22)W (29 — 3)
V(zy — x3)W(xy — x3)
then
VI g IWIL 3 (Ve (Vo) (V)
VIl 2 W2+ (V) (V)Y Pl 22, withid, j = 1,2,8 but i # j
VIl W Lo [(Va)y W N 222, with i =1,2,3
LIV Lo [W o [

(5.18) [IBW ||y <
“1

272
ez,

Proof. As in the proof of Corollary , it suffices to prove the first inequality of ([5.18]) since
the other two follows directly from Lemma and the fact that +*) is symmetric.
Split v according to whether max([§q], [§al, [€5]) = [€5], max(|€,], |€,], [€5]) = [E,l, or

maX(’€1’7 ’62’7 |§3’> = ‘€1|

k k k k
YW = Pei<ies 7" + Peyj<iea 7™ + Peyi<ie, v
1€21<I€3] 1€31<I€2] 1€3]<1€4]
and define
( V(ZEl — ZL’Q)W(Il — Ig)
def
glfz)gza = PI?EEBI’YU{) X V(Il - $2)W($2 - 963)
2=08 L V(.Tl — Ig)W(IQ — .733)
( V(£C1 — .%'2)W<SIZ'1 — .173)
def
5'29 = 13I§1I<£2I7(k) x ¢ V(wy — 22)W (w9 — 23)
<
Sal<léz L V(.CEl — l’g)W(ﬂ?Q — 1’3)
( V(Il — J?Q)W(l’l — IL‘3)
def
gf??g = P|§2|§§1I7(k) X V(xl - $2)W($2 - $3)
Ssl<les L V(ZEl — JZg)W(IQ — IL‘3)
so that

k k k
B = 5%,2)33 + 55,329 + 5%,3)31
For the /35’233 piece, we use the first estimate of (5.8) combined with the first estimate of
(5.14)

k 3 3
18%5<sll oy S IV gl 32 (V21 2 (V) 2 P pie, 1 22,
+

-3 1€21<[€5]
B h f . . l d . . . d l d . . .
y the Irequency restriction, we can move 5 derivative in x; to x3 and 5 derivative in xz to
3 to obtain:

k
185l SNV gl g (Vo) (V) (V)7 ™ 2222
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The term (3 g’fgg is handled analogously, using the second estimate of (5.8)) together with the
first estimate of ([5.15)). The term 5&%1 is handled using the third estimate of (5.8]) together
with the first estimate of ([5.16)). O

Proposition 5.11. For any U(x), let Ux(z) = N3PU(NPzx). Then
56+
(3) 3 3
(5.19) RSN, (Un (21 — 22)Un (21 — 23) al ))"X(3i+ < Opllal )HL§L§SX3 { .

where

Oy = VU3 10U, + VUL 5, + U1,

L3+
Proof. To prove the top estimate of ((5.19)), we use do not use the frequency restriction and
distribute all derivatives V;,V;,V;, V. Vi Voo into the expression. The v;lv% V., move
directly onto o®. The expansion of
(5.20) 2N v v (UN(;rl — 23)Un(21 — 23)(Vo vxévxgaﬁ))
has 3 x 2 x 2 = 12 terms total. Each is estimated using different estimates in (5.18). We will
not write out each term, but take some representative examples. Let us consider the case
(Vi Vo Un(@1 = 22)][Viry Un(1 = 23))(Viy Vi, Vi 0y)
= —N*(V2U)y(21 — 22)(VU ) (21 — 253)0)
Apply the first estimate of (5.18) to obtain
3
I[Ve1 Vs Un (@1 = 22)][Viay Un (21 = 7)) (Vay Vi Vi a¥)x

§+
SNVl g (VU)W g 15D a2 e

3%4

SNV g VU 15D a® |z
X3

? x3
Another term resulting from the expansion of is
Un (21 — 22) Un (@1 — 23)(Vay Vi, Vi Var Vi Vo )
In this case, we apply the fourth estimate of to obtain
|UN (@1 = 29) Un (1 = 23)(V, Voo Vi Vi Vay Vo))l x

§+
< MU 5P 0 2z
3X3

< N0 [1S®a |z

’
3

To prove the bottom estimate of ((5.19)), we use the frequency restriction RS&S < M33Vx/1 Vi, Vi,
and all of the V, V,; V., derivatives move directly onto a®). One then estimates using the
first estimate of ([5.18]) to obtain

3 3
IR (Un (= w2)Un(ar = 5) )y < MEIUNIIE (5@ sz

/
3

*3

3
S MNP 1S90 2z
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For the KIP estimates, we provide the following lemma and Proposition [5.13

Lemma 5.12.

/ V(zy — x4)W (x5 — 24) f(21 — 24)aD (21, 79, T3, 245 2, 2h, 2, 14) diy

T4

x®)
S1s

(VI W g [ 2o (Va3 ) (Vi) (V) (Vi) + <ng>)a(4)||LgL§x,
IV W g A 128 Ve Ve )V ) (Vi) (V) + (Va2
IV L W zo+ L fll 2o KV 2a ) (V) (Vi) + <ng>)0z(4)||LgL§x

IV s 1 s 12 1V ) (Vi) (V) (Vi) + (Vg D) [ 212

Proof. Change variables x4 — x4 + 5 to get

(5.21)

U

A

/

!

3
6( )(ta T1, T2, T3; xlla :C127 xIS)

def
= / V(zy — 2)W(x3 — 24) f (24 — I1)Oé(4) (21, T2, T3, T4; I/p x,27 13/37 T4) day
T4

= / V(—2)W(x3 — 29 — 24) f (4 + 29 — xl)a(4)(x1, To, T3, Tg + To; T, Th, T3, Ty + Tg) dy
T4

Let us, for notational convenience, write

~ def (4 R l !
(5.22) 5= al )(xl,xg, T3+ To, T + To; X, Ty, Ty, Ty + Ta)

2 déf f(x4 + Ty — .731)5’

(5.23)
= f(xg + 29 — xl)a(4)(a:1,x2, T3+ To, Ty + T2y T, T, Ty, Ty + )

Recalling that T3g(x2, 23) = g(22, 23 + 72) (as in the proof of Lemma [5.4)), we have

(T35(3))<t7 L1, T2, X3; x’p Ij27 xé) = / V(—$4)W($3 - 1’4)0 dxy

T4

By (5.2)),
Hﬂ(g)HX@; S 1R

3 7278t
Lz LyLp, L
7§+ o Tt T3 zlzllzézé

Moving the ng norm to the inside (by Minkowski’s integral inequality) and applying Plancherel
to convert LZ to L3,

BN w < ITeB? s
| ||X_a%+NH 3 HL?LQ?;L;WW%

By Minkowski’s integral inequality,

< [ WEnW -l , g, dn
T4 £9e3 oy aga alal

|, ¢4 dza
x 1295&90’250’3 L?Lgs

= [ WanllWias - m) lolsz,
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At this point, recalling ((5.22)), (5.23)), we either estimate the inside term as

(5.24) lollzz, < Iflle=liollez,

which leads to the first and third estimates of (5.21]) or we estimate using Holder and Sobolev
lollzz, < Ifllzsllolice, S N sl Varaliez,

which leads to the second and fourth estimates of . Since the remaining steps are
similar in either case, we will content ourselves to use and prove the first and third
estimates of ((5.21] - ) below.

We next apply Holder in x3. For the ﬁrst estimate of ((5.21] -, we use 2 =2 —|— =, and for the
thlrd estlmate of (5.21] - we use 2=z + . Let us proceed with the proof of the ﬁrst estimate

in (521

SV gl / V(~allolizeg e, dos

t—z3 1723 THTY

S IVl 0 [ Wl s, d

By Sobolev in x3,

S IW +HfHLoo/ W=zl (Vaa) Gllizez |, 12, doa

zgzyrpry 3

Now apply Holder in x4 to obtain
SIW g VI [ f e (Ve Ol o2

tx x3x2x3
S W5 Vs 190V lis e
Apply Sobolev in z4 to obtain
3_
SAIWI 3 IV e [l 1V a20) 27 (Vi) Gl 22 2

t:cga:g,z’zg T4
Changing variable x3 — x3 — x5 and x4 — x4 — 22,
3_
= W g VI 1l [{Vaa) 2™ (Vag) ol (w1, 0, 23, 245 27, 0, 25, 24) | 12 o L4

By standard trace estimates, we complete the proof of the first estimate in (5.21]). O

Proposition 5.13.

HR@% / V(w2 — 24)wn (13 — 24) [N (71 — 934)04(4) dry (3)
I4 X 1+

(5.25) 2

1115, 9@ @ Mol 5t
< s (55 ) 4

where Vy(x) = N3V (NPz), wy(z) = NP wg(NPz), fy(rr — 24) = wo(NP(zy — 24)) or
fn(zy —x4) =1, and

Cvwy = (V2 + IVV s + [[wol[ s+ + Vol 3. ) (1 + [lwoll o + [|Vwols)
(which is finite and independent of N ).
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Proof. Letf]
(5.26)

def
5(3) (21, T2, T35 2, T, %) = jo)\jg) / Vn(ze — 24)wn (13 — 24) [y (21 — $4)04(4) dxy
T4

= pg;%vmvm Vn(ze — zg)wn(z3 — 24) Vi [fn (21 — 334)Vx/1vxf2vxga(4)] dry

T4
If V., lands on fx(z; — z4), then we ultimately use the second or fourth estimate in (5.21).
If, on the other hand, V,, lands on a¥), then we ultimately use either the first or third
estimate in (5.21]). Since the two cases are similar, we will just proceed assuming that V,,

lands on a®. Then ([5.25) is the two estimates:
MyN~z+

_1
6:27) 1890x_,, S v (V3185 W] 1 ,){
2 X4%Xq Nﬂ 2+

We begin by proving the first estimate in (5.27)). Distributing the V,, derivative into the
integral, we obtain two terms:
B =A+B
where

A= NBPS\Z?,VM Vn(we — 24)(Vaw)n (23 — 24) [ (21 — 24) Vo ngvxgvmgaw dxy

T4

B = Pg’]\)/[svxz VN(I’Q — ZL’4)U)N(I'3 — ZL‘4)fN({L'1 — m4)Vw1Vx3Vx/1Vz/2Vxéa(4) dl’4

T4

Now use that PS\)43V$2 < M3 to obtain

JAlx_,, < MN?
2

/ Vn(ze — 24)(Veaw)n (23 — 24) fn (21 — 24) Vi, Vi Vxévxga@‘) dxy

T4

x®)

By the first estimate in (5.21)),
- , S@
IAlx_y, S MaNT V[ [ Vol g flewo e (54+54)<V >C¥(4) o
T2 LiL /
x3
Again, using that Pé@gvm < M3, we obtain
Bl . < M, / Vie(as = (s = 20)f (1 = 70V Vs Vo Vg Vagal oy
T4 X

By the third estimate in (5.21]),

B . S@
IBllx_,, S MsN "IV | i lwo o+ [Jwol |z || (S* + %) 7o~

(Vi)

Combining the above estimates for terms A and B, we obtain the first estimate of (5.27)).

272
L1

9We write the operator R(*) using true derivatives V rather than |V|. Once the X_%+ norm is applied,
one can be converted to the other.
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For the second estimate in (5.27)), starting from ((5.26]), we distribute both V,, and V,,
into the integral. The result is four terms

fP =C+D+E+F
where

C= N25P<M3 / (VV)w (22 — 24) (V) (23 — 24) fv (21 — 24) Vi, Vit Vi Vg ol dy

T4

D= Nﬁpé%\)h / VN(ZL‘Q — £E4)(VU)) (ZL‘g — [E4)fN([E1 — ZC4)V$1VI2V V V /Q diL‘4

T4

E = NﬁPiM / (VV)n(zg — zg)wn (23 — 24) fn (21 — x4)Vx1V$3fo1Vx/2VIéa(4) dxy
x4
F= Pé2]\)43 / VN(IQ — .’L’4)U)N(373 — fL‘4)fN(fL'1 — I4)Vz1szvmvr/lvxévxéa(‘l) dI4

T4

For C and D, we use the first estimate of ([5.21]), and for E and F, we use the second estimate

of (5.21)). This gives

_1 _1 5(4)
||CHX(’€}+ < NP2 wol Lo [V V || [ Vawo | g 4 lwol| o (N 2[[(Sa + 54')<v 2>04(4)||L$Li4x;1)
"1 .

_1 _1
IDlyey S NIV [Fwal 5. ool (NS4 510500l )
X, X4

,§+

E SEREIAvATS 1 S®
| ||X<k> ,SNﬁ 2+H |1+ llwo | s+ |lwo || oo | N™2[[(Ss + Sa) v 04(4)HL2L2 /
1 < > t X4X
*§+ o 4

_1
IFll S NT (V]| s Jlwo | o+ [lwo | o (N 2||(54+54’)5(4)CV(4)||L%L24 )
P X4

,§+

Pulling these together gives the second estimate in (5.27]). O

APPENDIX A. THE TOPOLOGY ON THE DENSITY MATRICES

In this appendix, we define a topology 7,4 on the density matrices as was previously done
in [28, 29, 30, 31, 32, 33| @5, [T, I8, 19, 20, 21, 22, 23, 24].

Denote the space of Hilbert-Schmidt operators on L? (R*) as £2. Then (£2)' = £2. By
the fact that £2 is separable, we select a dense countable subset { Ji(k)}i>1 C L2 in the unit
ball of £2 (so ||JZ-(k)HOp < 1 where ||-||,, is the operator norm). For 0 A *) ¢ £2 we then
define a metric d; on L} by

dp(7®,70) = "2
=1

(k

<J¢(k), (4 — ,~y(k)>>‘ '

) e L2 converges to yv*) € £2 with respect to the weak

A uniformly bounded sequence 7
topology if and only if

lim dp (Y8, A®)) = 0.
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For fixed T' > 0, let C'([0,T], £?) be the space of functions of ¢ € [0, 7] with values in L2
which are continuous with respect to the metric dj,. On C ([0,7], £2), we define the metric

("™ (), 7% () = sup di(v® (1).5" (¢)).

t€[0,T]

We can then define a topology 7,.,a on the space @;>1C ([0,T],L3) by the product of
topologies generated by the metrics di on C ([0,T7], L%).
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