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Preface

The title of the book sounds a bit mysterious. Why should anyone read this
book if it presents the subject in a wrong way? What is particularly done
“wrong” in the book?

Before answering these questions, let me first describe the target audi-
ence of this text. This book appeared as lecture notes for the course “Honors
Linear Algebra”. It is supposed to be a first linear algebra course for math-
ematically advanced students. It is intended for a student who, while not
yet very familiar with abstract reasoning, is willing to study more rigorous
mathematics than what is presented in a “cookbook style” calculus type
course. Besides being a first course in linear algebra it is also supposed to
be among the first courses introducing a student to rigorous proofs, formal
definitions—in short, to the style of modern theoretical (abstract) mathe-
matics. The target audience explains the very specific blend of elementary
ideas and concrete examples, which are usually presented in introductory
linear algebra texts with more abstract definitions and constructions typical
for advanced books.

Another distinctive feature of the book is that it is not written by or
for an algebraist. So, I tried to emphasize the topics that are important for
analysis, geometry, probability, etc., and did not include some traditional
topics. For example, I am only considering vector spaces over the fields of
real or complex numbers. Vector spaces over other fields are not considered
at all, since I feel time required to introduce and explain abstract fields would
be better spent on some more classical topics, which will be required in other
disciplines. And later, when the students study general fields in an abstract
algebra course they will understand that many of the constructions studied
in this book will also work for general fields.



ii Preface

Also, I treat only finite-dimensional spaces in this book and a basis
always means a finite basis. The reason is that it is impossible to say some-
thing non-trivial about infinite-dimensional spaces without introducing con-
vergence, norms, completeness etc., i.e. the basics of functional analysis.
And this is definitely a subject for a separate course (text). So, I do not
consider infinite Hamel bases here: they are not needed in most applica-
tions to analysis and geometry, and I feel they belong in an abstract algebra
course.

Notes for the instructor. There are several details that distinguish this
text from standard advanced linear algebra textbooks. First concerns the
definitions of bases, linearly independent, and generating sets. In the book
I first define a basis as a system with the property that any vector admits
a unique representation as a linear combination. And then linear indepen-
dence and generating system properties appear naturally as halves of the
basis property, one being uniqueness and the other being existence of the
representation.

The reason for this approach is that I feel the concept of a basis is a much
more important notion than linear independence: in most applications we
really do not care about linear independence, we need a system to be a basis.
For example, when solving a homogeneous system, we are not just looking
for linearly independent solutions, but for the correct number of linearly
independent solutions, i.e. for a basis in the solution space.

And it is easy to explain to students, why bases are important: they
allow us to introduce coordinates, and work with R™ (or C") instead of
working with an abstract vector space. Furthermore, we need coordinates
to perform computations using computers, and computers are well adapted
to working with matrices. Also, I really do not know a simple motivation
for the notion of linear independence.

Another detail is that I introduce linear transformations before teaching
how to solve linear systems. A disadvantage is that we did not prove un-
til Chapter 2 that only a square matrix can be invertible as well as some
other important facts. However, having already defined linear transforma-
tion allows more systematic presentation of row reduction. Also, I spend a
lot of time (two sections) motivating matrix multiplication. I hope that I
explained well why such a strange looking rule of multiplication is, in fact,
a very natural one, and we really do not have any choice here.

Many important facts about bases, linear transformations, etc., like the
fact that any two bases in a vector space have the same number of vectors,
are proved in Chapter 2 by counting pivots in the row reduction. While most
of these facts have “coordinate free” proofs, formally not involving Gaussian
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elimination, a careful analysis of the proofs reveals that the Gaussian elim-
ination and counting of the pivots do not disappear, they are just hidden
in most of the proofs. So, instead of presenting very elegant (but not easy
for a beginner to understand) “coordinate-free” proofs, which are typically
presented in advanced linear algebra books, we use “row reduction” proofs,
more common for the “calculus type” texts. The advantage here is that it is
easy to see the common idea behind all the proofs, and such proofs are easier
to understand and to remember for a reader who is not very mathematically
sophisticated.

I also present in Section 8 of Chapter 2 a simple and easy to remember
formalism for the change of basis formula.

Chapter 3 deals with determinants. I spent a lot of time presenting a
motivation for the determinant, and only much later give formal definitions.
Determinants are introduced as a way to compute volumes. It is shown that
if we allow signed volumes, to make the determinant linear in each column
(and at that point students should be well aware that the linearity helps a lot,
and that allowing negative volumes is a very small price to pay for it), and
assume some very natural properties, then we do not have any choice and
arrive to the classical definition of the determinant. I would like to emphasize
that initially I do not postulate antisymmetry of the determinant; I deduce
it from other very natural properties of volume.

Note, that while formally in Chapters 1-3 I was dealing mainly with real
spaces, everything there holds for complex spaces, and moreover, even for
the spaces over arbitrary fields.

Chapter 4 is an introduction to spectral theory, and that is where the
complex space C" naturally appears. It was formally defined in the beginning
of the book, and the definition of a complex vector space was also given
there, but before Chapter 4 the main object was the real space R". Now
the appearance of complex eigenvalues shows that for spectral theory the
most natural space is the complex space C™, even if we are initially dealing
with real matrices (operators in real spaces). The main accent here is on the
diagonalization, and the notion of a basis of eigenspaces is also introduced.

Chapter 5 dealing with inner product spaces comes after spectral theory,
because I wanted to do both the complex and the real cases simultaneously,
and spectral theory provides a strong motivation for complex spaces. Other
than the motivation, Chapters 4 and 5 do not depend on each other, and an
instructor may do Chapter 5 first.

Although I present the Jordan canonical form in Chapter 9, I usually do
not have time to cover it during a one-semester course. I prefer to spend
more time on topics discussed in Chapters 6 and 7 such as diagonalization
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of normal and self-adjoint operators, polar and singular values decomposi-
tion, the structure of orthogonal matrices and orientation, and the theory of
quadratic forms.

I feel that these topics are more important for applications than the
Jordan canonical form, despite the definite beauty of the latter. However, 1
added Chapter 9 so the instructor may skip some of the topics in Chapters
6 and 7 and present the Jordan Decomposition Theorem instead.

I also included Chapter 8, dealing with dual spaces and tensors. I feel
that the material there, especially sections about tensors, is a bit too ad-
vanced for a first year linear algebra course, but some topics (for example,
change of coordinates in the dual space) can be easily included in the syl-
labus. And it can be used as an introduction to tensors in a more advanced
course. Note, that the results presented in this chapter are true for an arbi-
trary field.

I had tried to present the material in the book rather informally, prefer-
ring intuitive geometric reasoning to formal algebraic manipulations, so to
a purist the book may seem not sufficiently rigorous. Throughout the book
I usually (when it does not lead to the confusion) identify a linear transfor-
mation and its matrix. This allows for a simpler notation, and I feel that
overemphasizing the difference between a transformation and its matrix may
confuse an inexperienced student. Only when the difference is crucial, for
example when analyzing how the matrix of a transformation changes under
the change of the basis, I use a special notation to distinguish between a
transformation and its matrix.
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Chapter 1

Basic Notions

1. Vector spaces

A vector space V' is a (non-empty) collection of objects, called vectors (de-
noted in this book by lowercase bold letters, like v), along with two opera-
tions, addition of vectors and multiplication by a number (scalar)®, such that
the results of both operations are always in V', and the following 8 properties
below (the so-called axioms of a vector space) hold:

The first 4 properties deal with the addition:

1. Commutativity: v+w =w + v for all v,w € V;
2. Associativity: (u+v)+w=u+ (v+w) for allu,v,w € V;

3. Zero vector: there exists a special vector, denoted by 0 such that
v+0=vforall veV,

4. Additive inverse: For every vector v € V there exists a vector w € V
such that v +w = 0. Such additive inverse is usually denoted as
The next two properties concern multiplication:
5. Multiplicative identity: 1v = v for all v € V;

6. Multiplicative associativity: (af)v = «(fv) for all v. € V and all
scalars «, [3;

1We need some visual distinction between vectors and other objects, so in this book we use
bold lowercase letters for vectors and regular lowercase letters for numbers (scalars). In some (more
advanced) books Latin letters are reserved for vectors, while Greek letters are used for scalars; in
even more advanced texts any letter can be used for anything and the reader must understand
from the context what each symbol means. I think it is helpful, especially for a beginner to have
some visual distinction between different objects, so a bold lowercase letters will always denote a

vector. And on a blackboard an arrow (like in ¥) is used to identify a vector.
I
1
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And finally, two distributive properties, which connect multipli-
cation and addition:

7. a(u+v) =au+ av for all u,v € V and all scalars «;
8. (a+ p)v=av+pv for all ve V and all scalars «, 3.

Remark. The above properties seem hard to memorize, but it is not nec-
essary. They are simply the familiar rules of algebraic manipulations with
numbers, that you know from high school. The only new twist here is that
you have to understand what operations you can apply to what objects. You
can add vectors, and you can multiply a vector by a number (scalar). Of
course, you can do with number all possible manipulations that you have
learned before. But, you cannot multiply two vectors, or add a number to a
vector.

Remark. It is easy to prove that zero vector 0 is unique, and that given
v € V its additive inverse —v is also unique.

It is also not hard to show using properties 5, 6 and 8 that 0 = Ov for
any v € V, and that —v = (—1)v. Note, that to do this one still needs to
use other properties of a vector space in the proofs, in particular properties
3 and 4.

If the scalars are the usual real numbers, we call the space V' a real vector
space. If the scalars are the complex numbers, i.e. if we can multiply vectors
by complex numbers, we call the space V a complex vector space.

Note, that any complex vector space is a real vector space as well (if we
can multiply by complex numbers, we can multiply by real numbers), but
not the other way around.

It is also possible to consider a situation when the scalars are elements of
an arbitrary field’F. In this case we say that V is a vector space over the field
F. Although many of the constructions in the book (in particular, everything
in Chapters 1-3) work for general fields, in this text we are considering only
real and complex vector spaces.

If we do not specify the set of scalars, or use a letter F for it, then the
results are true for both real and complex spaces. If we need to distinguish
real and complex cases, we will explicitly say which case we are considering.

Note, that in the definition of a vector space over an arbitrary field, we
require the set of scalars to be a field, so we can always divide (without a
remainder) by a non-zero scalar. Thus, it is possible to consider vector space
over rationals, but not over the integers.

21 you do not know what a field is, do not worry, since in this book we consider only the case
of real and complex spaces.
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1.1. Examples.

Example. The space R™ consists of all columns of size n,

U1
U2

Un

whose entries are real numbers. Addition and multiplication are defined
entrywise, i.e.

U1 vy m w1 v+ wy

Vg vy V9 w2 V2 + w2
o . = . ) . + . e

Un, QU Un W, Un + Wy,

Example. The space C™ also consists of columns of size n, only the entries
now are complex numbers. Addition and multiplication are defined exactly
as in the case of R", the only difference is that we can now multiply vectors
by complex numbers, i.e. C™ is a complex vector space.

Many results in this text are true for both R™ and C™. In such cases we
will use notation F”.

Example. The space M,,x, (also denoted as M, ) of m x n matrices: the
addition and multiplication by scalars are defined entrywise. If we allow
only real entries (and so only multiplication only by reals), then we have a
real vector space; if we allow complex entries and multiplication by complex
numbers, we then have a complex vector space.

Formally, we have to distinguish between between real and complex
cases, i.e. to write something like M}fw or MSW. However, in most situ-
ations there is no difference between real and complex case, and there is no
need to specify which case we are considering. If there is a difference we say

explicitly which case we are considering.

Remark. As we mentioned above, the axioms of a vector space are just the
familiar rules of algebraic manipulations with (real or complex) numbers, so
if we put scalars (numbers) for the vectors, all axioms will be satisfied. Thus,
the set R of real numbers is a real vector space, and the set C of complex
numbers is a complex vector space.

More importantly, since in the above examples all vector operations (ad-
dition and multiplication by a scalar) are performed entrywise, for these
examples the axioms of a vector space are automatically satisfied because
they are satisfied for scalars (can you see why?). So, we do not have to check
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the axioms, we get the fact that the above examples are indeed vector spaces
for free!

The same can be applied to the next example, the coefficients of the
polynomials play the role of entries there.

Example. The space P, of polynomials of degree at most n, consists of all
polynomials p of form

p(t) = ap + art + ast® + ... + ant",
where t is the independent variable. Note, that some, or even all, coefficients
a can be 0.

In the case of real coefficients a; we have a real vector space, complex
coefficient give us a complex vector space. Again, we will specify whether we
treating real or complex case only when it is essential; otherwise everything
applies to both cases.

Question: What are zero vectors in each of the above examples?

1.2. Matrix notation. An m x n matrix is a rectangular array with m
rows and n columns. Elements of the array are called entries of the matrix.

It is often convenient to denote matrix entries by indexed letters: the
first index denotes the number of the row, where the entry is, and the second
one is the number of the column. For example

ai.1 CLLQ .. Qln
as 1 as 2 e Q2.p
m, n . ) s )
(1.1) A= (aj,k)jzl, k=1~
am,1 Am2 .- Amn

is a general way to write an m X n matrix.

Very often for a matrix A the entry in row number j and column number
k is denoted by A, 1 or (A);x, and sometimes as in example (1.1) above the
same letter but in lowercase is used for the matrix entries.

Given a matrix A, its transpose (or transposed matrix) A7, is defined
by transforming the rows of A into the columns. For example

(123>T_ ;g
45 6 5 o

So, the columns of AT are the rows of A and vice versa, the rows of AT are
the columns of A.

The formal definition is as follows: (A7);; = (A)j,; meaning that the
entry of AT in the row number j and column number k equals the entry of
A in the row number k£ and column number j.
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The transpose of a matrix has a very nice interpretation in terms of
linear transformations, namely it gives the so-called adjoint transformation.
We will study this in detail later, but for now transposition will be just a
useful formal operation.

One of the first uses of the transpose is that we can write a column
vector x € F" (recall that F is R or C) as x = (z1,72,...,2,)7. If we put
the column vertically, it will use significantly more space.

Exercises.
1.1. Let x = (1,2,3)T )y = (y1,92,93)7, 2z = (4,2,1)T. Compute 2x, 3y, x+2y—3z.

1.2. Which of the following sets (with natural addition and multiplication by a
scalar) are vector spaces. Justify your answer.

a) The set of all continuous functions on the interval [0, 1];

C

)
b) The set of all non-negative functions on the interval [0, 1];
) The set of all polynomials of degree ezactly n;

)

d) The set of all symmetric n X n matrices, i.e. the set of matrices A =

{a;j 1} =, such that AT = A.
1.3. True or false:

a) Every vector space contains a zero vector;
) A vector space can have more than one zero vector;
¢) An m x n matrix has m rows and n columns;

If f and g are polynomials of degree n, then f 4+ ¢ is also a polynomial of
degree n;

e) If f and g are polynomials of degree at most n, then f + g is also a poly-
nomial of degree at most n

1.4. Prove that a zero vector 0 of a vector space V is unique.

1.5. What matrix is the zero vector of the space Moyx3?

1.6. Prove that the additive inverse, defined in Axiom 4 of a vector space is unique.
1.7. Prove that Ov = 0 for any vector v € V.

1.8. Prove that for any vector v its additive inverse —v is given by (—1)v.

2. Linear combinations, bases.

Let V be a vector space, and let vi,va,...,v, € V be a collection of vectors.
A linear combination of vectors vi,va,..., v, is a sum of form

D
Q1V] +aovo + ...+ apVv, = g OEVE.
k=1
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Definition 2.1. A system of vectors vi,va,...v, € V is called a basis (for
the vector space V) if any vector v € V admits a unique representation as
a linear combination

n
V=Q1V] +QVy + ...+ Q,Vy = g QERVE.
k=1

The coefficients oy, o, . . ., a, are called coordinates of the vector v (in the
basis, or with respect to the basis vi,va,...,vy).

Another way to say that vi,vs,...,v, is a basis is to say that for any
possible choice of the right side v, the equation z1vy +xove+...+ 2, v, =V
(with unknowns xj) has a unique solution.

Before discussing any properties of bases®, let us give a few examples,
showing that such objects exist, and that it makes sense to study them.

Example 2.2. In the first example the space V is F", where F is either R
or C. Consider vectors

1 0 0 0
0 1 0 0
e = 0 s €y = 0 y €3 = 1 sy e, = 0 s
0 0 0 1
(the vector e has all entries 0 except the entry number &, which is 1). The
system of vectors eq,es, ..., e, is a basis in F". Indeed, any vector
x1
Z2
v = . c F"
Tn

can be represented as the linear combination

n
Vv=ux1€] + 222+ ...+ x€, = Zxkek
k=1

and this representation is unique. The system ej,eo,...,e, € F" is called
the standard basis in F™.

Example 2.3. In this example the space is the space P, of the polynomials

of degree at most n. Consider vectors (polynomials) eg, e, es,...,e, € P,
defined by
eo:=1, e =t ey:=t> e3:=t3, ..., e,:=t"

3the plural for the “basis” is bases, the same as the plural for “base”
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Clearly, any polynomial p, p(t) = ag+ait+ast?+...+a,t"™ admits a unique
representation

p=apep +aiei + ...+ ap€y.

So the system eg,ej,eo,...,e, € P, is a basis in P,,. We will call it the
standard basis in P,,.

Remark 2.4. If a vector space V has a basis vi,va, ..., v,, then any vector
v is uniquely defined by its coefficients in the decomposition v =3 ;| axVy.
So, if we stack the coefficients «y in a column, we can operate with them
as if they were column vectors, i.e. as with elements of F” (again here F is
either R or C, but everything also works for an abstract field ).

Namely, if v =>"}_, agv and w = > _)_; By, then
n

n n
VAW = apvi+ Y Bevi = Y (ak+ Br) Vi,
k=1 k=1

k=1

i.e. to get the column of coordinates of the sum one just need to add the
columns of coordinates of the summands. Similarly, to get the coordinates
of av we need simply to multiply the column of coordinates of v by a.

This is a very important remark, that will be used throughout the book.
It allows us to translate any statement about the standard column space F”
to a vector space V with a basis vi,va,..., vy

2.1. Generating and linearly independent systems. The definition
of a basis says that any vector admits a unique representation as a linear
combination. This statement is in fact two statements, namely that the rep-
resentation exists and that it is unique. Let us analyze these two statements
separately.

If we only consider the existence we get the following notion

Definition 2.5. A system of vectors vi,va,...,v, € V is called a generating
system (also a spanning system, or a complete system) in V if any vector
v € V admits representation as a linear combination

P
V=a1Vi + vy + ...+ qpv, = E QRVE.
k=1

The only difference from the definition of a basis is that we do not assume
that the representation above is unique.

The words generating, spanning and complete here are synonyms. I per-
sonally prefer the term complete, because of my operator theory background.
Generating and spanning are more often used in linear algebra textbooks.
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Clearly, any basis is a generating (complete) system. Also, if we have a

basis, say vi,va,..., vy, and we add to it several vectors, say v,y1,...,Vp,
then the new system will be a generating (complete) system. Indeed, we can
represent any vector as a linear combination of the vectors vi,va,..., vy,

and just ignore the new ones (by putting corresponding coefficients ay = 0).

Now, let us turn our attention to the uniqueness. We do not want to
worry about existence, so let us consider the zero vector 0, which always
admits a representation as a linear combination.

Definition. A linear combination a1 vy 4+ aova + ... + a,Vy, is called trivial
if o, = 0 Vk.

A trivial linear combination is always (for all choices of vectors
V1i,Va,...,Vp) equal to 0, and that is probably the reason for the name.

Definition. A system of vectors vi,va,...,v, € V is called linearly inde-
pendent if only the trivial linear combination (3 }_; ax vy with a; = 0 Vk)
of vectors vi,va,..., v, equals 0.

In other words, the system vi,va,..., v, is linearly independent iff the
equation z1vy + x2ve + ... + x,v, = 0 (with unknowns xj) has only trivial
solution 1 =29 = ... =z, = 0.

If a system is not linearly independent, it is called linearly dependent.
By negating the definition of linear independence, we get the following

Definition. A system of vectors vi,va,...,v, is called linearly dependent
if 0 can be represented as a nontrivial linear combination, 0 = Zzzl RV
Non-trivial here means that at least one of the coefficient «y is non-zero.
This can be (and usually is) written as Y 7_, |ou| # 0.

So, restating the definition we can say, that a system is linearly dependent
if and only if there exist scalars a1, az, ..., ap, > r_q |ax| # 0 such that

p
E AV = 0.
k=1

An alternative definition (in terms of equations) is that a system vy,
V2,...,V, is linearly dependent iff the equation
T1v1 +xovo + ...+ v, =0

(with unknowns z},) has a non-trivial solution. Non-trivial, once again means
that at least one of zy, is different from 0, and it can be written as > p_; x| #
0.

The following proposition gives an alternative description of linearly de-
pendent systems.
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Proposition 2.6. A system of vectors vi,va,...,v, € V is linearly de-
pendent if and only if one of the vectors vy can be represented as a linear
combination of the other vectors,

P
(2.1) V=Y Bjv;.
j=1
J#k
Proof. Suppose the system vi,va,..., v, is linearly dependent. Then there
exist scalars oy, Y p_; |ag| # 0 such that
a1vy +agve + ... +ayv, = 0.

Let k be the index such that ap # 0. Then, moving all terms except aivy
to the right side we get

p
RV = — Z V.
j=1
J#k
Dividing both sides by oy we get (2.1) with 8; = —a;/oy,.

On the other hand, if (2.1) holds, 0 can be represented as a non-trivial
linear combination

P
Vi — Z 5jvj =0.
j=1
ik
U

Obviously, any basis is a linearly independent system. Indeed, if a system
V1i,Va,...,V, is a basis, 0 admits a unique representation

n
0=a1vi+avo+ ...+ a, vy, = Zakvk.
k=1
Since the trivial linear combination always gives 0, the trivial linear combi-
nation must be the only one giving O.

So, as we already discussed, if a system is a basis it is a complete (gen-
erating) and linearly independent system. The following proposition shows
that the converse implication is also true.

Proposition 2.7. A system of vectors vi,va,..., vy, € V is a basis if and
only if it is linearly independent and complete (generating).

Proof. We already know that a basis is always linearly independent and
complete, so in one direction the proposition is already proved.

Let us prove the other direction. Suppose a system vi,va,..., vy, is lin-
early independent and complete. Take an arbitrary vector v € V. Since the
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system vi,Vva, ..., Vy, is linearly complete (generating), v can be represented
as

n
V=Q1V] +QVy + ...+ Q,Vy = Zakvk.
k=1
We only need to show that this representation is unique.

Suppose v admits another representation
n
VvV = Z akvk.
k=1

Then

n n n

Z(ak — &k)vk = Zakvk - Z&kvk =v—-v=0.

Since the system is linearly independent, o — ay = 0 Vk, and thus the
representation v = a1vy + asva + ... + a, Vv, is unique. O

Remark. In many textbooks a basis is defined as a complete and linearly
independent system (by Proposition 2.7 this definition is equivalent to ours).
Although this definition is more common than one presented in this text, I
prefer the latter. It emphasizes the main property of a basis, namely that
any vector admits a unique representation as a linear combination.

Proposition 2.8. Any (finite) generating system contains a basis.

Proof. Suppose vi,va,...,v, € V is a generating (complete) set. If it is
linearly independent, it is a basis, and we are done.

Suppose it is not linearly independent, i.e. it is linearly dependent. Then
there exists a vector v which can be represented as a linear combination of
the vectors v;, j # k.

Since v can be represented as a linear combination of vectors v;, j # k,
any linear combination of vectors vy, va, ..., v, can be represented as a linear
combination of the same vectors without v (i.e. the vectors v;, 1 < j < p,
Jj # k). So, if we delete the vector v, the new system will still be a complete
one.

If the new system is linearly independent, we are done. If not, we repeat
the procedure.

Repeating this procedure finitely many times we arrive to a linearly
independent and complete system, because otherwise we delete all vectors
and end up with an empty set.

So, any finite complete (generating) set contains a complete linearly in-
dependent subset, i.e. a basis. O
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Exercises.
2.1. Find a basis in the space of 3 x 2 matrices M3xs.
2.2. True or false:
a) Any set containing a zero vector is linearly dependent
b) A basis must contain 0;
c¢) subsets of linearly dependent sets are linearly dependent;
d) subsets of linearly independent sets are linearly independent;

e) If ayvy + agva + ... + a, v, = 0 then all scalars oy, are zero;

2.3. Recall, that a matrix is called symmetric if AT = A. Write down a basis in the
space of symmetric 2 x 2 matrices (there are many possible answers). How many
elements are in the basis?

2.4. Write down a basis for the space of

a) 3 x 3 symmetric matrices;

b) n X n symmetric matrices;

c) n x n antisymmetric (AT = —A) matrices;
2.5. Let a system of vectors vi,vs,...,v, be linearly independent but not gen-
erating. Show that it is possible to find a vector v,y; such that the system
V1,Va,...,Vy, Vyey1 is linearly independent. Hint: Take for v, i any vector that
cannot be represented as a linear combination 22:1 vy and show that the system
V1,Va,...,Vy, V1 is linearly independent.

2.6. Is it possible that vectors vi,vs,vs are linearly dependent, but the vectors
w1 = V] + Vg, Wo = vy + v3 and wg = v3 + vy are linearly independent?
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3. Linear Transformations. Matrix—vector multiplication

A transformation T from a set X to a set Y is a rule that for each argument
(input) x € X assigns a value (output) y =T'(x) € Y.

The set X is called the domain of T, and the set Y is called the target
space or codomain of T.

We write T : X — Y to say that T' is a transformation with the domain
X and the target space Y.

The words “transformation”, “transform”, “mapping”, “map”,
“operator”, “function” all denote the same object.

Definition. Let V, W be vector spaces (over the same field F). A transfor-
mation T : V' — W is called linear if

1. T(u+v)=T(u)+T(v) Vu,veV,
2. T(av) = aT'(v) for all v € V and for all scalars o € F.

Properties 1 and 2 together are equivalent to the following one:
T(au+ pv) =aT(u) + BT(v)

for all u,v € V and for all scalars «, 5.

3.1. Examples. You dealt with linear transformation before, may be with-
out even suspecting it, as the examples below show.

Example. Differentiation: Let V = P,, (the set of polynomials of degree at
most n), W =P,_1, and let T : P,, — P,,_; be the differentiation operator,

T(p):=p' Vp € Py,

Since (f +¢g) = f'+ ¢ and (af) = af’, this is a linear transformation.

Example. Rotation: in this example V = W = R? (the usual coordinate
plane), and a transformation T, : R? — R? takes a vector in R? and rotates
it counterclockwise by v radians see Fig. 1 below. Since T rotates the
plane as a whole, it rotates as a whole the parallelogram used to define a
sum of two vectors (parallelogram law). Therefore the property 1 of linear
transformation holds. It is also easy to see that the property 2 is also true.

Example. Reflection: in this example again V = W = R?, and the trans-
formation 7' : R? — R? is the reflection in the first coordinate axis. It can
also be shown geometrically, that this transformation is linear, but we will
use another way to show that.
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Figure 1. Rotation

Namely, it is easy to write a formula for T,

((m))-(2)
T2 —xI9
and from this formula it is easy to check that the transformation is linear.

Example. Let us investigate linear transformations 7' : R — R. Any such
transformation is given by the formula

T(x) =ax  where a =T(1).

Indeed,
T(zx)=T(x x1)=2T(1) = za = ax.

So, any linear transformation of R is just a multiplication by a constant.

3.2. Linear transformations F" — F”'. Matrix—column multiplica-
tion. It turns out that a linear transformation 71" : F* — F™ also can be
represented as a multiplication, not by a scalar, but by a matrix.

Let us see how. Let T : F* — F™ be a linear transformation. What

information do we need to compute 7'(x) for all vectors x € F"? My claim is
that it is sufficient to know how T acts on the standard basis eq,es,..., e,
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of F. Namely, it is sufficient to know n vectors in F™ (i.e. the vectors of
size m),
a;:=T(e1), az:=T(e2), ..., a,:=T(e,).

Indeed, let
€1
€2

Tn

Then x = z1€1 + z2€2 + ... + xpey = Y p_, Txey and

T(x) = T(Z Tper) = ZT(mkek) = Zka(ek) = Zxkak.
k=1 k=1 k=1 k=1

So, if we join the vectors (columns) aj,as,...,a, together in a matrix
A = [aj,ay,...,a,] (a; being the kth column of A, k = 1,2,...,n), this
matrix contains all the information about T

Let us show how one should define the product of a matrix and a vector
(column) to represent the transformation T" as a product, T'(x) = Ax. Let

ai.1 ai,2 ce. Q1n

a2.1 a2 s Q2
A =

am,1 Om2 --- amn

Recall, that the column number k of A is the vector ay, i.e.

ai
as k
ap = .
m.k
Then if we want Ax = T'(x) we get
a1l ai1,2 a1n
" a1 a2 as.n
Ax=§ TRag = I . + @9 . +.
k=1 : :

am,1 am, 2 m,n

So, the matrix—vector multiplication should be performed by the follow-
ing column by coordinate rule:

multiply each column of the matrix by the corresponding coor-
dinate of the vector.
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Example.

(e i)lz) =) ee(a) e (3) = ()

The “column by coordinate” rule is very well adapted for parallel com-
puting. It will be also very important in different theoretical constructions
later.

However, when doing computations manually, it is more convenient to
compute the result one entry at a time. This can be expressed as the fol-
lowing row by column rule:

To get the entry number k of the result, one need to multiply
row number k of the matrix by the vector, that is, if Ax =y,
then y, = >0 ajzj, k=1,2,...m;

here x; and y;, are coordinates of the vectors x and y respectively, and a;
are the entries of the matrix A.

Example.
1 2 3 ; _(1-1+2-243-3\ [ 14
4 5 6 3 -\ 4:-145-246-3 )]\ 32

3.3. Linear transformations and generating sets. As we discussed
above, linear transformation T' (acting from F" to F) is completely de-
fined by its values on the standard basis in F".

The fact that we consider the standard basis is not essential, one can
consider any basis, even any generating (spanning) set. Namely,

A linear transformation T : V' — W is completely defined by its
values on a generating set (in particular by its values on a basis).

So, if vi,va,..., v, is a generating set (in particular, if it is a basis) in V,
and T and T} are linear transformations 7,77 : V' — W such that

Tvy = T1vg, k=1,2,...,n
then T'=T;.

The proof of this statement is trivial and left as an exercise.

3.4. Conclusions.

e To get the matrix of a linear transformation 7" : F* — F™ one needs
to join the vectors a = Te; (where ey, ey,..., e, is the standard
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basis in F™) into a matrix: kth column of the matrix is ay, k =
1,2,...,n.

e If the matrix A of the linear transformation 7" is known, then 7'(x)
can be found by the matrix—vector multiplication, T'(x) = Ax. To
perform matrix—vector multiplication one can use either “column by
coordinate” or “row by column” rule.

The latter seems more appropriate for manual computations.
The former is well adapted for parallel computers, and will be used
in different theoretical constructions.

For a linear transformation 7" : F™ — ™, its matrix is usually denoted
as [T']. However, very often people do not distinguish between a linear trans-
formation and its matrix, and use the same symbol for both. When it does
not lead to confusion, we will also use the same symbol for a transformation
and its matrix.

Since a linear transformation is essentially a multiplication, the notation
Tv is often used instead of T'(v). We will also use this notation. Note that
the usual order of algebraic operations apply, i.e. Tv + u means T'(v) + u,
not T'(v + u).

Remark. In the matrix—vector multiplication Ax the number of columns of
the matrix A matrix must coincide with the size of the vector x, i.e. a vector
in F™ can only be multiplied by an m X n matrix.

It makes sense, since an m X n matrix defines a linear transformation
)
F* — F™, so vector x must belong to F".

The easiest way to remember this is to remember that if performing
multiplication you run out of some elements faster, then the multiplication
is not defined. For example, if using the “row by column” rule you run
out of row entries, but still have some unused entries in the vector, the
multiplication is not defined. It is also not defined if you run out of vector’s
entries, but still have unused entries in the row.

Remark. One does not have to restrict himself to the case of F" with
standard basis: everything described in this section works for transformation
between arbitrary vector spaces as long as there is a basis in the domain and
in the target space. Of course, if one changes a basis, the matrix of the linear
transformation will be different. This will be discussed later in Section 8 of
Chapter 2.

Exercises.

3.1. Multiply:
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[
S~—
7N
>~ =
(G20 \]
S W
~~

W =

=N OO
=W N

d)

¢]

~—"
OO OO~ NO
SO, N OO N OFIN

O, NO O~ NO

en)
= W N

3.2. Let a linear transformation in R? be the reflection in the line z; = z». Find
its matrix.

3.3. For each linear transformation below find it matrix
a) T :R? — R3 defined by T'(z,y)T = (z + 2y, 22 — 5y, Ty)*;
b) T : R* — R? defined by T'(x1, 22,23, 74)T = (21 +22+23+24, o — T4, 71+
3y + 624)7;
c) T:P, =P, Tf(t) = f'(t) (find the matrix with respect to the standard
basis 1,, 2, ... ,t");
d) T:P, =P, Tf(t) =2f(t) +3f'(t) —4f"(t) (again with respect to the
standard basis 1,¢,t2,...,t").
3.4. Find 3 x 3 matrices representing the transformations of R? which:

a) project every vector onto x-y plane;
b) reflect every vector through z-y plane;

¢) rotate the -y plane through 30°, leaving z-axis alone.

3.5. Let A be a linear transformation. If z is the center of the straight interval
[x,y], show that Az is the center of the interval [Ax, Ay]. Hint: What does it
mean that z is the center of the interval [x,y]?

3.6. The set C of complex numbers can be canonically identified with the space R?
by treating each z = x + iy € C as a column (z,y) € R

a) Treating C as a complex vector space, show that the multiplication by
a =a+1ib € C is a linear transformation in C. What is its matrix?

b) Treating C as the real vector space R? show that the multiplication by
o = a + ib defines a linear transformation there. What is its matrix?

¢) Define T'(z +iy) = 2z — y+i(z — 3y). Show that this transformation is not
a linear transformation in the complex vectors space C, but if we treat C
as the real vector space R? then it is a linear transformation there (i.e. that
T is a real linear but not a complex linear transformation).
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Find the matrix of the real linear transformation 7.

3.7. Show that any linear transformation in C (treated as a complex vector space)
is a multiplication by « € C.

4. Linear transformations as a vector space

What operations can we perform with linear transformations? We can al-
ways multiply a linear transformation for a scalar, i.e. if we have a linear
transformation T : V — W and a scalar a we can define a new transforma-
tion o1 by

(aT)v =a(Tv) Vv eV
It is easy to check that T is also a linear transformation:

(aT)(aqvi + agve) = a(T(a1vi + aave)) by the definition of aT
= a(oaTvy + aTvs) by the linearity of T’
= oadvy + asal'vy
= a1(aT)vi + as(aT)vy

If 77 and T5 are linear transformations with the same domain and target
space (Th : V. — W and To : V. — W, or in short 71,75 : V. — W),
then we can add these transformations, i.e. define a new transformation

T:(T1+T2)ZV—>Wby
(T1+T2)V:T1V+T2V Vv ev.

It is easy to check that the transformation 77 + 15 is a linear one, one just
needs to repeat the above reasoning for the linearity of oT'.

So, if we fix vector spaces V and W and consider the collection of all
linear transformations from V' to W (let us denote it by L£(V,W)), we can
define 2 operations on L£(V,W): multiplication by a scalar and addition.
It can be easily shown that these operations satisfy the axioms of a vector
space, defined in Section 1.

This should come as no surprise for the reader, since axioms of a vector
space essentially mean that operation on vectors follow standard rules of
algebra. And the operations on linear transformations are defined as to
satisfy these rules!

As an illustration, let us write down a formal proof of the first distributive
law (axiom 7) of a vector space. We want to show that a(77 + Tp) =



5. Composition of linear transformations and matrix multiplication. 19

o) + aoTs. Forany v eV
a(Th + Tr)v = a((Th + T2)v) by the definition of multiplication

= a(T1v+Trv) by the definition of the sum
= o1 1v + alsv by Axiom 7 for W
= (aTh + aTr)v by the definition of the sum

So indeed (T + 1) = T + aTh.

Remark. Linear operations (addition and multiplication by a scalar) on
linear transformations 1" : F™ — F" correspond to the respective operations
on their matrices. Since we know that the set of m x n matrices is a vector
space, this immediately implies that L£(F",F™) is a vector space.

We presented the abstract proof above, first of all because it work for
general spaces, for example, for spaces without a basis, where we cannot
work with coordinates. Secondly, the reasonings similar to the abstract one
presented here, are used in many places, so the reader will benefit from
understanding it.

And as the reader gains some mathematical sophistication, he/she will
see that this abstract reasoning is indeed a very simple one, that can be
performed almost automatically.

5. Composition of linear transformations and matrix
multiplication.

5.1. Definition of the matrix multiplication. Knowing matrix—vector
multiplication, one can easily guess what is the natural way to define the
product AB of two matrices: Let us multiply by A each column of B (matrix-
vector multiplication) and join the resulting column-vectors into a matrix.
Formally,

if by,bo,...,b, are the columns of B, then Abq, Abg,..., Ab,
are the columns of the matrix AB.

Recalling the row by column rule for the matrix—vector multiplication we get
the following row by column rule for the matrices

the entry (AB); (the entry in the row j and column k) of the
product AB is defined by

(AB) ;1 = (row #j of A) - (column #k of B)

Formally it can be rewritten as

(AB)jx = Zaj,zbl,k,
!
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if a; ) and b, are entries of the matrices A and B respectively.

I intentionally did not speak about sizes of the matrices A and B, but
if we recall the row by column rule for the matrix—vector multiplication, we
can see that in order for the multiplication to be defined, the size of a row
of A should be equal to the size of a column of B.

In other words the product AB is defined if and only if A is an m x n
and B is n X r matrix.

5.2. Motivation: composition of linear transformations. One can
ask yourself here: Why are we using such a complicated rule of multiplica-
tion? Why don’t we just multiply matrices entrywise?

And the answer is, that the multiplication, as it is defined above, arises
naturally from the composition of linear transformations.

Suppose we have two linear transformations, 77 : F* — F™ and 715 :
F" — F™. Define the composition 1" = T3 o T, of the transformations 17, 15
as

T(X) =T (TQ(X)) vx e F".

Note that T5(x) € F™. Since T} : F™ — F™, the expression T} (7>(x)) is well
defined and the result belongs to F™. So, T : F" — F™.

It is easy to show that T is a linear transformation (exercise), so it is
defined by an m x r matrix. How one can find this matrix, knowing the
matrices of 17 and 157

Remark. We will usually identify a linear transformation and its matrix,
but in the next few paragraphs we will distinguish them

Let A be the matrix of T} and B be the matrix of T5. As we discussed in
the previous section, the columns of T" are vectors T'(e;),T(e2),...,T(ey),
where e, es, ..., e, is the standard basis in F". For k= 1,2,...,r we have

T(ex) = Ti(Tz(ex)) = T1(Bey) = Ti(by) = Aby,

(operators Ty and T3 are simply the multiplication by B and A respectively).

So, the columns of the matrix of T are Aby, Abs,..., Ab,, and that is
exactly how the matrix AB was defined!

Let us return to identifying again a linear transformation with its matrix.
Since the matrix multiplication agrees with the composition, we can (and
will) write 7175 instead of T} o Ty and T Tox instead of 71 (72 (x)).

Remark. Note that in the composition 7775 the transformation 75 is ap-
plied first! The way to remember this is to see that in T775x the transfor-
mation T5 meets x first.
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Remark. There is another way of checking the dimensions of matrices in a
product, different from the row by column rule: for a composition 7175 to
be defined it is necessary that Tox belongs to the domain of T;. If T acts
from some space, say F” to F", then 77 must act from F" to some space, say
F™. So, in order for T1T5 to be defined the matrices of T7 and 15 should be
of sizes m x n and n X r respectively—the same condition as obtained from
the row by column rule.

Example. Let T : R? — R? be the reflection in the line z1 = 3x5. It is
a linear transformation, so let us find its matrix. To find the matrix, we
need to compute T'e; and T'es. However, the direct computation of T'e; and
Tes involves significantly more trigonometry than a sane person is willing
to remember.

An easier way to find the matrix of T is to represent it as a composition
of simple linear transformation. Namely, let v be the angle between the
1 axis and the line z1 = 3x9, and let T be the reflection in the zi-axis.
Then to get the reflection T' we can first rotate the plane by the angle —~,
moving the line 1 = 3x2 to the xj-axis, then reflect everything in the x
axis, and then rotate the plane by v, taking everything back. Formally it
can be written as

T =R, TyR_,

(note the order of terms!), where R, is the rotation by . The matrix of Tj
is easy to compute,
1 0

the rotation matrices are known
R, = ( cos 7y —sinvy )7
siny  cos7y
cos(—y) —sin(—v) cosy  sinvy
R_, = . = .
sin(—vy)  cos(—7v) —siny cosvy

To compute sin~y and cos~y take a vector in the line 1 = 33, say a vector
(3,1)T. Then

first coordinate 3 3
cosy = = =
v length V32 4+ 12 /10
and similarly
. second coordinate 1 1
sin~y =

length T VL2 V10
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Gathering everything together we get

1 3 —1 1 0 1 3 1
rermi =515 (o D)7 (5 d)

—5 ()

It remains only to perform matrix multiplication here to get the final result.
O

5.3. Properties of matrix multiplication. Matrix multiplication enjoys
a lot of properties, familiar to us from high school algebra:

1. Associativity: A(BC) = (AB)C, provided that either left or right
side is well defined; we therefore can (and will) simply write ABC
in this case.

2. Distributivity: A(B 4+ C) = AB + AC, (A+ B)C = AC + BC,
provided either left or right side of each equation is well defined.

3. One can take scalar multiplies out: A(aB) = (ad)B = a(AB) =
aAB.

These properties are easy to prove. One should prove the corresponding
properties for linear transformations, and they almost trivially follow from
the definitions. The properties of linear transformations then imply the
properties for the matrix multiplication.

The new twist here is that the commutativity fails:

matrix multiplication is non-commutative, i.e. generally for

matrices AB # BA.

One can see easily it would be unreasonable to expect the commutativity of
matrix multiplication. Indeed, let A and B be matrices of sizes m x n and
n X r respectively. Then the product AB is well defined, but if m # r, BA
is not defined.

Even when both products are well defined, for example, when A and B
are n X n (square) matrices, the multiplication is still non-commutative. If we
just pick the matrices A and B at random, the chances are that AB # BA:
we have to be very lucky to get AB = BA.

5.4. Transposed matrices and multiplication. Given a matrix A, its
transpose (or transposed matrix) A7 is defined by transforming the rows of
A into the columns. For example

12 3\
456)

W N =
S O
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So, the columns of AT are the rows of A and vice versa, the rows of AT are
the columns of A.

The formal definition is as follows: (A7);; = (A)j,; meaning that the
entry of AT in the row number j and column number k equals the entry of
A in the row number k and row number j.

The transpose of a matrix has a very nice interpretation in terms of
linear transformations, namely it gives the so-called adjoint transformation.
We will study this in detail later, but for now transposition will be just a
useful formal operation.

One of the first uses of the transpose is that we can write a column vector
x € F" as x = (z1,22,...,2,)". If we put the column vertically, it will use
significantly more space.

A simple analysis of the row by columns rule shows that
(AB)T = BT AT,
i.e. when you take the transpose of the product, you change the order of the
terms.

5.5. Trace and matrix multiplication. For a square (n xn) matrix A =
(@) its trace (denoted by trace A) is the sum of the diagonal entries

n
trace A = Z ag, k-
k=1
Theorem 5.1. Let A and B be matrices of size m xn and n xm respectively

(so the both products AB and BA are well defined). Then
trace(AB) = trace(BA)

We leave the proof of this theorem as an exercise, see Problem 5.6 below.
There are essentially two ways of proving this theorem. One is to compute
the diagonal entries of AB and of BA and compare their sums. This method
requires some proficiency in manipulating sums in ) notation.

If you are not comfortable with algebraic manipulations, there is another
way. We can consider two linear transformations, T' and T3, acting from
My xm to F =TF! defined by

T(X) = trace(AX), T1(X) = trace(X A)
To prove the theorem it is sufficient to show that T" = T7; the equality for
X = B gives the theorem.

Since a linear transformation is completely defined by its values on a
generating system, we need just to check the equality on some simple matri-
ces, for example on matrices X, which has all entries 0 except the entry 1
in the intersection of jth column and kth row.
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Exercises.

5.1. Let

-2
1 2 1 0 2 1 -2 3
A_(3 1)’B_<31—2>70_(—2 1 —1)’D_ ?
a) Mark all the products that are defined, and give the dimensions of the
result: AB, BA, ABC, ABD, BC, BCT, BTC, DC, DTCT.
b) Compute AB, A(3B + C), BT A, A(BD), (AB)D.
5.2. Let T, be the matrix of rotation by 7 in R?. Check by matrix multiplication
that T, 1_, =T_,T, =1

5.3. Multiply two rotation matrices T, and Ty (it is a rare case when the multi-
plication is commutative, i.e. T,Tg = TpT,, so the order is not essential). Deduce
formulas for sin(a + 8) and cos(a + ) from here.

5.4. Find the matrix of the orthogonal projection in R? onto the line z; = —2x5.
Hint: What is the matrix of the projection onto the coordinate axis x1?

5.5. Find linear transformations A, B : R? — R? such that AB = 0 but BA # 0.
5.6. Prove Theorem 5.1, i.e. prove that trace(AB) = trace(BA).
5.7. Construct a non-zero matrix A such that A% = 0.

5.8. Find the matrix of the reflection through the line y = —2z/3. Perform all the
multiplications.

6. Invertible transformations and matrices. Isomorphisms

6.1. Identity transformation and identity matrix. Among all linear
transformations, there is a special one, the identity transformation (opera-
tor) I, Ix = x, Vx.

To be precise, there are infinitely many identity transformations: for
any vector space V', there is the identity transformation I = I,V =V,
I,x = x, Vx € V. However, when it is does not lead to the confusion
we will use the same symbol I for all identity operators (transformations).
We will use the notation I}, only we want to emphasize in what space the
transformation is acting.

Clearly, if I : F'™ — F™ is the identity transformation in F", its matrix is
the n X n matrix

10 ... 0

0 1 0
I=1,=

00 ... 1

(1 on the main diagonal and 0 everywhere else). When we want to emphasize
the size of the matrix, we use the notation I,,; otherwise we just use I.
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Remark. Often, the symbol E is used in Linear Algebra textbooks for the
identity matrix. I prefer I, since it is used in operator theory.

Clearly, for an arbitrary linear transformation A, the equalities
Al = A, IA=A
hold (whenever the product is defined).

6.2. Invertible transformations.

Definition. Let A : V — W be a linear transformation. We say that

the transformation A is left invertible if there exist a linear transformation
B : W — V such that

BA=1 (I = I, here).

The transformation A is called right invertible if there exists a linear trans-
formation C': W — V such that

AC =1 (here I =1,,,).

The transformations B and C' are called left and right inverses of A. Note,
that we did not assume the uniqueness of B or C' here, and generally left
and right inverses are not unique.

Definition. A linear transformation A : V — W is called invertible if it is
both right and left invertible.

Theorem 6.1. If a linear transformation A :V — W is invertible, then its
left and right inverses B and C' are unique and coincide.

Corollary. A transformation A : V. — W is invertible if and only if there
exists a unique linear transformation (denoted A=), A=Y : W — V such
that

(6.1) ATTA=1T,, AAT =1

The transformation A1 is called the inverse of A.

Remark. Very often existence of thew transformation A~! satisfying (6.1)
is used as the definition of an invertible transformation.

Proof of Theorem 6.1. Let BA =1 and AC = I. Then
BAC = B(AC) = BI = B.

On the other hand
BAC = (BA)C =1C =C,
and therefore B = C.
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Suppose for some transformation By we have BjA = I. Repeating the
above reasoning with B; instead of B we get By = C. Therefore the left
inverse B is unique. The uniqueness of C' is proved similarly. O

Definition. A matrix is called invertible (resp. left invertible, right invert-
ible) if the corresponding linear transformation is invertible (resp. left in-
vertible, right invertible).

Theorem 6.1 asserts that a matrix A is invertible if there exists a unique
matrix A~! such that A=A = I, AA~! = I. The matrix A~! is called
(surprise) the inverse of A.

Examples.

1. The identity transformation (matrix) is invertible, /=1 = I;
2. The rotation I,

R — [ €7 —siny
7\ siny  cosvy

is invertible, and the inverse is given by (R,)~! = R_.. This equality
is clear from the geometric description of R, and it also can be
checked by the matrix multiplication;

3. The column (1,1)7 is left invertible but not right invertible. One of
the possible left inverses in the row (1/2,1/2).
To show that this matrix is not right invertible, we just notice
that there are more than one left inverse. Exercise: describe all left
inverses of this matrix.

4. The row (1,1) is right invertible, but not left invertible. The column
(1/2,1/2)T is a possible right inverse.

Remark 6.2. An invertible matrix must be square (n x n). Moreover, if
a square matrix A has either left or right inverse, it is invertible. So, it is
sufficient to check only one of the identities AA™ =1, A=A =1.

This fact will be proved later. Until we prove this fact, we will not use it.
I presented it here only to prevent the reader from trying wrong directions.

6.2.1. Properties of the inverse transformation.

Theorem 6.3 (Inverse of the product). If linear transformations A and B
are invertible (and such that the product AB is defined), then the product
AB is invertible and

(AB)"'=B7'A™Y,

note the change of the order!
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Proof. Direct computation shows:
(AB)Y(B'A ™YY = ABB YA ' =ATA™ = A4 =T
and similarly
(B'A™Y(AB)=B Y (A'A)B=B'IB=B"'B=1
O

Remark 6.4. The invertibility of the product AB does not imply the in-
vertibility of the factors A and B (can you think of an example?). However,
if one of the factors (either A or B) and the product AB are invertible, then
the second factor is also invertible.

We leave the proof of this fact as an exercise.

Theorem 6.5 (Inverse of AT). If a matriz A is invertible, then AT is also
invertible and

(AT)—I — (A—I)T
Proof. Using (AB)? = BT AT we get
(A_l)TAT _ (AA_l)T _ IT =7

Y

and similarly
ATA Y =(A AT =TT = 1.
]

And finally, if A is invertible, then A~! is also invertible, (A=1)~! = A,

So, let us summarize the main properties of the inverse:

1. If A is invertible, then A~! is also invertible, (A=1)~1 = A4;

2. If A and B are invertible and the product AB is defined, then AB
is invertible and (AB)~! = B~14~1.

3. If A is invertible, then AT is also invertible and (A7)~ = (4~1)7T.

6.3. Isomorphism. Isomorphic spaces. An invertible linear transfor-
mation A : V. — W is called an isomorphism. We did not introduce anything
new here, it is just another name for the object we already studied.

Two vector spaces V and W are called isomorphic (denoted V = W) if
there is an isomorphism A : V. — W.

Isomorphic spaces can be considered as different representation of the
same space, meaning that all properties and constructions involving vector
space operations are preserved under isomorphism.

The theorem below illustrates this statement.
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Theorem 6.6. Let A : V — W be an isomorphism, and let vi,vao,...,Vy,
be a basis in V. Then the system Avi, Avo, ..., Av, is a basis in W.

We leave the proof of the theorem as an exercise.

Remark. In the above theorem one can replace “basis” by “linearly inde-
pendent”, or “generating”, or “linearly dependent”—all these properties are
preserved under isomorphisms.

Remark. If A is an isomorphism, then so is A~!. Therefore in the above
theorem we can state that vi,ve,..., v, is a basis if and only if Avy, Avs,
..., Av, is a basis.

The converse to the Theorem 6.6 is also true

Theorem 6.7. Let A : V. — W be a linear map,and let vi,va,..., vy
and Wi, Ws,..., W, be bases in V and W respectively. If Avy = wy, k =
1,2,...,n, then A is an isomorphism.

Proof. Define the inverse transformation A=! by A~ 'wy = vy, k = 1,
2,...,n (as we know, a linear transformation is defined by its values on a
basis). O
Ezamples.

1. Let A:F*FL — PE (PE is the set of polynomials > _, axt®, ap € F
of degree at most n) is defined by

Aey =1, Aeg =t,...,Ae, =t" 1, Ae,pq =t"

By Theorem 6.7 A is an isomorphism, so IP’E =~ [l

2. Let V be a vector space (over ) with a basis vi,va,...,Vv,. Define
transformation A : F* — V by

Aey = vy, k=1,2,...,n,

where ej, es,...,e, is the standard basis in F"”. Again by Theorem
6.7 A is an isomorphism, so V = F”.

3. The space M3, 5 of 2 x 3 matrices with entries in F is isomorphic to
FG'

4. More generally, MF = [Fmn

Remark. Any real vector space with a basis is isomorphic to R™ (for some
n). Similarly, any complex vector space with a basis is isomorphic to C™.
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6.4. Invertibility and equations.

Theorem 6.8. Let A : X — Y be a linear transformation. Then A is
invertible if and only if for any right side b € Y the equation

Ax=Db

has a unique solution x € X.

Proof. Suppose A is invertible. Then x = A~'b solves the equation Ax =
b. To show that the solution is unique, suppose that for some other vector
x1 € X
AX1 =b
Multiplying this identity by A~! from the left we get
A 'A%, = A7 b,

and therefore x; = A~'b = x. Note that both identities, AA~! = I and
A~1A = I were used here.
Let us now suppose that the equation Ax = b has a unique solution x
for any b € Y. Let us use symbol y instead of b. We know that giveny € Y
the equation
Ax =y
has a unique solution x € X. Let us call this solution B(y).

Note that B(y) is defined for all y € Y, so we defined a transformation
B:Y = X.

Let us check that B is a linear transformation. We need to show that
B(ay1+8y2) = aB(y1)+8B(y2). Let xi := B(yk), k = 1,2, i.e. Ax =y,
k=1,2. Then

Aaxy + Bx2) = aAx1 + fAx = ay1 + fyo,
which means
B(ayy + Byz2) = aB(y1) + BB(y2).

And finally, let us show that B is indeed the inverse of A. Take x € X
and let y = Ax, so by the definition of B we have x = By. Then for all
xe X

BAx = By = x,
so BA = I. Similarly, for arbitrary y € Y let x = By, so y = Ax. Then for
allyeY

ABy = Ax =y
so AB = 1. O

Recalling the definition of a basis we get the following corollary of The-
orems 6.6 and 6.7.
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Corollary 6.9. An m xn matriz is invertible if and only if its columns form
a basis in F™.

Exercises.

6.1. Prove, that if A: V — W is an isomorphism (i.e. an invertible linear trans-
formation) and vi,va,..., v, is a basis in V, then Avy, Ava,..., Av,, is a basis in
w.

6.2. Find all right inverses to the 1 x 2 matrix (row) A = (1,1). Conclude from
here that the row A is not left invertible.

6.3. Find all left inverses of the column (1,2,3)”
6.4. Is the column (1,2,3)7 right invertible? Justify

6.5. Find two matrices A and B that AB is invertible, but A and B are not. Hint:
square matrices A and B would not work. Remark: It is easy to construct such
A and B in the case when AB is a 1 x 1 matrix (a scalar). But can you get 2 x 2
matrix AB? 3 x 3?7 nxn?

6.6. Suppose the product AB is invertible. Show that A is right invertible and B
is left invertible. Hint: you can just write formulas for right and left inverses.

6.7. Let A and AB be invertible (assuming that the product AB is well defined).
Prove that B is invertible.

6.8. Let A be n x n matrix. Prove that if A2 = 0 then A is not invertible
6.9. Suppose AB = 0 for some non-zero matrix B. Can A be invertible? Justify.

6.10. Write matrices of the linear transformations 77 and Tb in F°, defined as
follows: T7 interchanges the coordinates xo and x4 of the vector x, and T, just
adds to the coordinate xo a times the coordinate x4, and does not change other
coordinates, i.e.

x Ha] T 1
To X4 To To + axy
v z3 | =] z3 |, | z3 | = x3 ;
Xq To X4 Xq
Ts5 Ts5 Ts5 Ts5

here a is some fixed number.

Show that 77 and 15 are invertible transformations, and write the matrices of
the inverses. Hint: it may be simpler, if you first describe the inverse transforma-
tion, and then find its matrix, rather than trying to guess (or compute) the inverses
of the matrices 17, T5.

6.11. Find the matrix of the rotation in R? through the angle a around the vector
(1,2,3)7. We assume that the rotation is counterclockwise if we sit at the tip of
the vector and looking at the origin.

You can present the answer as a product of several matrices: you don’t have to
perform the multiplication.

6.12. Give examples of matrices (say 2 x 2) such that:
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a) A+ B is not invertible although both A and B are invertible;
b) A+ B is invertible although both A and B are not invertible;
c) All of A, B and A + B are invertible

6.13. Let A be an invertible symmetric (A7 = A) matrix. Is the inverse of A
symmetric? Justify.

7. Subspaces.

A subspace of a vector space V is a non-empty subset Vp C V' of V which is
closed under the vector addition and multiplication by scalars, i.e.

1. If v € V§j then av € Vj for all scalars «;
2. For any u,v € Vj the sum u+v € V;

Again, the conditions 1 and 2 can be replaced by the following one:

au+ v € Vy for all u,v € Vp, and for all scalars «, .

Note, that a subspace Vj C V' with the operations (vector addition and
multiplication by scalars) inherited from V, is a vector space. Indeed, since
V' is non-empty, it contain at least 1 vector v and since 0 = Ov, the above
condition 1. imples that the zero vector 0 is in V. Also, for any v € V
its additive inverse —v in given by —v = (—1)v, so again by property 1.
—v € V. The rest of the axiom of the vector space are satisfied because all
operations are inherited from the vector space V. The only thing that could
possibly go wrong, is that the result of some operation does not belong to
V5. But the definition of a subspace prohibits this!

Now let us consider some examples:

1. Trivial subspaces of a space V', namely V itself and {0} (the subspace
consisting only of zero vector). Note, that the empty set @ is not a
vector space, since it does not contain a zero vector, so it is not a
subspace.

With each linear transformation A : V' — W we can associate the following
two subspaces:

2. The null space, or kernel of A, which is denoted as Null A or Ker A
and consists of all vectors v € V such that Av =20

3. The range Ran A is defined as the set of all vectors w € W which
can be represented as w = Av for some v € V.

If A is a matrix, i.e. A : F™ — F", then recalling column by coordinate rule
of the matrix—vector multiplication, we can see that any vector w € Ran A
can be represented as a linear combination of columns of the matrix A. That
explains why the term column space (and notation Col A) is often used for
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the range of the matrix. So, for a matrix A, the notation Col A is often used
instead of Ran A.

And now the last example.

4. Given a system of vectors vi,ve,...,v, € V its linear span (some-
times called simply span) L{vi,va,...,v,} is the collection of all
vectors v € V that can be represented as a linear combination
v = a1vy + asvy + ... + a,v, of vectors vi,va,...,v,.. The no-
tation span{vy,va,...,v;} is also used instead of L{vi,va,...,Vv,}

It is easy to check that in all of these examples we indeed have subspaces.
We leave this an an exercise for the reader. Some of the statements will be
proved later in the text.

Exercises.

7.1. Let X and Y be subspaces of a vector space V. Prove that X NY is a subspace
of V.

7.2. Let V be a vector space. For X,Y C V the sum X + Y is the collection of all
vectors v which can be represented as v =x+y, x € X,y € Y. Show that if X
and Y are subspaces of V| then X +Y is also a subspace.

7.3. Let X be a subspace of a vector space V, and let v € V, v ¢ X. Prove that
ifxe X thenx+v ¢ X.

7.4. Let X and Y be subspaces of a vector space V. Using the previous exercise,
show that X UY is a subspace if and only if X C Y or Y C X.

7.5. What is the smallest subspace of the space of 4 x 4 matrices which contains
all upper triangular matrices (a;, = 0 for all j > k), and all symmetric matrices
(A = AT)? What is the largest subspace contained in both of those subspaces?

8. Application to computer graphics.

In this section we give some ideas of how linear algebra is used in computer
graphics. We will not go into the details, but just explain some ideas. In par-
ticular we explain why manipulation with 3 dimensional images are reduced
to multiplications of 4 x 4 matrices.

8.1. 2-dimensional manipulation. The z-y plane (more precisely, a rec-
tangle there) is a good model of a computer monitor. Any object on a
monitor is represented as a collection of pizels, each pixel is assigned a spe-
cific color. Position of each pixel is determined by the column and row,
which play role of x and y coordinates on the plane. So a rectangle on a
plane with x-y coordinates is a good model for a computer screen: and a
graphical object is just a collection of points.
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Remark. There are two types of graphical objects: bitmap objects, where
every pixel of an object is described, and vector object, where we describe
only critical points, and graphic engine connects them to reconstruct the
object. A (digital) photo is a good example of a bitmap object: every pixel
of it is described. Bitmap object can contain a lot of points, so manipulations
with bitmaps require a lot of computing power. Anybody who has edited
digital photos in a bitmap manipulation program, like Adobe Photoshop,
knows that one needs quite a powerful computer, and even with modern and
powerful computers manipulations can take some time.

That is the reason that most of the objects, appearing on a computer
screen are vector ones: the computer only needs to memorize critical points.
For example, to describe a polygon, one needs only to give the coordinates
of its vertices, and which vertex is connected with which. Of course, not
all objects on a computer screen can be represented as polygons, some, like
letters, have curved smooth boundaries. But there are standard methods
allowing one to draw smooth curves through a collection of points, for ex-
ample Bezier splines, used in PostScript and Adobe PDF (and in many other
formats).

Anyhow, this is the subject of a completely different book, and we will
not discuss it here. For us a graphical object will be a collection of points
(either wireframe model, or bitmap) and we would like to show how one can
perform some manipulations with such objects.

The simplest transformation is a translation (shift), where each point
(vector) v is translated by a, i.e. the vector v is replaced by v + a (notation
v — v+ais used for this). Vector addition is very well adapted to computers,
so the translation is easy to implement.

Note, that the translation is not a linear transformation (if a # 0): while
it preserves the straight lines, it does not preserve 0.

All other transformation used in computer graphics are linear. The first
one that comes to mind is rotation. The rotation by v around the origin 0
is given by the multiplication by the rotation matrix R, we discussed above,

( cosy —sinvy )

R, = . .

siny  cos7y

If we want to rotate around a point a, we first need to translate the picture

by —a, moving the point a to 0, then rotate around 0 (multiply by R,) and
then translate everything back by a.

Another very useful transformation is scaling, given by a matrix

(5%)
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a,b > 0. If a = b it is uniform scaling which enlarges (reduces) an object,
preserving its shape. If a # b then x and y coordinates scale differently; the
object becomes “taller” or “wider”.

Another often used transformation is reflection: for example the matrix

(0 5)

defines the reflection through z-axis.

We will show later in the book, that any linear transformation in R? can
be represented either as a composition of scaling rotations and reflections.
However it is sometimes convenient to consider some different transforma-
tions, like the shear transformation, given by the matrix

1 tangp
0 1 '

This transformation makes all objects slanted, the horizontal lines remain
horizontal, but vertical lines go to the slanted lines at the angle ¢ to the
vertical ones.

8.2. 3-dimensional graphics. Three-dimensional graphics is more com-
plicated. First we need to be able to manipulate 3-dimensional objects, and
then we need to represent it on 2-dimensional plane (monitor).

The manipulations with 3-dimensional objects is pretty straightforward,
we have the same basic transformations: translation, reflection through a
plane, scaling, rotation. Matrices of these transformations are very similar
to the matrices of their 2 x 2 counterparts. For example the matrices

1 0 0 a 0 0 cosy —siny 0
01 0 , 06 0], siny cosy O
0 0 -1 0 0 ¢ 0 0 1

represent respectively reflection through z-y plane, scaling, and rotation
around z-axis.

Note, that the above rotation is essentially 2-dimensional transforma-
tion, it does not change z coordinate. Similarly, one can write matrices for
the other 2 elementary rotations around x and around y axes. It will be
shown later that a rotation around an arbitrary axis can be represented as
a composition of elementary rotations.

So, we know how to manipulate 3-dimensional objects. Let us now dis-
cuss how to represent such objects on a 2-dimensional plane. The simplest
way is to project it to a plane, say to the xz-y plane. To perform such projec-
tion one just needs to replace z coordinate by 0, the matrix of this projection
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Figure 2. Perspective projection onto x-y plane: F is the center (focal
point) of the projection

is

S O =
O = O
o O O

Such method is often used in technical illustrations. Rotating an object
and projecting it is equivalent to looking at it from different points. However,
this method does not give a very realistic picture, because it does not take
into account the perspective, the fact that the objects that are further away
look smaller.

To get a more realistic picture one needs to use the so-called perspective
projection. To define a perspective projection one needs to pick a point (the
center of projection or the focal point) and a plane to project onto. Then
each point in R? is projected into a point on the plane such that the point,
its image and the center of the projection lie on the same line, see Fig. 2.

This is exactly how a camera works, and it is a reasonable first approxi-
mation of how our eyes work.

Let us get a formula for the projection. Assume that the focal point is
(0,0,d)” and that we are projecting onto z-y plane, see Fig. 3 a). Consider
a point v = (x,7,2)7, and let v* = (z*,y*,0)7 be its projection. Analyzing
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(z*,9*,0)

(@,y,2)

a) L b)

Figure 3. Finding coordinates z*, y* of the perspective projection of
the point (z,y,2)%.

(0,0, d)

similar triangles see Fig. 3 b), we get that

o
d d—2’
SO
o xd oz
S d—z 1-—z/d
and similarly
oY
1—2z/d

Note, that this formula also works if z > d and if z < 0: you can draw the
corresponding similar triangles to check it.

Thus the perspective projection maps a point (x,%,2)? to the point

T Y T
<l—z/d’ 1—z/d> O)
This transformation is definitely not linear (because of z in the denomi-

nator). However it is still possible to represent it as a linear transformation.
To do this let us introduce the so-called homogeneous coordinates.

In the homogeneous coordinates, every point in R? is represented by 4
coordinates, the last, 4th coordinate playing role of the scaling coefficient.
Thus, to get usual 3-dimensional coordinates of the vector v = (z,y, )T
from its homogeneous coordinates (z1, 2,23, 24)7 one needs to divide all
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entries by the last coordinate x4 and take the first 3 coordinates 4 (ifzy =0
this recipe does not work, so we assume that the case x4 = 0 corresponds to
the point at infinity).

Thus in homogeneous coordinates the vector v* can be represented as
(2,,0,1—2z/d)T, so in homogeneous coordinates the perspective projection
is a linear transformation:

T 1 0 0 0 x
Y 1 01 0 0 Y
0 00 0 0 z
1—2z/d 0 0 —1/d 1 1

Note that in the homogeneous coordinates the translation is also a linear
transformation:

T+ a 1 0 0 g T
y+as | | 01 0 a y
z4+a3 | | 0 0 1 a3 z

1 00 0 1 1

But what happen if the center of projection is not a point (0,0, d)T but
some arbitrary point (dy, ds,d3)”. Then we first need to apply the translation
by —(di,d2,0)” to move the center to (0,0,ds)” while preserving the z-y
plane, apply the projection, and then move everything back translating it
by (d1, da, O)T. Similarly, if the plane we project to is not x-y plane, we move
it to the z-y plane by using rotations and translations, and so on.

All these operations are just multiplications by 4 x 4 matrices. That
explains why modern graphic cards have 4 x 4 matrix operations embedded
in the processor.

Of course, here we only touched the mathematics behind 3-dimensional
graphics, there is much more. For example, how to determine which parts of
the object are visible and which are hidden, how to make realistic lighting,
shades, etc.

Exercises.
8.1. What vector in R? has homogeneous coordinates (10, 20, 30, 5)?
4If we multiply homogeneous coordinates of a point in R3 by a non-zero scalar, we do not

change the point. In other words, in homogeneous coordinates a point in R3 is represented by a
line through 0 in R%.
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8.2. Show that a rotation through = can be represented as a composition of two
shear-and-scale transformations

. 1 0 [ secy —tanvy
Tl(sinv cos*y>’ T2< 0 1 )

In what order the transformations should be taken?
8.3. Multiplication of a 2-vector by an arbitrary 2 X 2 matrix usually requires 4
multiplications.

Suppose a 2 x 1000 matrix D contains coordinates of 1000 points in R?. How
many multiplications are required to transform these points using 2 arbitrary 2 x 2
matrices A and B. Compare 2 possibilities, A(BD) and (AB)D.

8.4. Write 4 x 4 matrix performing perspective projection to z-y plane with center

(dl, d2a dB)T'

8.5. A transformation T in R? is a rotation about the line y = 2+ 3 in the z-y plane
through an angle v. Write a 4 x 4 matrix corresponding to this transformation.

You can leave the result as a product of matrices.



Chapter 2

Systems of linear
equations

1. Different faces of linear systems.

There exist several points of view on what a system of linear equations, or in
short a linear system is. The first, naive one is, that it is simply a collection

of m linear equations with n unknowns x1, zo, ..., x,,
a11ry + aipxe2 + ...+ a1aTn = b1
a21r1 + ag2xe2 + ... + a2pTn = bo
Am1T1 + amara + ...+ AmaTn = bn
To solve the system is to find all n-tuples of numbers x1, xo, ..., x, which
satisfy all m equations simultaneously.
If we denote X := (x1,29,...,2,)" € F", b = (by,bs,...,by)" € F™,
and
a171 (ILQ e aljn
a1 az2 ... Q2nqn
A= . . ’
am71 amg e amm

then the above linear system can be written in the matriz form (as a matria-
vector equation)

Ax =b.
To solve the above equation is to find all vectors x € F™ satisfying Ax = b.
And finally, recalling the “column by coordinate” rule of the matrix-

vector multiplication, we can write the system as a vector equation

r1a1 +x2a + ...+ xpa, = b,
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where ay, is the kth column of the matrix A, ay = (a1, a2, - - - ,amyk)T,
k=1,2,...,n.

Note, these three examples are essentially just different representations
of the same mathematical object.

Before explaining how to solve a linear system, let us notice that it does
not matter what we call the unknowns, xx, yr or something else. So, all
the information necessary to solve the system is contained in the matrix A,
which is called the coefficient matriz of the system and in the vector (right
side) b. Hence, all the information we need is contained in the following
matrix

a1 a2 ... Q1 | by
a1 G2 ... G2y | b
Am,1 @m2 - Gmn | bm

which is obtained by attaching the column b to the matrix A. This matrix is
called the augmented matriz of the system. We will usually put the vertical
line separating A and b to distinguish between the augmented matrix and
the coefficient matrix.

2. Solution of a linear system. Echelon and reduced echelon
forms

Linear systems are solved by the Gauss—Jordan elimination (which is some-
times called row reduction). By performing operations on rows of the aug-
mented matrix of the system (i.e. on the equations), we reduce it to a simple
form, the so-called echelon form. When the system is in the echelon form,
one can easily write the solution.

2.1. Row operations. There are three types of row operations we use:

1. Row exchange: interchange two rows of the matrix;
2. Scaling: multiply a row by a non-zero scalar a;

3. Row replacement: replace a row # k by its sum with a constant
multiple of a row # j; all other rows remain intact;

It is clear that the operations 1 and 2 do not change the set of solutions
of the system; they essentially do not change the system.

As for the operation 3, one can easily see that it does not lose solutions.
Namely, let a “new” system be obtained from an “old” one by a row operation
of type 3. Then any solution of the “old” system is a solution of the “new”
one.
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To see that we do not gain anything extra, i.e. that any solution of the
“new” system is also a solution of the “old” one, we just notice that row
operation of type 3 are reversible, i.e. the “old’ system also can be obtained
from the “new” one by applying a row operation of type 3 (can you say
which one?)

2.1.1. Row operations and multiplication by elementary matrices. There is
another, more “advanced” explanation why the above row operations are
legal. Namely, every row operation is equivalent to the multiplication of the
matrix from the left by one of the special elementary matrices.

Namely, the multiplication by the matrix

(all non-marked off-diagonal entries are 0) just interchanges the rows number
7 and number k. Multiplication by the matrix

N
[an i
o O -

—_ O
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(again all non-marked off-diagonal entries are 0) multiplies the row number
k by a. Finally, multiplication by the matrix

1

1

adds to the row #k row #j multiplied by a, and leaves all other rows intact.

To see that the multiplication by these matrices works as advertised, one
can just see how the multiplications act on vectors (columns).

A way to describe (or to remember) these elementary matrices:
each of them is obtained by applying the corresponding row op-
eration to the identity matrix 1.

Note that all these matrices are invertible (compare with reversibility of
row operations). The inverse of the first matrix is the matrix itself. To get
the inverse of the second one, one just replaces a by 1/a. And finally, the
inverse of the third matrix is obtained by replacing a by —a. To see that the
inverses are indeed obtained this way, one again can simply check how they
act on columns.

So, performing a row operation on the augmented matrix of the system
Ax = b is equivalent to the multiplication of the system (from the left) by a
special invertible matrix . Left multiplying the equality Ax = b by F we
get that any solution of the equation

Ax=Db

is also a solution of
FAx = Eb.

Multiplying this equation (from the left) by E~! we get that any of its
solutions is a solution of the equation

E'EAx = E"'Eb,
which is the original equation Ax = b. So, a row operation does not change
the solution set of a system.
2.2. Row reduction. The main step of row reduction consists of three
sub-steps:

1. Find the leftmost non-zero column of the matrix;
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2. Make sure, by applying row operations of type 1 (row exchange), if
necessary, that the first (the upper) entry of this column is non-zero.
This entry will be called the pivot entry or simply the pivot;

3. “Kill” (i.e. make them 0) all non-zero entries below the pivot by
adding (subtracting) an appropriate multiple of the first row from
the rows number 2,3,...,m.

We apply the main step to a matrix, then we leave the first row alone and
apply the main step to rows 2,...,m, then to rows 3,...,m, etc.

The point to remember is that after we subtract a multiple of a row from
all rows below it (step 3), we leave it alone and do not change it in any way,
not even interchange it with another row.

After applying the main step finitely many times (at most m), we get
what is called the echelon form of the matrix.

2.2.1. An example of row reduction. Let us consider the following linear
system:

T1+ 229 +3x3 =1

3x1+2x04+x3=17

201 +x0+ 223 =1

The augmented matrix of the system is

1 2 3|1
3 2 1|7
2 1 2|1
Subtracting 3-Row#1 from the second row, and subtracting 2-Row#1 from
the third one we get:

1 2 3|1 1 2 3 1
3 2 1|7 —3R; ~ 0 —4 -8 4
21 2|1 —2R; 0 -3 —4]-1
Multiplying the second row by —1/4 we get
1 2 3 1
0 1 21 -1
0 -3 —4]-1
Adding 3-Row#2 to the third row we obtain
1 2 3 1 1 2 3 1
0 1 21 -1 ~ 01 2|-1
0 -3 —4| -1 /+3Ry 00 2|—-4

Now we can use the so called back substitution to solve the system. Namely,
from the last row (equation) we get x3 = —2. Then from the second equation



44 2. Systems of linear equations

we get
2y = —1— 223 =—1—2(—2) =3,
and finally, from the first row (equation)
$1:1—2$2—3$3:1—6+6:1.

So, the solution is

r1 = 1
x9 = 3,
T3 = —2,
or in vector form
1
X = 3
-2

or x = (1,3,—2)T. We can check the solution by multiplying Ax, where A
is the coefficient matrix.

Instead of using back substitution, we can do row reduction from bottom
to top, killing all the entries above the main diagonal of the coefficient matrix:
we start by multiplying the last row by 1/2, and the rest is pretty self-
explanatory:

1 2 3| 1\-3R;s 12 0| 7\-2R,
01 2|-1|-2R; ~[ 0 10| 3
00 1]-2 00 1|2
1 00| 1
~[0 10| 3
00 1|-2

and we just read the solution x = (1,3, —2)” off the augmented matrix.

We leave it as an exercise to the reader to formulate the algorithm for
the backward phase of the row reduction.

2.3. Echelon form. A matrix is in echelon form if it satisfies the following
two conditions:

1. All zero rows (i.e. the rows with all entries equal 0), if any, are below
all non-zero entries.

For a non-zero row, let us call the leftmost non-zero entry the leading entry.
Then the second property of the echelon form can be formulated as follows:

2. For any non-zero row its leading entry is strictly to the right of the
leading entry in the previous row.
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The leading entry in each row in echelon form is also called pivot entry,
or simply pivot, because these entries are exactly the pivots we used in the
row reduction.

A particular case of the echelon form is the so-called triangular form.
We got this form in our example above. In this form the coefficient matrix is
square (n X n), all its entries on the main diagonal are non-zero, and all the
entries below the main diagonal are zero. The right side, i.e. the rightmost
column of the augmented matrix can be arbitrary.

After the backward phase of the row reduction, we get what the so-
called reduced echelon form of the matrix: coefficient matrix equal I, as in
the above example, is a particular case of the reduced echelon form.

The general definition is as follows: we say that a matrix is in the reduced
echelon form, if it is in the echelon form and

3. All pivot entries are equal 1;

4. All entries above the pivots are 0. Note, that all entries below the
pivots are also 0 because of the echelon form.

To get reduced echelon form from echelon form, we work from the bottom
to the top and from the right to the left, using row replacement to kill all
entries above the pivots.

An example of the reduced echelon form is the system with the coefficient
matrix equal I. In this case, one just reads the solution from the reduced
echelon form. In the general case, one can also easily read the solution from
the reduced echelon form. For example, let the reduced echelon form of the
system (augmented matrix) be

0
0

0
0

here we boxed the pivots. The idea is to move the variables, corresponding
to the columns without pivot (the so-called free variables) to the right side.
Then we can just write the solution.

2 0 0 1
0 [1] 5 2 |;
0 0 0 3

xr1 — 1-— 2x2
T is free

xr3 = 2 — 5.%4
x4 1s free

Iy — 3
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or in the vector form

1-— 2%2
T2

2 —5xy
T4

3

W o N O -

+ T2

-2

o O O+

+ x4 ) , xo,x4 €F.

0

One can also find the solution from the echelon form by using back
substitution: the idea is to work from bottom to top, moving all free variables

to the right side.

Exercises.

2.1. Write the systems of equations below in matrix form and as vector equations:

xr1 + 2.’E2
a) 2r1 + 2x9
3r1 + 5x9
r, — 2.%’2
21‘1 — 3.132
b) 3I1 — 5582
X
X1 + 2502
C) 31’1 + 5.’£2
201 + 4dxo
2.’171
1 — 4dxo
d) 231‘1 — 8%‘2
—r1 + Az
1 + 2x9
e) 2r1 4+ 4dxo
T2
21‘1 — 2502
f) r, — X2
dry — 4dxo
31’1 — X2
r1p — X2
g) 5371 — 2332
2$1 — X9

+

o+ ++

xs3
Zs3
21‘3

T3
T3

51’3

T3
T3
7.%‘3

€T3
€T3
2$3

T3
€T3

z3

zs3
5{1,‘3
zs3
z3
z3

O© N O~

+
+ 6£E4
+

+
+

T e

-1
1
-1

21’4
61’4
21‘4
11.’174

T4
41‘4
+ 5],‘4

3.734

2$4

6.’,E4
2394

+ 7£C4

T4
2.’L‘4
3(1’54
2.1‘4

= 6
= 17
= 12
= 7
= 3
= 9
= —6
2
5
3
72565 =1
—T5 = 2
—T5 = 6
21’5 = 5
Irs = 2
3zs = 10
Irs = 5

++ 1+

Solve the systems. Write the answers in the vector form.

2.2. Find all solutions of the vector equation

XT1Vy1 + X2Vy + X3Vy = 0,

where v = (1,1,0)7, vo = (0,1,1)7 and v3 = (1,0,1)”. What conclusion can you
make about linear independence (dependence) of the system of vectors vy, va, v3?
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3. Analyzing the pivots.

All questions about existence of a solution and it uniqueness can be answered
by analyzing pivots in the echelon (reduced echelon) form of the augmented
matrix of the system. First of all, let us investigate the question of when is
the equation Ax = b inconsistent, i.e. when it does not have a solution. The
answer follows immediately, if one just thinks about it:

a system is inconsistent (does not have a solution) if and only if
there is a pivot in the last column of an echelon form of the aug-
mented matrix, i.e. iff an echelon form of the augmented matrix
has a row ( 00 ... 0 ‘ b ),b;«éOinit.

Indeed, such a row correspond to the equation Ox; + Ozg + ...+ Ox, =
b # 0 that does not have a solution. If we don’t have such a row, we just
make the reduced echelon form and then read the solution off it.

Now, three more statements. Note, they all deal with the coefficient
matriz, and not with the augmented matrix of the system.

1. A solution (if it exists) is unique iff there are no free variables, that
is if and only if the echelon form of the coefficient matrix has a pivot
in every column;

2. Equation Ax = b is consistent for all right sides b if and only if the
echelon form of the coefficient matrix has a pivot in every row.

3. Equation Ax = b has a unique solution for any right side b if and
only if echelon form of the coefficient matrix A has a pivot in every
column and every row.

The first statement is trivial, because free variables are responsible for
all non-uniqueness. I should only emphasize that this statement does not
say anything about the existence.

The second statement is a tiny bit more complicated. If we have a pivot
in every row of the coefficient matrix, we cannot have the pivot in the last
column of the augmented matrix, so the system is always consistent, no
matter what the right side b is.

Let us show that if we have a zero row in the echelon form of the coeffi-
cient matrix A, then we can pick a right side b such that the system Ax = b
is not consistent. Let A, echelon form of the coefficient matrix A. Then

A, = EA,

where E is the product of elementary matrices, corresponding to the row
operations, £ = En ... EyE;. If A. has a zero row, then the last row is also
zero. Therefore, if we put b, = (0,...,0,1)7 (all entries are 0, except the
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last one), then the equation
A.x = b,

does not have a solution. Multiplying this equation by E~! from the left,
and recalling that E~1A4, = A, we get that the equation

Ax = E"'b,

does not have a solution.

Finally, statement 3 immediately follows from statements 1 and 2. [

From the above analysis of pivots we get several very important corol-
laries. The main observation we use is

In echelon form, any row and any column have no more than 1
pivot in it (it can have 0 pivots)

3.1. Corollaries about linear independence and bases. Dimension.
Questions as to when a system of vectors in F" is a basis, a linearly inde-
pendent or a spanning system, can be easily answered by the row reduction.

Proposition 3.1. Let us have a system of vectors vi,vo,..., vy, € F", and
let A = [vi,va,...,vy] be an n x m matriz with columns vi,va,...,Vp,.
Then

1. The system v1,Va, ..., Vy, is linearly independent iff echelon form of

A has a pivot in every column;

2. The system vi,Va,...,Vy, is complete in F™ (spanning, generating)
iff echelon form of A has a pivot in every row;

3. The system vi,Va,...,Vy, is a basis in F™ iff echelon form of A has
a pivot in every column and in every row.

Proof. The system vi,vs,..., vy, € F” is linearly independent if and only
if the equation

Vi +2Tove + ...+ 2V, =0
has the unique (trivial) solution x; = 9 = ... = z,,, = 0, or equivalently,
the equation Ax = 0 has unique solution x = 0. By statement 1 above, it
happens if and only if there is a pivot in every column of the matrix.

Similarly, the system vi,vo,..., vy, € F" is complete in F™ if and only
if the equation

r1vi +Tove + ...+ TV = b

has a solution for any right side b € F". By statement 2 above, it happens
if and only if there is a pivot in every row in echelon form of the matrix.
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And finally, the system vi,vo,..., vy, € F" is a basis in F” if and only
if the equation
1V +Tovo+ ...+ TV, = b
has unique solution for any right side b € F". By statement 3 this happens
if and only if there is a pivot in every column and in every row of echelon

form of A. O

Proposition 3.2. Any linearly independent system of vectors in F™ cannot
have more than n vectors in it.

Proof. Let a system vi,va,..., vy, € F" be linearly independent, and let
A = [vi,Va,...,Vy] be the n X m matrix with columns vy, va,...,vy. By
Proposition 3.1 echelon form of A must have a pivot in every column, which
is impossible if m > n (number of pivots cannot be more than number of
rows). O

Proposition 3.3. Any two bases in a vector space V have the same number
of vectors in them.

Proof. Let vi,vo,...,v, and wi,ws,...,wW,, be two different bases in V.
Without loss of generality we can assume that n < m. Consider an isomor-
phism A : F* — V defined by

Aek:vk, kZl,Q,...’I’L,

where eq,es, ..., e, is the standard basis in R".

Since A™! is also an isomorphism, the system
A Wi, A e, .. ANy,

is a basis (see Theorem 6.6 in Chapter 1). So it is linearly independent,
and by Proposition 3.2, m < n. Together with the assumption n < m this
implies that m = n. ]

The statement below is a particular case of the above proposition.

Proposition 3.4. Any basis in F" must have exactly n vectors in it.

Proof. This fact follows immediately from the previous proposition, but
there is also a direct proof. Let vi,va,..., v, be a basis in F” and let A be
the n X m matrix with columns vi,vs,...,v,,. The fact that the system is
a basis, means that the equation

Ax=Db

has a unique solution for any (all possible) right side b. The existence means
that there is a pivot in every row (of a reduced echelon form of the matrix),
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hence the number of pivots is exactly n. The uniqueness mean that there is
pivot in every column of the coefficient matrix (its echelon form), so

m = number of columns = number of pivots =n

0

Proposition 3.5. Any spanning (generating) set in F™ must have at least
n vectors.

Proof. Let vi,va,...,Vv,, be a complete system in F", and let A be n x m
matrix with columns vy, va,...,Vv,,. Statement 2 of Proposition 3.1 implies
that echelon form of A has a pivot in every row. Since number of pivots
cannot exceed the number of columns, n < m. O

3.2. Corollaries about invertible matrices.

Proposition 3.6. A matriz A is invertible if and only if its echelon form
has pivot in every column and every row.

Proof. As it was discussed in the beginning of the section, the equation
Ax = b has a unique solution for any right side b if and only if the echelon
form of A has pivot in every row and every column. But, we know, see
Theorem 6.8 in Chapter 1, that the matrix (linear transformation) A is
invertible if and only if the equation Ax = b has a unique solution for any
possible right side b.

There is also an alternative proof. We know that a matrix is invertible
if and only if its columns form a basis in (see Corollary 6.9 in Section 6.4,
Chapter 1). Proposition 3.4 above states that it happens if and only if there
is a pivot in every row and every column. O

The above proposition immediately implies the following
Corollary 3.7. An invertible matriz must be square (n X n).

Proposition 3.8. If a square (nxn) matriz is left invertible, or if it is right
invertible, then it is invertible. In other words, to check the invertibility of a

square matriz A it is sufficient to check only one of the conditions AA™" =1,
AT'A=1

Note, that this proposition applies only to square matrices!

Proof. We know that matrix A is invertible if and only if the equation
Ax = b has a unique solution for any right side b. This happens if and only
if the echelon form of the matrix A has pivots in every row and in every
column.
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If a matrix A is left invertible, the equation Ax = 0 has unique solution
x = 0. Indeed, if B is a left inverse of A (i.e. BA =1I), and x satisfies

Ax =0,

then multiplying this identity by B from the left we get x = 0, so the solution
is unique. Therefore, the echelon form of A has pivots in every column (no
free variables). If the matrix A is square (n x n), the echelon form also has
pivots in every row (n pivots, and a row can have no more than 1 pivot), so
the matrix is invertible.

If a matrix A is right invertible, and C is its right inverse (AC' = I),
then for x = Cb, b € F"

Ax = ACb = Ib =b.
Therefore, for any right side b the equation Ax = b has a solution x = Cb.
Thus, echelon form of A has a pivot in every row. If A is square, it also has
a pivot in every column, so A is invertible. U
Exercises.

3.1. For what value of b the system

1 2 2 1
2 4 6 |x=1|4
1 2 3 b

has a solution. Find the general solution of the system for this value of b.

3.2. Determine, if the vectors

1 1 0 0
1 0 0 1
0 |’ 1| 1]’ 0
0 0 1 1

are linearly independent or not.

Do these four vectors span R*? (In other words, is it a generating system?)
What about C*?

3.3. Determine, which of the following systems of vectors are bases in R3:
a) (1,2,-1)7, (1,0,2)7, (2,1,1)T;
b) (-1,3,2)T, (-3,1,3)T, (2,10,2)7T;
c) (67,13, —47)T, (7, —7.84,0)T, (3,0,0)T.

Which of the systems are bases in C3?

3.4. Do the polynomials ® + 2z, 2% + x + 1, 2® + 5 generate (span) P3? Justify
your answer.

3.5. Can 5 vectors in F* be linearly independent? Justify your answer.



52 2. Systems of linear equations

3.6. Prove or disprove: If the columns of a square (n x n) matrix A are linearly
independent, so are the columns of 4% = AA.

3.7. Prove or disprove: If the columns of a square (n x n) matrix A are linearly
independent, so are the rows of 43 = AAA.

3.8. Show that if the equation Ax = 0 has unique solution (i.e. if echelon form of
A has pivot in every column), then A is left invertible. Hint: elementary matrices
may help.

Note: It was shown in the text that if A is left invertible, then the equation Ax = 0
has unique solution. But here you are asked to prove the converse of this statement,
which was not proved.

Remark: This can be a very hard problem, for it requires deep understanding
of the subject. However, when you understand what to do, the problem becomes
almost trivial.

3.9. Is the reduced echelon form of a matrix unique? Justify your conclusion.

Namely, suppose that by performing some row operations (not necessarily fol-

lowing any algorithm) we end up with a reduced echelon matrix. Do we always
end up with the same matrix, or can we get different ones? Note that we are only
allowed to perform row operations, the “column operations”’ are forbidden.
Hint: What happens if you start with an invertible matrix? Also, are the pivots
always in the same columns, or can it be different depending on what row operations
you perform? If you can tell what the pivot columns are without reverting to row
operations, then the positions of pivot columns do not depend on them.

4. Finding A~! by row reduction.

As it was discussed above, an invertible matrix must be square, and its eche-
lon form must have pivots in every row and every column. Therefore reduced
echelon form of an invertible matrix is the identity matrix I. Therefore,

Any invertible matrix is row equivalent (i.e. can be reduced by
row operations) to the identity matrix.

Now let us state a simple algorithm of finding the inverse of an n x n
matrix:

1. Form an augmented nx2n matrix (A | I) by writing the nxn identity
matrix right of A;

2. Performing row operations on the augmented matrix transform A to
the identity matrix I;

3. The matrix I that we added will be automatically transformed to
AL

4. If it is impossible to transform A to the identity by row operations,
A is not invertible.
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There are several possible explanations of the above algorithm. The first,
a naive one, is as follows: we know that (for an invertible A) the vector A~ 'b
is the solution of the equation Ax = b. So to find the column number &
of A~ we need to find the solution of Ax = ey, where e, es,...,e, is the
standard basis in R™. The above algorithm just solves the equations

Ax = e, k=1,2,...,n

simultaneously!

Let us also present another, more “advanced” explanation. As we dis-
cussed above, every row operation can be realized as a left multiplication
by an elementary matrix. Let Ei, Fs,..., Ex be the elementary matrices
corresponding to the row operation we performed, and let £ = Ey --- EoFq
be their product.! We know that the row operations transform A to iden-
tity, i.e. EA =1, so E = A~'. But the same row operations transform the
augmented matrix (A|I) to (EA|E) = (I|A™1). O

This “advanced” explanation using elementary matrices implies an im-
portant proposition that will be often used later.

Theorem 4.1. Any invertible matriz can be represented as a product of
elementary matrices.

Proof. As we discussed in the previous paragraph, A™' = Ex --- EyFy, so

A=ANY T =E'E - BN

An Example. Suppose we want to find the inverse of the matrix

1 4 =2
-2 -7 7
3 11 -6

Augmenting the identity matrix to it and performing row reduction we get

1 4 =211 0 0 1 4 =2, 1 00
-2 -7 71010 |+2R; ~| O 1 3] 2 1 0 ~
3 11 60 0 1 /J—-3R 0 -1 0]-3 0 1/+Rs
1 4 -2 1 0 0\x3 3 12 —6| 3 0 0 \+4+2R3
01 3| 210 ~(0 1 3| 210 |—-R3 ~
00 3|-111 0 0 3|-1 11

1Although it does not matter here, but please notice, that if the row operation F; was
performed first, £1 must be the rightmost term in the product
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Here in the last row operation we multiplied the first row by 3 to avoid
fractions in the backward phase of row reduction. Continuing with the row
reduction we get

3 12 0] 1 2 2\-12Ry 3 00
0 1 0] 3 0 -1 ~1 010 3 0 -1
0 0 3]-11 1 0 0 3

Dividing the first and the last row by 3 we get the inverse matrix

—35/3 2/3 14/3
3 0 -1
~1/3 1/3 1/3

Exercises.

4.1. Find the inverse of the matrices
1 21
3 7 3 |,
2 3 4

5. Dimension. Finite-dimensional spaces.

Show all steps

Definition. The dimension dimV of a vector space V is the number of
vectors in a basis.

For a vector space consisting only of zero vector 0 we put dimV = 0. If
V' does not have a (finite) basis, we put dim V' = oo.

If dim V' is finite, we call the space V finite-dimensional; otherwise we
call it infinite-dimensional.

Proposition 3.3 asserts that the dimension is well defined, i.e. that it
does not depend on the choice of a basis.

Proposition 2.8 from Chapter 1 states that any finite spanning system
in a vector space V contains a basis. This immediately implies the following

Proposition 5.1. A vector space V is finite-dimensional if and only if it
has a finite spanning system.

Suppose, that we have a system of vectors in a finite-dimensional vector
space, and we want to check if it is a basis (or if it is linearly independent,
or if it is complete)? Probably the simplest way is to use an isomorphism
A:V — R" n=dimV to move the problem to R", where all such questions
can be answered by row reduction (studying pivots).
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Note, that if dim V' = n, then there always exists an isomorphism A :
V — R”. Indeed, if dim V' = n then there exists a basis vi,vy,...,v, € V,
and one can define an isomorphism A : V — R” by

Avk:ek, k:1,2,...,n.

As an example, let us give the following two corollaries of the above
Propositions 3.2, 3.5:

Proposition 5.2. Any linearly independent system in a finite-dimensional
vector space V' cannot have more than dimV wvectors in it.

Proof. Let vi,va,..., vy, € V be a linearly independent system, and let
A :V — R" be an isomorphism. Then Avy, Avs,..., Av,, is a linearly
independent system in R", and by Proposition 3.2 m < n. O

Proposition 5.3. Any generating system in a finite-dimensional vector
space V. must have at least dim V' wvectors in it.

Proof. Let vi,vo,..., vy, € V be a complete system in V, and let A:V —
R™ be an isomorphism. Then Avy, Avo, ..., Av,, is a complete system in
R", and by Proposition 3.5 m > n. ]

5.1. Completing a linearly independent system to a basis. The fol-
lowing statement will play an important role later.

Proposition 5.4 (Completion to a basis). A linearly independent system
of vectors in a finite-dimensional space can be completed to a basis, i.e. if

V1i,Vo,...,V, are linearly independent vectors in a finite-dimensional vector
space V' then one can find vectors Vyy1, Vyya...,Vy such that the system of
vectors vi,Va,...,Vy 1S a basis in V.

Proof. Let n = dimV. Assume that the system is not generating, since
otherwise it is already a basis. Take any vector (let us call it v,11) not
belonging to span{vy, va,...,v,} (one can always do that because the system
V1, Vo, ..., V, is not generating). By Exercise 2.5 from Chapter 1 the system
Vi,...,Vp, Vppq 18 linearly independent (notice that in this case r < n by
Proposition 5.2). Repeat the procedure with the new system to get vector
Vy+2, and so on.

We will stop the process when we get a generating system. Note, that
the process cannot continue infinitely, because a linearly independent system
of vectors in V' cannot have more than n = dim V' vectors. 0
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5.2. Subspaces of finite dimensional spaces.

Theorem 5.5. Let V be a subspace of a vector space W, dimW < oco. Then
V' is finite dimensional and dim V' < dim W.

Moreover, if dimV = dim W then V. =W (we are still assuming that V'
is a subspace of W here).

Remark. This theorem looks like a complete banality, like an easy corollary
of Proposition 5.2. But we can apply Proposition 5.2 only if we already have
a basis in V. And we only have a basis in W, and we cannot say how many
vectors in this basis belong to V; in fact, it is easy to construct an example
where none of the vectors in the basis of W belongs to V.

Proof of Theorem 5.5. If V = {0} then the theorem is trivial, so let us
assume otherwise.

We want to find a basis in V. Take a non-zero vector vi € V. If
V = span{v;}, we got our basis (consisting of the one vector vi).

If not, we continue by induction. Suppose we constructed r linearly
independent vectors vi,...,v, € V. If V. = span{vy : 1 < k < r},
then we have found a basis in V. If not, there exists a vector v,11 € V,
Vg1 ¢ span{vy : 1 < k < r}. By Exercise 2.5 from Chapter 1 the system
Vi,...,Vy, Vpy1 is linearly independent.

0

Exercises.
5.1. True or false:

a) Every vector space that is generated by a finite set has a basis;
) Every vector space has a (finite) basis;
¢) A vector space cannot have more than one basis;
) If a vector space has a finite basis, then the number of vectors in every
basis is the same.
e) The dimension of P, is n;
f) The dimension on M,,x, is m + n;

g) If vectors vi,va,...,v, generate (span) the vector space V, then every
vector in V' can be written as a linear combination of vector vi,vs,..., Vv,
in only one way;

h) Every subspace of a finite-dimensional space is finite-dimensionalj;

i) If V is a vector space having dimension n, then V' has exactly one subspace
of dimension 0 and exactly one subspace of dimension n.

5.2. Prove that if V is a vector space having dimension n, then a system of vectors
Vi,Va,...,V, in V is linearly independent if and only if it spans V.
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5.3. Prove that a linearly independent system of vectors vi,va,..., v, in a vector
space V is a basis if and only if n = dim V.

5.4. (An old exercise revisited: now this problem should be easy) Is it possible that
vectors vy, vy, v3 are linearly dependent, but the vectors wi; = vi+vsy, Wy = vo+vy
and ws = vg + vy are linearly independent? Hint: What dimension can the
subspace span(vy, vg, vs) have?

5.5. Let vectors u, v, w be a basis in V. Show that u+v+w, v+ w, wis also a
basis in V.
5.6. Consider in the space R® vectors vi = (2,—1,1,5,-3)7, v, = (3,-2,0,0,0)7,
vz = (1,1,50,-921,0)7.

a) Prove that these vectors are linearly independent.

b) Complete this system of vectors to a basis.

If you do part b) first you can do everything without any computations.

6. General solution of a linear system.

In this short section we discuss the structure of the general solution (i.e. of
the solution set) of a linear system.

We call a system Ax = b homogeneous if the right side b = 0, i.e. a
homogeneous system is a system of form Ax = 0.

With each system
Ax=Db

we can associate a homogeneous system just by putting b = 0.

Theorem 6.1 (General solution of a linear equation). Let a vector x; satisfy
the equation Ax = b, and let H be the set of all solutions of the associated
homogeneous system
Ax = 0.
Then the set
{x=x1+x,:x, € H}

is the set of all solutions of the equation Ax = b.

In other words, this theorem can be stated as

General solution | _ | A particular solu- I General solution
of Ax=Db tion of Ax =Db of Ax=0 )

Proof. Fix a vector x; satisfying Ax; = b. Let a vector xy, satisfy Ax, = 0.
Then for x = x1 + xp, we have

Ax = A(x1 +xp) = Ax1 + Axp, =b +0=Db,

so any x of form
X = X1 + Xp, xn € H
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is a solution of Ax = b.

Now let x satisfy Ax = b. Then for x;, := x — x1 we get
Axp = A(x—x1) = Ax— Ax; =b—-b =0,

so x, € H. Therefore any solution x of Ax = b can be represented as
X = X7 + X3, with some x;, € H. O

The power of this theorem is in its generality. It applies to all linear
equations, we do not have to assume here that vector spaces are finite-
dimensional. You will meet this theorem in differential equations, integral
equations, partial differential equations, etc. Besides showing the struc-
ture of the solution set, this theorem allows one to separate investigation
of uniqueness from the study of existence. Namely, to study uniqueness,
we only need to analyze uniqueness of the homogeneous equation Ax = 0,
which always has a solution.

There is an immediate application in this course: this theorem allows us
to check a solution of a system Ax = b. For example, consider a system

23 1 4 —9 17
1111 -3]_ |6
1112 =5 |7 8
2 2 2 3 _8 14

Performing row reduction one can find the solution of this system

3 —2 2
1 1 -1
(6.1) X = 0 + x3 1 + x5 0 R 3, x5 € F.
2 0 2
0 0 1

The parameters x3, x5 can be denoted here by any other letters, ¢ and s, for
example; we are keeping notation x3 and x5 here only to remind us that the
parameters came from the corresponding free variables.

Now, let us suppose, that we are just given this solution, and we want
to check whether or not it is correct. Of course, we can repeat the row
operations, but this is too time consuming. Moreover, if the solution was
obtained by some non-standard method, it can look differently from what
we get from the row reduction. For example, the formula

-2

(6.2) X = +1 , s,teF

OO = W
+
[V
O O =
— N~ OO
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gives the same set as (6.1) (can you say why?); here we just replaced the
last vector in (6.1) by its sum with the second one. So, this formula is differ-
ent from the solution we got from the row reduction, but it is nevertheless
correct.

The simplest way to check that (6.1) and (6.2) give us correct solutions,
is to check that the first vector (3,1,0,2,0)7 satisfies the equation Ax = b,
and that the other two (the ones with the parameters z3 and x5 or s and ¢ in
front of them) should satisfy the associated homogeneous equation Ax = 0.

If this checks out, we will be assured that any vector x defined by (6.1)
or (6.2) is indeed a solution.

Note, that this method of checking the solution does not guarantee that
(6.1) (or (6.2)) gives us all the solutions. For example, if we just somehow
miss out the term with x3, the above method of checking will still work fine.

So, how can we guarantee, that we did not miss any free variable, and
there should not be extra term in (6.1)7

What comes to mind, is to count the pivots again. In this example, if
one does row operations, the number of pivots is 3. So indeed, there should
be 2 free variables, and it looks like we did not miss anything in (6.1).

To be able to prove this, we will need new notions of fundamental sub-
spaces and of rank of a matrix. I should also mention that in this particular
example, one does not have to perform all row operations to check that there
are only 2 free variables, and that formulas (6.1) and (6.2) both give correct
general solutions.

Exercises.
6.1. True or false

a) Any system of linear equations has at least one solution;
Any system of linear equations has at most one solution;
Any homogeneous system of linear equations has at least one solution;

)
)

d) Any system of n linear equations in n unknowns has at least one solution;
) Any system of n linear equations in n unknowns has at most one solution;
)

If the homogeneous system corresponding to a given system of a linear
equations has a solution, then the given system has a solution;

g) If the coefficient matrix of a homogeneous system of n linear equations in
n unknowns is invertible, then the system has no non-zero solution;

h) The solution set of any system of m equations in n unknowns is a subspace
in R";

i) The solution set of any homogeneous system of m equations in n unknowns
is a subspace in R”.



60 2. Systems of linear equations

6.2. Find a 2 x 3 system (2 equations with 3 unknowns) such that its general
solution has a form

1 1
1 | +s| 2 |, seR.
0 1

7. Fundamental subspaces of a matrix. Rank.

As we discussed above in Section 7 of Chapter 1, with any linear transfor-
mation A : V — W we can associate two subspaces, namely, its kernel, or
null space

KerA=NullA:={veV:Av=0}CV,
and its range

RanA={we W :w = Av for some ve V} CW.

In other words, the kernel Ker A is the solution set of the homogeneous
equation Ax = 0, and the range Ran A is exactly the set of all right sides
b € W for which the equation Ax = b has a solution.

If A is an m X n matrix, i.e. a mapping from F” to F", then it follows
from the “column by coordinate” rule of the matrix multiplication that any
vector w € Ran A can be represented as a linear combination of columns of
A. This explains the name column space (notation Col A), which is often
used instead of Ran A.

If A is a matrix, then in addition to Ran A and Ker A one can also
consider the range and kernel for the transposed matrix A”. Often the term
row space is used for Ran AT and the term left null space is used for Ker AT
(but usually no special notation is introduced).

The four subspaces Ran A, Ker A, Ran AT, Ker AT are called the funda-
mental subspaces of the matrix A. In this section we will study important
relations between the dimensions of the four fundamental subspaces.

We will need the following definition, which is one of the fundamental
notions of Linear Algebra

Definition. Given a linear transformation (matrix) A its rank, rank A, is
the dimension of the range of A

rank A := dim Ran A.

7.1. Computing fundamental subspaces and rank. To compute the
fundamental subspaces and rank of a matrix, one needs to do echelon reduc-
tion. Namely, let A be the matrix, and A be its echelon form
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1. The pivot columns of the original matrix A (i.e. the columns where
after row operations we will have pivots in the echelon form) give us
a basis (one of many possible) in Ran A.

2. The pivot rows of the echelon form A, give us a basis in the row
space. Of course, it is possible just to transpose the matrix, and
then do row operations. But if we already have the echelon form of
A, say by computing Ran A4, then we get Ran AT for free.

3. To find a basis in the null space Ker A one needs to solve the homo-
geneous equation Ax = 0: the details will be seen from the example
below.

Example. Consider a matrix

11 2 2 1
2 2 1 1 1
33 3 3 2
11 -1 -1 0

Performing row operations we get the echelon form

1] 1 2 2 1
0 0 [-3] -3 -1

0 0 0
0 0 0

(the pivots are boxed here). So, the columns 1 and 3 of the original matriz,
i.e. the columns

1 2
2 1
31 3
1 -1

give us a basis in Ran A. We also get a basis for the row space Ran A for
free: the first and second row of the echelon form of A, i.e. the vectors

1 0
1 0
2 |, -3
2 -3
1 -1

(we put the vectors vertically here. The question of whether to put vec-
tors here vertically as columns, or horizontally as rows is really a matter of
convention. Our reason for putting them vertically is that although we call
Ran A” the row space we define it as a column space of AT

To compute the basis in the null space Ker A we need to solve the equa-
tion Ax = 0. Compute the reduced echelon form of A, which in this example
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is

(1] 1 0 0 1/3
0 0 [1] 1 1/3
00 0 0 0
00 0 0 0

Note, that when solving the homogeneous equation Ax = 0, it is not neces-
sary to write the whole augmented matrix, it is sufficient to work with the
coefficient matrix. Indeed, in this case the last column of the augmented
matrix is the column of zeroes, which does not change under row operations.
So, we can just keep this column in mind, without actually writing it. Keep-
ing this last zero column in mind, we can read the solution off the reduced
echelon form above:

Ty = —T2 — %375,
9 is free,
T3 = —T4 — %%
x4 is free,
Ts5 is free,
or, in the vector form
—Io — %1’5 -1 0 —1/3
xI9 1 0 0
(7.1) X = —T4 — %xg) = I 0 + x4 -1 + x5 —1/3
Ty 0 1 0
xI5 0 0 1

The vectors at each free variable, i.e. in our case the vectors

~1 0 ~1/3
1 0 0
o |. -1 |, ~1/3
0 1 0
0 0 1

form a basis in Ker A.

Unfortunately, there is no shortcut for finding a basis in Ker A7, one
must solve the equation A”x = 0. The knowledge of the echelon form of A
does not help here.

7.2. Explanation of the computing bases in the fundamental sub-
spaces. So, why do the above methods indeed give us bases in the funda-
mental subspaces?
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7.2.1. The null space Ker A. The case of the null space Ker A is probably
the simplest one: since we solved the equation Ax = 0, i.e. found all the
solutions, then any vector in Ker A is a linear combination of the vectors we
obtained. Thus, the vectors we obtained form a spanning system in Ker A.
To see that the system is linearly independent, let us multiply each vector
by the corresponding free variable and add everything, see (7.1). Then for
each free variable x, the entry number & of the resulting vector is exactly
xy, see (7.1) again, so the only way this vector (the linear combination) can
be 0 is when all free variables are 0.

7.2.2. The column space Ran A. Let us now explain why the method for
finding a basis in the column space Ran A works. First of all, notice that
the pivot columns of the reduced echelon form Ay, of A form a basis in
Ran A;. (not in the column space of the original matrix, but of its reduced
echelon form!). Since row operations are just left multiplications by invertible
matrices, they do not change linear independence. Therefore, the pivot
columns of the original matrix A are linearly independent.

Let us now show that the pivot columns of A span the column space of A.
Let vq,va,..., Vv, be the pivot columns of A, and let v be an arbitrary column
of A. We want to show that v can be represented as a linear combination of
the pivot columns vi,ve,...,v,,

V=Q1V] + ®Vy + ...+ QpVy.
The reduced echelon form A, is obtained from A by the left multiplication
A = FA,

where F is a product of elementary matrices, so F is an invertible matrix.
The vectors Evy, Evs, ..., Ev, are the pivot columns of A,., and the column
v of A is transformed to the column Ev of A,.. Since the pivot columns
of A,. form a basis in Ran A,., vector Ev can be represented as a linear
combination

Ev=oa1Evi+asEveo+ ...+ a,.Ev,.

Multiplying this equality by E~! from the left we get the representation
V=q1V] +aavy + ...+ vy,

so indeed the pivot columns of A span Ran A.

7.2.3. The row space Ran AT. Tt is easy to see that the pivot rows of the
echelon form Ae of A are linearly independent. Indeed, let w1, wo, ..., W,
be the transposed (since we agreed always to put vectors vertically) pivot
rows of A.. Suppose

a1W1 + aowg + ... + a,w, = 0.
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Consider the first non-zero entry of wj. Since for all other vectors
Wo, W3, ..., W, the corresponding entries equal 0 (by the definition of eche-
lon form), we can conclude that «; = 0. So we can just ignore the first term
in the sum.

Consider now the first non-zero entry of ws. The corresponding entries

of the vectors ws,...,w, are 0, so as = 0. Repeating this procedure, we get
that a, =0VEk=1,2,...,7.
To see that vectors wi,wao,...,w, span the row space, one can notice

that row operations do not change the row space. This can be obtained
directly from analyzing row operations, but we present here a more formal
way to demonstrate this fact.

For a transformation A and a set X let us denote by A(X) the set of all
elements y which can represented as y = A(z), z € X,

AX):={y=A(x):z € X}.

If A is an m X n matrix, and A, is its echelon form, A, is obtained from
A be left multiplication
A, = FA,
where F is an m x m invertible matrix (the product of the corresponding
elementary matrices). Then

Ran AT = Ran(ATET) = AT(Ran ET) = AT(R™) = Ran A7
so indeed Ran AT = Ran A7

7.3. The Rank Theorem. Dimensions of fundamental subspaces.
There are many applications in which one needs to find a basis in column
space or in the null space of a matrix. For example, as it was shown above,
solving a homogeneous equation Ax = 0 amounts to finding a basis in the
null space Ker A. Finding a basis in the column space means simply extract-
ing a basis from a spanning set, by removing unnecessary vectors (columns).

However, the most important application of the above methods of com-
puting bases of fundamental subspaces is the relations between their dimen-
sions.

Theorem 7.1 (The Rank Theorem). For a matriz A
rank A = rank AT,

This theorem is often stated as follows:

’The column rank of a matrix coincides with its row rank. ‘

The proof of this theorem is trivial, since dimensions of both Ran A and
Ran AT are equal to the number of pivots in the echelon form of A.
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The following theorem is gives us important relations between dimensions
of the fundamental spaces. It is often also called the Rank Theorem

Theorem 7.2. Let A be an m X n matriz, i.e. a linear transformation from
F"™ to F™. Then

1. dimKer A 4 rank A = n (dimension of the domain of A);
2. dim Ker AT + rank A = m (dimension of the target space of A).

Proof. The proof, modulo the above algorithms of finding bases in the fun-
damental subspaces, is almost trivial. The first statement is simply the
fact that the number of free variables (dim Ker A) plus the number of basic
variables (i.e. the number of pivots, i.e. rank A) adds up to the number of
columns (i.e. to n).

The second statement, if one takes into account that rank A = rank AT
is simply the first statement applied to A”. O

As an application of the above theorem, let us recall the example from
Section 6. There we considered a system

231 4 -9 17
1111 -3 _ 6
1112 -5 | 7| 8 |
2 2 2 3 -8 14
and we claimed that its general solution given by
3 -2 2
1 1 -1
X = 0 + x3 1 + x5 0 , 3, x5 € F,
2 0 2
0 0
or by
3 -2 0
1 1 0
x=1] 0 [|+s 1 +t] 1 , s,t €.
2 0 2
0 0 1

We checked in Section 6 that a vector x given by either formula is indeed a
solution of the equation. But, how can we guarantee that any of the formulas
describe all solutions?

First of all, we know that in either formula, the last 2 vectors (the ones
multiplied by the parameters) belong to Ker A. It is easy to see that in
either case both vectors are linearly independent (two vectors are linearly
dependent if and only if one is a multiple of the other).
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Now, let us count dimensions: interchanging the first and the second
rows and performing first round of row operations

1111 -3 11 1 1 -3
2R 2 31 4 -9 01 -1 2 -3
“Ri|l 1112 =5 ~ 00 0 1 -2
2R\ 2 2 2 3 -8 00 0 1 —2

we see that there are three pivots already, so rank A > 3. (Actually, we
already can see that the rank is 3, but it is enough just to have the estimate
here). By Theorem 7.2, rank A + dim Ker A = 5, hence dim Ker A < 2, and
therefore there cannot be more than 2 linearly independent vectors in Ker A.
Therefore, last 2 vectors in either formula form a basis in Ker A, so either
formula give all solutions of the equation.

An important corollary of the rank theorem, is the following theorem
connecting existence and uniqueness for linear equations.

Theorem 7.3. Let A be an m x n matriz. Then the equation
Ax=Db

has a solution for every b € R™ if and only if the dual equation
ATx =0

has a unique (only the trivial) solution. (Note, that in the second equation
we have AT, not A).

Proof. The proof follows immediately from Theorem 7.2 by counting the
dimensions. We leave the details as an exercise to the reader. O

There is a very nice geometric interpretation of the second rank the-
orem (Theorem 7.2). Namely, statement 1 of the theorem says, that if a
transformation A : F" — F™ has trivial kernel (Ker A = {0}), then the
dimensions of the domain F" and of the range Ran A coincide. If the ker-
nel is non-trivial, then the transformation “kills” dim Ker A dimensions, so
dim Ran A = n — dim Ker A.

7.4. Completion of a linearly independent system to a basis. As
Proposition 5.4 from Section 5 above asserts, any linearly independent sys-
tem can be completed to a basis, i.e. given linearly independent vectors

V1i,Vo,...,V, in a finite-dimensional vector space V', one can find vectors
Via1,Vrio ..., Vy such that the system of vectors vi,va,..., v, is a basis in
V.

Theoretically, the proof of this proposition give us an algorithm of finding
the vectors v,41, Vyta ..., vy, but this algorithm does not look too practical.
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Ideas of this section give us a more practical way to perform the com-
pletion to a basis.

First of all, notice that if an m X n matrix is in an echelon form, then
its non-zero rows (which are clearly linearly independent) can be easily com-
pleted to a basis in the whole space F"*; one just needs to add some rows in
appropriate places, so the resulting matrix is still in the echelon form and
has pivots in every column.

Then, the non-zero rows of the new matrix form a basis, and we can
order it any way we want, because property of being basis does not depend
on the ordering.

Suppose now that we have linearly independent vectors vi,va,..., v, €
F". Consider the matrix A with rows vI,vZ ... vl and perform row op-

erations to get the echelon form A.. As we discussed above, the rows of A,
can be easily completed to a basis in F"”. And it turns out that the same
vectors that complete rows of A, to a basis complete to a basis the original
vectors vi,va,..., Vy.

To see that, let vectors v,41, ..., Vv, complete the rows of A, to a basis in
™. Then, if we add to a matrix Ae rows VZ TP ,vI' we get an invertible
matrix. Let call this matrix Ave, and let A be the matrix obtained from A by
adding rows Vf_H, ... ,V;";. The matrix Ze can be obtained from A by row
operations, so

A, = EA,
where E is the product of the corresponding elementary matrices. Then
A=E- 1A, and A is invertible as a product of invertible matrices.

But that means that the rows of A form a basis in F", which is exactly

what we need.

Remark. The method of completion to a basis described above may be not
the simplest one, but one of its principal advantages is that it works for
vector spaces over an arbitrary field.

Exercises.
7.1. True or false:

a) The rank of a matrix is equal to the number of its non-zero columns;
The m X n zero matrix is the only m x n matrix having rank 0;

)

¢) Elementary row operations preserve rank;
) Elementary column operations do not necessarily preserve rank;
)

The rank of a matrix is equal to the maximum number of linearly indepen-
dent columns in the matrix;

f) The rank of a matrix is equal to the maximum number of linearly indepen-
dent rows in the matrix;
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g) The rank of an n X n matrix is at most n;

h) An n x n matrix having rank n is invertible.

7.2. A 54 x 37 matrix has rank 31. What are dimensions of all 4 fundamental
subspaces?

7.3. Compute rank and find bases of all four fundamental subspaces for the matrices
12 3 11

(1) 1 ? 1 4 0 1 2
11 0 ’ 0 2 -3 01
10 0 0O

7.4. Prove thatif A : X — Y and V is a subspace of X then dim AV <rank A. (AV
here means the subspace V transformed by the transformation A, i.e. any vector in
AV can be represented as Av, v € V). Deduce from here that rank(AB) < rank A.

Remark: Here one can use the fact that if V. C W then dimV < dim W. Do you
understand why is it true?

7.5. Prove that if A : X — Y and V is a subspace of X then dim AV < dim V.
Deduce from here that rank(AB) < rank B.

7.6. Prove that if the product AB of two n X n matrices is invertible, then both A
and B are invertible. Even if you know about determinants, do not use them, we
did not cover them yet. Hint: use previous 2 problems.

7.7. Prove that if Ax = 0 has unique solution, then the equation A”x = b has a
solution for every right side b.
Hint: count pivots

7.8. Write a matrix with the required property, or explain why no such matrix
exists

a) Column space contains (1,0,0)T, (0,0,1)”, row space contains (1,1)7,
(1,2)";
b) Column space is spanned by (1,1,1)7, nullspace is spanned by (1,2, 3)7;
c¢) Column space is R*, row space is R3.
Hint: Check first if the dimensions add up.
7.9. If A has the same four fundamental subspaces as B, does A = B?

7.10. Complete the rows of a matrix

e 3 4 0 —m 6 —2
00 2 -1 =n° 1 1
0 0 O 0 3 -3 2
0 0 O 0 0 0 1

to a basis in R”.

7.11. For a matrix
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find bases in its column and row spaces.

7.12. For the matrix in the previous problem, complete the basis in the row space

to a basis in R?
1 7
a=( )

compute Ran A and Ker A. What can you say about relation between these sub-
spaces?

7.13. For the matrix

7.14. Is it possible that for a real matrix A that Ran A = Ker A”? Is it possible
for a complex A7

7.15. Complete the vectors (1,2,—1,2,3)T, (2,2,1,5,5)T, (—1,-4,4,7,—11)T to a
basis in R°.

8. Representation of a linear transformation in arbitrary
bases. Change of coordinates formula.

The material we have learned about linear transformations and their matri-
ces can be easily extended to transformations in abstract vector spaces with
finite bases. In this section we will distinguish between a linear transforma-
tion T' and its matrix, the reason being that we consider different bases, so
a linear transformation can have different matrix representation.

8.1. Coordinate vector. Let V be a vector space with a basis B :=
{b1,ba,...,b,}. Any vector v € V admits a unique representation as a
linear combination

n
v=x1by +x3bo+ ... +x,b, = Zxkbk'
k=1
The numbers x1, xo, ..., x, are called the coordinates of the vector v in the
basis B. It is convenient to join these coordinates into the so-called coordinate
vector of v relative to the basis B, which is the column vector

T1
T2
[V]g = : e F".
In
Note that the mapping
v = [v] 5
is an isomorphism between V and F". It transforms the basis by, bs,..., b,

to the standard basis eq,es, ..., e, in F".
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8.2. Matrix of a linear transformation. Let T : V — W be a linear
transformation, and let A = {aj,a9,...,a,}, B:= {b1,bs,...,b;,} be bases
in V and W respectively.

A matrix of the transformation 7" in (or with respect to) the bases A
and B is an m x n matrix, denoted by [T which relates the coordinate

BA’
vectors [TV] 5 and [v] T

[TV]B = [T]BA[V]A§

notice the balance of symbols A and B here: this is the reason we put the
first basis A into the second position.

The matrix [T, , is easy to find: its kth column is just the coordinate
vector [T'ay], (compare this with finding the matrix of a linear transforma-
tion from F” to F™).

As in the case of standard bases, composition of linear transformations
is equivalent to multiplication of their matrices: one only has to be a bit
more careful about bases. Namely, let 77 : X — Y and T5 : Y — Z be linear
transformation, and let A, B and C be bases in X, Y and Z respectively.
Then for the composition T' = 1577,

T:X — Z, Tx :=To(T1(x))
we have

(8'1) [T]CA = [TQTI}CA - [TQ]CB [TI]BA

(notice again the balance of indices here).

The proof here goes exactly as in the case of F" spaces with standard
bases, so we do not repeat it here. Another possibility is to transfer every-
thing to the spaces F" via the coordinate isomorphisms v + [v] .. Then one
does not need any proof, everything follows from the results about matrix
multiplication.

8.3. Change of coordinate matrix. Let us have two bases A =
{a1,a2,...,a,} and B = {by,bs,...,b,} in a vector space V. Consider
the identity transformation I = Iy and its matrix [/], , in these bases. By
the definition

BA

[V]B:[I]BA[V]_Aa Vv eV,
Le. for any vector v € V' the matrix [I], , transforms its coordinates in the

basis A into coordinates in the basis B. The matrix [I]; , is often called the
change of coordinates (from the basis A to the basis B) matrix.

The matrix [I] s 18 easy to compute: according to the general rule of
finding the matrix of a linear transformation, its kth column is the coordinate
representation [ay], of kth element of the basis A
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Note that
[I]AB = ([I]BA)ila

(follows immediately from the multiplication of matrices rule (8.1)), so any
change of coordinate matrix is always invertible.

8.3.1. An example: change of coordinates from the standard basis. Let our
space V be F", and let us have a basis B = {by,bo,...,b,} there. We
also have the standard basis S = {ej,es,...,e,} there. The change of

coordinates matrix [I]4, is easy to compute:
[I]SB = [b17b27 s abn] = B’

i.e. it is just the matrix B whose kth column is the vector (column) vi. And
in the other direction

[I]BS = ([I]SB)_l =B
For example, consider a basis
1 2
s={(2) (1)]

in F2, and let S denote the standard basis there. Then

- (4 2) -0

Mes =M= =5( 7 1)

(we know how to compute inverses, and it is also easy to check that the
above matrix is indeed the inverse of B)

and

8.3.2. An example: going through the standard basis. In the space of poly-
nomials of degree at most 1 we have bases

A={1,14+2z}, and B={1+2z,1- 2z},

and we want to find the change of coordinate matrix [} ,.
Of course, we can always take vectors from the basis A and try to de-
compose them in the basis B; it involves solving linear systems, and we know

how to do that.

However, I think the following way is simpler. In P; we also have the
standard basis S = {1, z}, and for this basis

Nea=( o 1) =4 Ma=(y y)=5
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and taking the inverses

neat= (37 w33 )

Then
1/2 1 11
—plh4_=
sa="b A_4<2 —1)(0 1)

o= Masles =475= (1§ 1) (5 )

the reader should notice the balance of indices in the above formulas.

ssl]

and

1]

8.4. Matrix of a transformation and change of coordinates. Let
T :V — W be a linear transformation, and let A, A be two bases in V and
let B, B be two bases in W. Suppose we know the matrix T, 4> and we
would like to find the matrix representation with respect to new bases .Z, g,

i.e. the matrix [T]gj' The rule is very simple:

to get the matrix in the “new” bases one has to left and right
multiply the matrix in the “old” bases by change of coordinates
matrices.

I did not mention here which change of coordinate matrix should go where,
because we don’t have any choice if we follow the balance of indices rule.
Namely, matrix representation of a linear transformation changes according
to the formula

[T]gj = [I]EB[T]BA[I]A.Z )

notice the balance of indices here. The proof can be done just by analyzing
what each of the matrices does.

8.5. Case of one basis: similar matrices. Let V be a vector space and
let A = {aj,as,...,a,} be a basis in V. Consider a linear transformation
T:V — V and let [T], , be its matrix in this basis (we use the same basis
for “inputs” and “outputs”)

The case when we use the same basis for “inputs” and “outputs” is
very important (because in this case we can multiply a matrix by itself), so
let us study this case a bit more carefully. Notice, that very often in this
case the shorter notation [T , is used instead of [T] , ,. However, the two
index notation [T] a4 1s better adapted to the balance of indices rule, so I
recommend using it (or at least always keep it in mind) when doing change
of coordinates.
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Let B = {by,bs,...,b,} be another basis in V. By the change of coor-
dinate rule above

[Tl = Ul galT] aul] 45
Recalling that
L) = 1)L

we can rewrite the above formula as

[T]BB - Qil[T]AAQ-

This gives a motivation for the following definition

and denoting Q := [I]AB,

Definition 8.1. We say that a matrix A is similar to a matrix B if there
exists an invertible matrix @ such that A = Q~'BQ.

Since an invertible matrix must be square, it follows from counting di-
mensions, that similar matrices A and B have to be square and of the same
size. If A is similar to B, i.e. if A = Q~'BQ, then

B=QAQ' = (@ )'A@™)
(since Q™! is invertible), therefore B is similar to A. So, we can just say
that A and B are similar.

The above reasoning shows, that it does not matter where to put Q
and where Q™ !: one can use the formula A = QBQ~! in the definition of
similarity.

The above discussion shows, that one can treat similar matrices as dif-
ferent matrix representation of the same linear operator (transformation).

Exercises.
8.1. True or false

a) Every change of coordinate matrix is square;

b) Every change of coordinate matrix is invertible;

¢) The matrices A and B are called similar if B = QT AQ for some matrix Q;

d) The matrices A and B are called similar if B = Q1 AQ for some matrix
Q;

e) Similar matrices do not need to be square.
8.2. Consider the system of vectors
(1,2,1, 1), (0,1,3, )T, (0,3,2,0)", (0,1,0,0) .
a) Prove that it is a basis in F*. Try to do minimal amount of computations.

b) Find the change of coordinate matrix that changes the coordinates in this
basis to the standard coordinates in F* (i.e. to the coordinates in the stan-
dard basis eq, ..., e4).
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8.3. Find the change of coordinates matrix that changes the coordinates in the
basis 1,1 4+ ¢ in IP; to the coordinates in the basis 1 — t, 2¢.

8.4. Let T be the linear operator in F? defined (in the standard coordinates) by
T ( T ) _ < 3z +y )
Y T =2y
Find the matrix of T in the standard basis and in the basis
(Ln”, (12"

8.5. Prove, that if A and B are similar matrices then trace A = trace B. Hint:
recall how trace(XY') and trace(Y X) are related.

(23) wa (03)

8.6. Are the matrices

similar? Justify.



Chapter 3

Determinants

1. Introduction.

The reader probably already met determinants in calculus or algebra, at
least the determinants of 2 x 2 and 3 x 3 matrices. For a 2 x 2 matrix

(¢ a)

the determinant is simply ad — bc; the determinant of a 3 x 3 matrix can be
found by the “Star of David” rule.

In this chapter we would like to introduce determinants for nxn matrices.
I don’t want just to give a formal definition. First I want to give some
motivation, and then derive some properties the determinant should have.
Then if we want to have these properties, we do not have any choice, and
arrive to several equivalent definitions of the determinant.

It is more convenient to start not with the determinant of a matrix, but
with determinant of a system of vectors. There is no real difference here,
since we always can join vectors together (say as columns) to form a matrix.

Let us have n vectors vi,va,...,v, in R™ (notice that the number of
vectors coincides with dimension), and we want to find the n-dimensional
volume of the parallelepiped determined by these vectors.

The parallelepiped determined by the vectors vi,ve,..., v, can be de-
fined as the collection of all vectors v € R™ that can be represented as

Vv =11v] +tavo + ...+t vy, 0<tp, <1 Vk=1,2,...,n.

It can be easily visualized when n = 2 (parallelogram) and n = 3 (paral-
lelepiped). So, what is the n-dimensional volume?

If n =2 it is area; if n = 3 it is indeed the volume. In dimension 1 is it
just the length.

75
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Finally, let us introduce some notation. For a system of vectors (col-
umns) ap,ag,...,a, we will denote its determinant (that we are going to
construct) as D(ap,az,...,a,). If we join these vectors in a matrix A (col-
umn number k of A is ay), then we will use the notation det A,

det A = D(aj,ag,...,a,)

Also, for a matrix

ail1 ar2 ... Aain

a1 a2 ... Aa2n
A=

Gn,1 Gnp2 ... GQnpn

its determinant is often denoted by

CL171 CL172 e al,n
CL271 CL272 e agyn
aml n2 ... Qnn

2. What properties determinant should have.

We know, that for dimensions 2 and 3 “volume” of a parallelepiped is de-
termined by the base times height rule: if we pick one vector, then height
is the distance from this vector to the subspace spanned by the remaining
vectors, and the base is the (n — 1)-dimensional volume of the parallelepiped
determined by the remaining vectors.

Now let us generalize this idea to higher dimensions. For a moment
we do not care about how exactly to determine height and base. We will
show, that if we assume that the base and the height satisfy some natural
properties, then we do not have any choice, and the volume (determinant)
is uniquely defined.

2.1. Linearity in each argument. First of all, if we multiply vector vy
by a positive number a, then the height (i.e. the distance to the linear span
L(va,...,Vy)) is multiplied by a. If we admit negative heights (and negative
volumes), then this property holds for all scalars a, and so the determinant
D(v1,va,...,vy,) of the system vy, va, ..., v, should satisfy

D(avy,va,...,vy) = aD(vi,va,...,Vy).
Of course, there is nothing special about vector vy, so for any index k

(2.1) D(vi,...,avg,...,vp) =aD(Vi,..., Vi, ..., Vp)
k k
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To get the next property, let us notice that if we add 2 vectors, then the
“height” of the result should be equal the sum of the “heights” of summands,
i.e. that

(2.2) D(Vi,...,Up + Vi, ..., V) =
———
k
D(vl,...,l}f,...,vn)+D(v17...,\;€k,...,vn)

In other words, the above two properties say that the determinant of n
vectors is linear in each argument (vector), meaning that if we fix n — 1
vectors and interpret the remaining vector as a variable (argument), we get
a linear function.

Remark. We already know that linearity is a very nice property, that helps
in many situations. So, admitting negative heights (and therefore negative
volumes) is a very small price to pay to get linearity, since we can always
put on the absolute value afterwards.

In fact, by admitting negative heights, we did not sacrifice anything! To
the contrary, we even gained something, because the sign of the determinant
contains some information about the system of vectors (orientation).

2.2. Determinant is 0 if two vectors coincide. If v; = v, for some
j # k, then the vectors vy, va,..., v, are linearly dependent, so

dim span{vy,va,...,v,} < n.

But then the volume must be 0 (for example, because the “height”, i.e. the
distance from v; to span{v, : r # j} is 0). Thus, it is natural to assume
that

(2.3) D(vi,va,...,vp) =0 if vj = v;, for some j # k.
In what follows that will be the property of the determinant we will use.

Remark. A stronger property that for a linearly dependent system of vec-
tors vi,va, ..., v, there holds D(vy,vs,...,v,) =0 is also quite natural.

However, this property easily follows from a weaker assumption (2.3)
and the linearity (2.1), (2.2), see Proposition 3.1 for details.

2.3. Preservation under “column replacement”. The next property
also seems natural. Namely, if we take a vector, say v;, and add to it a
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multiple of another vector vi, the “height” does not change, so

(24) D(vi,...,vj+avg, ..., Vi, ..., Vp)
— k

J

In other words, if we apply the column operation of the third type, the
determinant does not change.

However, this property is not an independent one, it is an easy corollary
of (2.3) and the linearity (2.1), (2.2). Namely

D(vi,...,Vj+ oV, ..., Vi, ..., Vy)
—— k
J
=D(Vi,- 3 Vjs ooy Voo, Vi) FaD(VE, o Vi Vi, o, V)
i k 7J k
—D(Vh -y Vi, » Vs 7Vn)a

the first equality here follows from the linearity (2.1), (2.2), and the second
one is just (2.3).

2.4. Antisymmetry. The next property the determinant should have, is
that if we interchange 2 vectors, the determinant changes sign:

(2.5)  D(Vi,.ey Vi ooy Voo, Vi) = —D(vl,...,vj,...,\;f,...,vn).
j K j

Remark. Functions of several variables that change sign when one inter-
changes any two arguments are called antisymmetric.

At first sight this property does not look natural, but it can be deduced
from the previous ones. Namely, applying property (2.4) three times, and
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then using (2.1) we get

D(vi,...,Vj, .., Vi, oo, V)
j k
—D(V17 7v‘ja 7Vk V]J 7V’Vl)
/ k
:D(V17 7Vj+ (Vk _Vj)v y Vi Vja 7VTL)
J k
=D(Vi, o, Voo s Vi — Vs ooty Vi)
i H/—/
k
=D(Vi, o Vi ooy (VE— V) = Vi, oo, Vi)
Vi %/_/
k
=D(Vi, oo, Vi oo, =Vjyenn s, Vi)
J k
=—=D(Vi,.-, V-, Vjseeny Vi)
J k

Recall, that the property (2.4) follows from (2.3) and the linearity (2.1),
(2.2), so the antisymmetry (2.5) also follows from these properties.

2.5. Normalization. The last property is the easiest one. For the stan-

dard basis ej,es,...,e, in R"™ the corresponding parallelepiped is the n-
dimensional unit cube, so
(2.6) D(ej,es,...,e,) =1.
In matrix notation this can be written as
det(l) =1

3. Constructing the determinant.

The plan of the game is now as follows: using the properties that as we
decided in Section 2 the determinant should have, we derive other properties
of the determinant, some of them highly non-trivial. We will show how to
use these properties to compute the determinant using our old friend—row
reduction.

Later, in Section 4, we will show that the determinant, i.e. a function
with the desired properties exists and unique. After all we have to be sure
that the object we are computing and studying exists.

While our initial geometric motivation for determinant and its properties
came from considering vectors in the real vector space R™, so they relate only
to matrices with real entries, all the constructions below use only algebraic
operations (addition, multiplication, division) and are applicable to matrices
with complex entries, and even with entries in an arbitrary field.
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So in what follows we are constructing determinant not just for real
matrices, but for complex matrices as well (and also for matrices with entries
in an arbitrary field). The nice geometric motivation for the properties
works only in the real case, but after we decided on the properties of the
determinant (see properties 1-3 below) everything works in the general case.

3.1. Basic properties. We will use the following basic properties of the
determinant:

1. Determinant is linear in each column, i.e. in vector notation for every
index k

D(vi,...,aug + BV, ..., V) =
—_——
k
aD(Vl,...,lzk,...,vn)—I—BD(Vl,...,\;k,...,Vn)

for all scalars «, f3.

2. Determinant is antisymmetric, i.e. if one interchanges two columns,
the determinant changes sign.

3. Normalization property: det I = 1.
All these properties were discussed above in Section 2. The first property
is just the (2.1) and (2.2) combined. The second one is (2.5), and the last
one is the normalization property (2.6). Note, that we did not use properties

(2.3) and (2.4): they can be deduced from the above three. These three
properties completely define determinant!

3.2. Properties of determinant deduced from the basic properties.
In what follows, det A = D(ay, as,...,a,) is a function satisfying properties
1-3 in Section 3.1 above.

Proposition 3.1. For a square matrix A the following statements hold:

1. If A has a zero column, then det A = 0.

2. If A has two equal columns, then det A = 0;

3. If one column of A is a multiple of another, then det A = 0;
4

. If columns of A are linearly dependent, i.e. if the matriz is not in-
vertible, then det A = 0.

Proof. Statement 1 follows immediately from linearity. If we multiply the
zero column by zero, we do not change the matrix and its determinant. But
by the property 1 above, we should get 0.

The fact that determinant is antisymmetric, implies statement 2. Indeed,
if we interchange two equal columns, we change nothing, so the determinant
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remains the same. On the other hand, interchanging two columns changes
sign of determinant, so
det A = —det A,
which is possible only if det A = 0.
Statement 3 is immediate corollary of statement 2 and linearity.

To prove the last statement, let us first suppose that the first vector v
is a linear combination of the other vectors,

n
Vi = QaVo +Q3V3y + ...+ apVvy, = E A V.
k=2

Then by linearity we have (in vector notation)

D(vi,va,...,vy) =D ((Zaka-),V27V3, e ,vn>
k=2

n
= E arD(Vi, Vo, V3,...,Vy)
k=2

and each determinant in the sum is zero because of two equal columns.

Let us now consider general case, i.e. let us assume that the system
V1i,Vo,...,V, is linearly dependent. Then one of the vectors, say vi can be
represented as a linear combination of the others. Interchanging this vector
with vi we arrive to the situation we just treated, so

D(vl,...,\;gk,...,vn) = fD(vk,...,\Zl,...,Vn) =-0=0,
so the determinant in this case is also 0. O

The next proposition generalizes property (2.4). As we already have said
above, this property can be deduced from the three “basic” properties of the
determinant, we are using in this section.

Proposition 3.2. The determinant does not change if we add to a column a
linear combination of the other columns (leaving the other columns intact).
In particular, the determinant is preserved under “column replacement” (col-
umn operation of third type).

Note, that adding to a column a multiple of itself is prohibited here. We
can only add multiples of the other columns.

Proof of Proposition 3.2. Fix a vector v, and let u be a linear combi-
nation of the other vectors,
u = Z Q; V.

i#k
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Then by linearity

D(vi,...,vi+u,...,vp)=D(vi,...,VE,...,Vp) + D(Vi,...,u,..., V),
k
and by Proposition 3.1 the last term is zero. ]

3.3. Determinants of diagonal and triangular matrices. Now we are
ready to compute determinant for some important special classes of matrices.
The first class is the so-called diagonal matrices. Let us recall that a square
matrix A = {aj,k}?,kzl is called diagonal if all entries off the main diagonal

are zero, ie. if a;; = 0 for all j # k. We will often use the notation
diag{ai,as,...,a,} for the diagonal matrix
aip 0 ... O
0 ay ... O
S S |
0O 0 ... ap
Since a diagonal matrix diag{ai,as,...,a,} can be obtained from the

identity matrix I by multiplying column number k by ay,

Determinant of a diagonal matrix equal the product of the diag-
onal entries,
det(diag{ai,as,...,an}) = aras...an,.

The next important class is the class of so-called triangular matrices. A
square matrix A = {aja’f}?,kzl is called wupper triangular if all entries below
the main diagonal are 0, i.e. if aj, = 0 for all £ < j. A square matrix is
called lower triangular if all entries above the main are 0, i.e if a;; = 0 for
all j < k. We call a matrix triangular, if it is either lower or upper triangular
matrix.

It is easy to see that

Determinant of a triangular matrix equals to the product of the
diagonal entries,
det A = 01,1022 - - - App-

Indeed, if a triangular matrix has zero on the main diagonal, it is not
invertible (this can easily be checked by column operations) and therefore
both sides equal zero. If all diagonal entries are non-zero, then using column
replacement (column operations of third type) one can transform the matrix
into a diagonal one with the same diagonal entries: For upper triangular
matrix one should first subtract appropriate multiples of the first column
from the columns number 2, 3, ..., n, “killing” all entries in the first row, then
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subtract appropriate multiples of the second column from columns number
3,...,n, and so on.

To treat the case of lower triangular matrices one has to do “column
reduction” from the left to the right, i.e. first subtract appropriate multiples
of the last column from columns number n — 1,...,2,1, and so on.

3.4. Computing the determinant. Now we know how to compute de-
terminants, using their properties: one just needs to do column reduction
(i.e. row reduction for AT keeping track of column operations changing the
determinant. Fortunately, the most often used operation—row replacement,
i.e. operation of third type does not change the determinant. So we only need
to keep track of interchanging of columns and of multiplication of column
by a scalar.

If an echelon form of AT does not have pivots in every column (and
row), then A is not invertible, so det A = 0. If A is invertible, we arrive at
a triangular matrix, and det A is the product of diagonal entries times the
correction from column interchanges and multiplications.

The above algorithm implies that det A can be zero only if a matrix A

is not invertible. Combining this with the last statement of Proposition 3.1
we get,

Proposition 3.3. det A = 0 if and only if A is not invertible. An equivalent
statement: det A # 0 if and only if A is invertible.

Note, that although we now know how to compute determinants, the
determinant is still not defined. One can ask: why don’t we define it as
the result we get from the above algorithm? The problem is that formally
this result is not well defined: that means we did not prove that different
sequences of column operations yield the same answer.

3.5. Determinants of a transpose and of a product. Determinants
of elementary matrices. In this section we prove two important theorems.
Theorem 3.4 (Determinant of a transpose). For a square matriz A,
det A = det(AT).
This theorem implies that for all statement about columns we discussed
above, the corresponding statements about rows are also true. In particular,

determinants behave under row operations the same way they behave under
column operations. So, we can use row operations to compute determinants.

Theorem 3.5 (Determinant of a product). For n x n matrices A and B
det(AB) = (det A)(det B)

In other words
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’Determmant of a product equals product of determmants.‘

To prove both theorems we need the following lemma.

Lemma 3.6. For a square matriz A and an elementary matriz E (of the
same size)

det(AFE) = (det A)(det E)

Proof. The proof can be done just by direct checking: determinants of spe-
cial matrices are easy to compute; right multiplication by an elementary
matrix is a column operation, and effect of column operations on the deter-
minant is well known.

This can look like a lucky coincidence, that the determinants of elemen-
tary matrices agree with the corresponding column operations, but it is not
a coincidence at all.

Namely, for a column operation the corresponding elementary matrix
can be obtained from the identity matrix I by this column operation. So, its
determinant is 1 (determinant of I') times the effect of the column operation.

And that is all! It may be hard to realize at first, but the above paragraph
is a complete and rigorous proof of the lemmal O

Applying N times Lemma 3.6 we get the following corollary.

Corollary 3.7. For any matriz A and any sequence of elementary matrices
Eq, Es, ..., En (all matrices are n X n)

det(AE1Es ... En) = (det A)(det Ey)(det E2) ... (det En)
Lemma 3.8. Any invertible matrixz is a product of elementary matrices.
Proof. We know that any invertible matrix is row equivalent to the identity
matrix, which is its reduced echelon form. So
I =ENEn_1...E3F A,

and therefore any invertible matrix can be represented as a product of ele-
mentary matrices,

A=E'E; . BN EN'T=E7NEy BV BN
(the inverse of an elementary matrix is an elementary matrix). O
Proof of Theorem 3.4. First of all, it can be easily checked, that for an
elementary matrix F we have det E = det(E7). Notice, that it is sufficient to

prove the theorem only for invertible matrices A, since if A is not invertible
then AT is also not invertible, and both determinants are zero.
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By Lemma 3.8 matrix A can be represented as a product of elementary
matrices,

A=FEFE,...Ey,
and by Corollary 3.7 the determinant of A is the product of determinants
of the elementary matrices. Since taking the transpose just transposes

each elementary matrix and reverses their order, Corollary 3.7 implies that
det A = det AT d

Proof of Theorem 3.5. Let us first suppose that the matrix B is invert-
ible. Then Lemma 3.8 implies that B can be represented as a product of
elementary matrices

B=FEFE,...Ey,
and so by Corollary 3.7

det(AB) = (det A)[(det E1)(det Es) ... (det Ex)] = (det A)(det B).

If B is not invertible, then the product AB is also not invertible, and
the theorem just says that 0 = 0.

To check that the product AB = C' is not invertible, let us assume that
it is invertible. Then multiplying the identity AB = C by C~! from the left,
we get C~'AB = I, so C~'A is a left inverse of B. So B is left invertible,
and since it is square, it is invertible. We got a contradiction. ]

3.6. Summary of properties of determinant. First of all, let us say
once more, that the determinant is defined only for square matrices! Since
we now know that det A = det(A”), the statements that we knew about
columns are true for rows too.

1. Determinant is linear in each row (column) when the other rows
(columns) are fixed.

2. If one interchanges two rows (columns) of a matrix A, the determi-
nant changes sign.

3. For a triangular (in particular, for a diagonal) matrix its determinant
is the product of the diagonal entries. In particular, det I = 1.

4. If a matrix A has a zero row (or column), det A = 0.
5. If a matrix A has two equal rows (columns), det A = 0.

6. If one of the rows (columns) of A is a linear combination of the other
rows (columns), i.e. if the matrix is not invertible, then det A = 0;
More generally,
7. det A = 0 if and only if A is not invertible, or equivalently

8. det A #£ 0 if and only if A is invertible.
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9. det A does not change if we add to a row (column) a linear combi-
nation of the other rows (columns). In particular, the determinant
is preserved under the row (column) replacement, i.e. under the row
(column) operation of the third kind.

10. det AT = det A.

11. det(AB) = (det A)(det B).
And finally,

12. If A is an n X n matrix, then det(aA) = a" det A.
The last property follows from the linearity of the determinant, if we

recall that to multiply a matrix A by a we have to multiply each row by a,
and that each multiplication multiplies the determinant by a.

Exercises.

3.1. If A is an n X n matrix, how are the determinants det A and det(5A) related?
Remark: det(5A4) = 5det A only in the trivial case of 1 x 1 matrices

3.2. How are the determinants det A and det B related if

a)
ay az asg 2a1 3as bag
A= bl b2 b3 y B = 2b1 3b2 5b3, 3
c1 C2 C3 261 362 503
b)
ay az as 3(11 4(12 + 5&1 5(13
A=| b by b3 |, B=| 3b; 4by+5b1 5b3
c1 C3 C3 3c1  4co +5c¢1 bes

3.3. Using column or row operations compute the determinants

01 2 1 2 3 Lo -23

-3 1 1 2 1 =z
-1 0 -3, 4 5 6|, 04—11"11,
2 3 0 7 8 9 5 3 0 1

3.4. A square (n x n) matrix is called skew-symmetric (or antisymmetric) if AT =
—A. Prove that if A is skew-symmetric and n is odd, then det A = 0. Is this true
for even n?

3.5. A square matrix is called nilpotent if A¥ = 0 for some positive integer k. Show
that for a nilpotent matrix A det A = 0.

3.6. Prove that if the matrices A and B are similar, then det A = det B.

3.7. A real square matrix @ is called orthogonal if Q7'Q = I. Prove that if Q is an
orthogonal matrix then det @ = +1.

3.8. Show that

=(z-2)(z-y)(y—2).

— =
ISV ]
ISERSRS
NN N
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This is a particular case of the so-called Vandermonde determinant.

3.9. Let points A, B and C in the plane R? have coordinates (z1,y1), (22,%2) and
(x3,y3) respectively. Show that the area of triangle ABC is the absolute value of

1z
|1 z2
1 z3 ys3

Hint: use row operations and geometric interpretation of 2 x 2 determinants (area).

3.10. Let A be a square matrix. Show that block triangular matrices
<1*> (A*> (I 0) (A 0)
0o A )’ o I )’ x A ) x 1
all have determinant equal to det A. Here % can be anything.
The following problems illustrate the power of block matrix notation.
3.11. Use the previous problem to show that if A and C' are square matrices, then

A B
det< 0 C>detAdetC’.

e (32) (5 2)(2 %)

3.12. Let A be m x n and B be n X m matrices. Prove that

0 A
det( B I > = det(AB).

Hint: While it is possible to transform the matrix by row operations to a form
where the determinant is easy to compute, the easiest way is to right multiply the

matrix by < é ? >

4. Formal definition. Existence and uniqueness of the
determinant.

In this section we arrive to the formal definition of the determinant. We
show that a function, satisfying the basic properties 1, 2, 3 from Section 3
exists, and moreover, such function is unique, i.e. we do not have any choice
in constructing the determinant.

Consider an n x n matrix A = {aﬁk}?,k:l? and let vi,vo,..., Vv, be its
columns, i.e.

aik

a2 k
Vi = . =aix€e +agre€2+ ... +apgpen = Z Q; k€j-

=1

n

Qn k
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Using linearity of the determinant we expand it in the first column vy:

(4.1) D(vi,va,...,Vy) =
n n
D(Z aj1€5,V2,... ,Vn) = Z aj71D(ej,vQ, ‘e ,Vn).
=1 j=1

Then we expand it in the second column, then in the third, and so on. We
get

n n n
D(Vl,Vg, v ,Vn) = Z Z oo Z Ay 10455,2 « - - ajn,nD(ejl,ejQ, N ejn).
n=lj=1 jn=1

Notice, that we have to use a different index of summation for each column:
we call them ji1, jo, ..., Jn; the index j; here is the same as the index j in
(4.1).

It is a huge sum, it contains n" terms. Fortunately, some of the terms are
zero. Namely, if any 2 of the indices j1, jo, ..., jn coincide, the determinant
D(ej,,ej,,...€j,) is zero, because there are two equal columns here.

So, let us rewrite the sum, omitting all zero terms. The most convenient
way to do that is using the notion of a permutation. Informally, a per-
mutation of an ordered set {1,2,...,n} is a rearrangement of its elements.
A convenient formal way to represent such a rearrangement is by using a
function

o:{1,2,...,n} = {1,2,...,n},
where o(1),0(2),...,0(n) gives the new order of the set 1,2,...,n. In
other words, the permutation o rearranges the ordered set 1,2,...,n into
o(1),0(2),...,0(n).

Such function ¢ has to be one-to-one (different values for different argu-
ments) and onto (assumes all possible values from the target space). The
functions which are one-to-one and onto are called bijections, and they give
one-to-one correspondence between the domain and the target space.!

Although it is not directly relevant here, let us notice, that it is well-
known in combinatorics, that the number of different permutations of the set
{1,2,...,n} is exactly n!l. The set of all permutations of the set {1,2,...,n}
will be denoted Perm(n).

IThere is another canonical way to represent permutation by a bijection o, namely in this
representation o (k) gives new position of the element number k. In this representation o rearranges
o(1),0(2),...,0(n) into 1,2,...,n.

While in the first representation it is easy to write the function if you know the rearrangement
of the set 1,2,...,n, the second one is more adapted to the composition of permutations: it
coincides with the composition of functions. Namely if we first perform the permutation that
correspond to a function o and then one that correspond to 7, the resulting permutation will
correspond to T o 0.
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Using the notion of a permutation, we can rewrite the determinant as

D(V11V27"'>Vn) =

D (1)100(2)2 - - Aoy D(€s(1): €5(2): - - - €a(n))-

o€Perm(n)

The matrix with columns e, (1), €5(2),-..,€,(,) can be obtained from the
identity matrix by finitely many column interchanges, so the determinant

D(ea(l)v €s(2)y - eo‘(n))

is 1 or —1 depending on the number of column interchanges.

To formalize that, we (informally) define the sign (denoted signo) of
a permutation o to be 1 if an even number of interchanges is necessary to
rearrange the n-tuple 1,2,...,n into o(1),0(2),...,0(n), and sign(o) = —1
if the number of interchanges is odd.

It is a well-known fact from the combinatorics, that the sign of permuta-
tion is well defined, i.e. that although there are infinitely many ways to get
the n-tuple o(1),0(2),...,0(n) from 1,2,...,n, the number of interchanges
is either always odd or always even.

One of the ways to show that is to introduce an alternative definition.
Let K = K (o) be the number of disorders of o, i.e. the number of pairs (j, k),
J. k€ {1,2,...,n}, j < k such that o(j) > o(k), and see if the number is
even or odd. We call the permutation ¢ odd if K is odd and even if K

is even. Then define signo := (—1)%X(?); note that this way signo is well
defined.

We want to show that signo = (—1)X(?) can indeed be computed by
rearranging the n-tuple 1,2,...,n into o(1),0(2),...,0(n) and counting the

number of interchanges, as was described above.

If o(k) = k Vk, then the number of disorders K (o) is 0, so sign of such
identity permutation is 1. Note also, that any elementary transpose, which
interchange two neighbors, changes the sign of a permutation, because it
changes (increases or decreases) the number of disorders exactly by 1. So,
to get from a permutation to another one always needs an even number of
elementary transposes if the permutations have the same sign, and an odd
number if the signs are different.

Finally, any interchange of two entries can be achieved by an odd num-
ber of elementary transposes. This implies that sign changes under an in-
terchange of two entries. So, to get from 1,2,...,n to an even permutation
(positive sign) one always need even number of interchanges, and odd num-
ber of interchanges is needed to get an odd permutation (negative sign).
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So, if we want determinant to satisfy basic properties 1-3 from Section
3, we must define it as

(4.2) det A = Z (5(1),105(2),2 - - - Ao (n),n sign(o),
o€Perm(n)
where the sum is taken over all permutations of the set {1,2,...,n}.

If we define the determinant this way, it is easy to check that it satisfies
the basic properties 1-3 from Section 3. Indeed, it is linear in each column,
because for each column every term (product) in the sum contains exactly
one entry from this column.

Interchanging two columns of A just adds an extra interchange to the
permutation, so right side in (4.2) changes sign. Finally, for the identity
matrix I, the right side of (4.2) is 1 (it has one non-zero term).

Exercises.

4.1. Suppose the permutation o takes (1,2,3,4,5) to (5,4,1,2,3).
Find sign of o;

What does 02 := 000 do to (1,2,3,4,5)?

What does the inverse permutation o~! do to (1,2,3,4,5)?
What is the sign of o= !?

a
b
¢

d

NN N

4.2. Let P be a permutation matriz, i.e. an n X n matrix consisting of zeroes and
ones and such that there is exactly one 1 in every row and every column.

a) Can you describe the corresponding linear transformation? That will ex-
plain the name.
b) Show that P is invertible. Can you describe P~1?
¢) Show that for some N > 0
PN.=pp...P=1
——

N times

Use the fact that there are only finitely many permutations.

4.3. Why is there an even number of permutations of (1,2,...,9) and why are
exactly half of them odd permutations? Hint: This problem can be hard to solve
in terms of permutations, but there is a very simple solution using determinants.

4.4. If ¢ is an odd permutation, explain why o2 is even but o~ is odd.

4.5. How many multiplications and additions is required to compute the determi-
nant using formal definition (4.2) of the determinant of an n x n matrix? Do not
count the operations needed to compute signo.



5. Cofactor expansion. 91

5. Cofactor expansion.

For an n x n matrix A = {a;x}];_; let A;) denotes the (n —1) x (n —1)
matrix obtained from A by crossing out row number j and column number

k.

Theorem 5.1 (Cofactor expansion of determinant). Let A be an n x n
matriz. For each j, 1 < j < n, determinant of A can be expanded in the row
number j as

det A =
aj71(—1)j+1 det A]’,l + aj72(—1)j+2 det Aj,2 + ...+ ajm(—l)j—i_n det Aj,”

n
= Z ajvk(—l)jJrk det Aj,k-
k=1

Similarly, for each k, 1 < k < n, the determinant can be expanded in the
column number k,

det A = Z aj7k(*1)j+k det Aj,k~
j=1

Proof. Let us first prove the formula for the expansion in row number 1.
The formula for expansion in row number 2 then can be obtained from it by
interchanging rows number 1 and 2. Interchanging then rows number 2 and
3 we get the formula for the expansion in row number 3, and so on.

Since det A = det AT, column expansion follows automatically.
Let us first consider a special case, when the first row has one non-zero
term aq,1. Performing column operations on columns 2, 3, ..., n we transform

A to the lower triangular form. The determinant of A then can be computed
as

the product of diagonal
entries of the triangular | X
matrix

correcting factor from
the column operations

But the product of all diagonal entries except the first one (i.e. without
a1,1) times the correcting factor is exactly det A; 1, so in this particular case
det A = a1 det A171.

Let us now consider the case when all entries in the first row except aq o
are zeroes. This case can be reduced to the previous one by interchanging
columns number 1 and 2, and therefore in this case det A = (—1)ay 2 det Aj 2.

The case when a1 3 is the only non-zero entry in the first row, can be
reduced to the previous one by interchanging columns 2 and 3, so in this
case det A = a1 zdet Ay 3.
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Repeating this procedure we get that in the case when a;j is the only
non-zero entry in the first row det A = (—1)**ay , det Ay 4. 2

In the general case, linearity of the determinant in each row implies that

det A =det AV +det A® + ... £ det A™ = Z det A
k=1

where the matrix A®) is obtained from A by replacing all entries in the first
row except aq by 0. As we just discussed above

det A®) = (—1)1+ka17k det Ay,
SO

det A = Z(—l)“kal,k det Ay .
k=1

To get the cofactor expansion in the second row, we can interchange
the first and second rows and apply the above formula. The row exchange
changes the sign, so we get

n n

det A= — Z(—l)HkaM det Ay j, = Z(—l)%kazk det Ay .
k=1 k=1

Exchanging rows 3 and 2 and expanding in the second row we get formula
n
det A = Z(—1)3+ka3’k det As ,
k=1

and so on.

To expand the determinant det A in a column one need to apply the row
expansion formula for A7 O

Definition. The numbers
Cj E = (—:[)j+]g det Aj7k

are called cofactors.

2In the case when ay, is the only non-zero entry in the first row it may be tempting to
exchange columns number 1 and number &, to reduce the problem to the case a1,1 # 0. However,
when we exchange columns 1 and k we change the order of other columns: if we just cross out
column number k, then column number 1 will be the first of the remaining columns. But, if
we exchange columns 1 and k, and then cross out column k (which is now the first one), then
the column 1 will be now column number £ — 1. To avoid the complications of keeping track of
the order of columns, we can, as we did above, exchange columns number k and k — 1, reducing
everything to the situation we treated on the previous step. Such an operation does not change
the order for the rest of the columns.
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Using this notation, the formula for expansion of the determinant in the
row number j can be rewritten as

n
det A = aj,leJ + CLjQCj’Q +...+ aj’an’n = Z aj,kC-’k.
k=1
Similarly, expansion in the column number k£ can be written as

n
det A = aLkCLk + a27k027k + ...+ CLkan,k = Z ajkajyk
7j=1

Remark. Very often the cofactor expansion formula is used as the definition
of determinant. It is not difficult to show that the quantity given by this
formula satisfies the basic properties of the determinant: the normalization
property is trivial, the proof of antisymmetry is easy. However, the proof of
linearity is a bit tedious (although not too difficult).

Remark. Although it looks very nice, the cofactor expansion formula is not
suitable for computing determinant of matrices bigger than 3 x 3.

As one can count it requires more than n! multiplications (to be precise it
requires Zz;ll n!/k! multiplications), and n! grows very rapidly. For exam-
ple, cofactor expansion of a 20 x 20 matrix require more than 20! ~ 2.433-10'%
multiplications. It would take a computer performing a billion multiplica-
tions per second over 77 years to perform 20! multiplications; performing the
multiplications required for the cofactor expansion of the determinant of a
20 x 20 matrix will require more than 132 years.?

On the other hand, computing the determinant of an n X n matrix using
row reduction requires (n® + 2n — 3)/3 multiplications (and about the same
number of additions). It would take a computer performing a million oper-
ations per second (very slow, by today’s standards) a fraction of a second to
compute the determinant of a 100 x 100 matrix by row reduction.

It can only be practical to apply the cofactor expansion formula in higher
dimensions if a row (or a column) has a lot of zero entries.

However, the cofactor expansion formula is of great theoretical impor-
tance, as the next section shows.

5.1. Cofactor formula for the inverse matrix. The matrix C =
{Cjx}]r—1 whose entries are cofactors of a given matrix A is called the
cofactor matrix of A.

Theorem 5.2. Let A be an invertible matriz and let C be its cofactor matriz.
Then )
Al = ct.
det A

3The reader can check the numbers using, for example, WolframAlpha
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Proof. Let us find the product ACT. The diagonal entry number j is ob-
tained by multiplying jth row of A by jth column of C7 (i.e. jth row of C),
SO

(ACT)j5 = ajaCia + a;2C)2 + ... + ajnClp = det 4,
by the cofactor expansion formula.

To get the off diagonal terms we need to multiply kth row of A by jth
column of CT, j # k, to get

ak710‘71 + ak720j72 + ...+ akijm.

It follows from the cofactor expansions formula (expanding in jth row) that
this is the determinant of the matrix obtained from A by replacing row
number j by the row number & (and leaving all other rows as they were).
But the rows j and k of this matrix coincide, so the determinant is 0. So, all
off-diagonal entries of ACT are zeroes (and all diagonal ones equal det A),
thus

ACT = (det A) I.

That means that the matrix ﬁ CT is a right inverse of A, and since A is
square, it is the inverse. ]

Recalling that for an invertible matrix A the equation Ax = b has a
unique solution
1
det A

we get the following corollary of the above theorem.

x=A"b = C™p,

Corollary 5.3 (Cramer’s rule). For an invertible matriz A the entry number
k of the solution of the equation Ax = b is given by the formula
B det By,
TET det A
where the matriz By is obtained from A by replacing column number k of A
by the vector b.

5.2. Some applications of the cofactor formula for the inverse.

Example (Inverting 2 x 2 matrices). The cofactor formula really shines
when one needs to invert a 2 x 2 matrix

A:<gg).

The cofactors are just entries (1 x 1 matrices), the cofactor matrix is

(%),
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so the inverse matrix A~! is given by the formula

1 d —b
-1 _
A _detA(—c a>‘

While the cofactor formula for the inverse does not look practical for
dimensions higher than 3, it has a great theoretical value, as the examples
below illustrate.

Example (Matrix with integer inverse). Suppose that we want to construct
a matrix A with integer entries, such that its inverse also has integer entries
(inverting such a matrix would make a nice homework problem: no messing
with fractions). If det A = 1 and its entries are integer, the cofactor formula
for inverses implies that A~! also have integer entries.

Note, that it is easy to construct an integer matrix A with det A = 1:
one should start with a triangular matrix with 1 on the main diagonal, and
then apply several row or column replacements (operations of the third type)
to make the matrix look generic.

Example (Inverse of a polynomial matrix). Another example is to consider
a polynomial matriz A(z), i.e. a matrix whose entries are not numbers but
polynomials a;(x) of the variable . If det A(x) = 1, then the inverse
matrix A~!(x) is also a polynomial matrix.

If det A(z) = p(x) # 0, it follows from the cofactor expansion that p(z)
is a polynomial, so A~!(z) has rational entries: moreover, p(z) is a multiple
of each denominator.

Exercises.

5.1. Evaluate the determinants using any method

1 -2 3 —12
(1) ; _é -5 12 14 19
6 _4 3 ’ -9 22 =20 31
—4 9 -—-14 15

5.2. Use row (column) expansion to evaluate the determinants. Note, that you
don’t need to use the first row (column): picking row (column) with many zeroes
will simplify your calculations.

L2 0 4 —6 —4 4
2 1 0 0

1 1 5],

L 30 0 -3 1 3
-2 2 -3 -5
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5.3. For the n X n matrix

0 0 0 0  ao
-1 0 0 0 o
0 -1 0 0 as
A= )
0 0 0 ... 0 ans
0 0 0 ... —1 ap

compute det(A + tI), where I is n X n identity matrix. You should get a nice ex-
pression involving ag, a1, ...,a,—1 and t. Row expansion and induction is probably
the best way to go.

5.4. Using cofactor formula compute inverses of the matrices

(1 2) (19 —17) (10) ;18
3 4 3 -2 3 5 01 1

5.5. Let D,, be the determinant of the n x n tridiagonal matrix

1 -1 0
1 1 -1
1
.1 =1
0 1 1

Using cofactor expansion show that D, = D,_1 + D,_o. This yields that the
sequence D, is the Fibonacci sequence 1,2,3,5,8,13,21,...

5.6. Vandermonde determinant revisited. Our goal is to prove the formula

1 co ¢ ... c»
1 ¢ c% ..o
= J] (&—-¢)
: 0<j<k<n
1 ¢, ¢ cr

for the (n+ 1) x (n + 1) Vandermonde determinant.
We will apply induction. To do this

a) Check that the formula holds for n =1, n = 2.

b) Call the variable ¢, in the last row z, and show that the determinant is a
polynomial of degree n, Ag+ A1z + Asx?+. ..+ A,2", with the coefficients
A; depending on ¢y, ¢y, ...,Cnh_1.

¢) Show that the polynomial has zeroes at * = ¢g,¢1,...,¢n—1, S0 it can be
represented as A, - (x —co)(x —¢1) ... (x — ¢p—1), where A,, as above.

d) Assuming that the formula for the Vandermonde determinant is true for
n — 1, compute A,, and prove the formula for n.

5.7. How many multiplication is needed to compute the determinant of an n x n
matrix using the cofactor expansion? Prove the formula.
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6. Minors and rank.

For a matrix A let us consider its k X k submatriz, obtained by taking k rows
and k columns. The determinant of this matrix is called a minor of order
k. Note, that an m x n matrix has (7;‘) . (Z) different k x k submatrices, and
so it has (T,Z) . (Z) minors of order k.

Theorem 6.1. For a non-zero matriz A its rank equals to the maximal
integer k such that there exists a non-zero minor of order k.

Proof. Let us first show, that if £ > rank A then all minors of order & are 0.
Indeed, since the dimension of the column space Ran A is rank A < k, any
k columns of A are linearly dependent. Therefore, for any k£ x k submatrix
of A its columns are linearly dependent, and so all minors of order k are 0.

To complete the proof we need to show that there exists a non-zero
minor of order k£ = rank A. There can be many such minors, but probably
the easiest way to get such a minor is to take pivot rows and pivot columns
(i.e. rows and columns of the original matrix, containing a pivot). This k x k
submatrix has the same pivots as the original matrix, so it is invertible (pivot
in every column and every row) and its determinant is non-zero. O

This theorem does not look very useful, because it is much easier to
perform row reduction than to compute all minors. However, it is of great
theoretical importance, as the following corollary shows.

Corollary 6.2. Let A = A(x) be an m x n polynomial matriz (i.e. a matric
whose entries are polynomials of x). Then rank A(x) is constant everywhere,
except maybe finitely many points, where the rank is smaller.

Proof. Let r be the largest integer such that rank A(x) = r for some z. To
show that such r exists, we first try 7 = min{m,n}. If there exists x such
that rank A(z) = r, we have found r. If not, we replace r by r — 1 and try
again. After finitely many steps we either stop or hit 0. So, r exists.

Let z¢ be a point such that rank A(xg) = r, and let M be a minor of order
r such that M (zg) # 0. Since M (z) is the determinant of a r x r polynomial
matrix, M (x) is a polynomial. Since M (zg) # 0, it is not identically zero,
so it can be zero only at finitely many points. So, everywhere except maybe
finitely many points rank A(x) > r. But by the definition of r, rank A(x) <r
for all z. g
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7. Review exercises for Chapter 3.

7.1. True or false

a) Determinant is only defined for square matrices.
b) If two rows or columns of A are identical, then det A = 0.

¢) If B is the matrix obtained from A by interchanging two rows (or columns),
then det B = det A.

d) If B is the matrix obtained from A by multiplying a row (column) of A by
a scalar «, then det B = det A.

e) If B is the matrix obtained from A by adding a multiple of a row to some
other row, then det B = det A.

The determinant of a triangular matrix is the product of its diagonal entries.
det(AT) = — det(A).

det(AB) = det(A) det(B).

A matrix A is invertible if and only if det A # 0.

If A is an invertible matrix, then det(A~!) = 1/ det(A).

7.2. Let A be an n x n matrix. How are det(3A), det(—A) and det(A?) related to
det A.

7.3. If the entries of both A and A~! are integers, is it possible that det A = 3?
Hint: what is det(A) det(A~1)?

e e 09 R
2 2 2 2

7.4. Let v, Vs be vectors in R? and let A be the 2 x 2 matrix with columns v, vs.
Prove that |det A| is the area of the parallelogram with two sides given by the
vectors vy, va.

Consider first the case when v = (21,0)7. To treat general case vi = (21,y1)7

left multiply A by a rotation matrix that transforms vector vy into (z1,0)”. Hint:
what is the determinant of a rotation matrix?

The following problem illustrates relation between the sign of the determinant
and the so-called orientation of a system of vectors.

7.5. Let v1, v be vectors in R2. Show that D(vy,va) > 0 if and only if there exists
a rotation T, such that the vector T,v; is parallel to e; (and looking in the same
direction), and T,v3 is in the upper half-plane 25 > 0 (the same half-plane as es).

Hint: What is the determinant of a rotation matrix?



Chapter 4

Introduction to
spectral theory
(eigenvalues and
eigenvectors)

Spectral theory is the main tool that helps us to understand the structure
of a linear operator. In this chapter we consider only operators acting from
a vector space to itself (or, equivalently, n x n matrices). If we have such
a linear transformation A : V' — V, we can multiply it by itself, take any
power of it, or any polynomial.

The main idea of spectral theory is to split the operator into simple
blocks and analyze each block separately.

To explain the main idea, let us consider difference equations. Many
processes can be described by the equations of the following type

Xpt1 = AXy, n=0,1,2,...,

where A : V — V is a linear transformation, and x, is the state of the
system at the time n. Given the initial state xg we would like to know the
state x,, at the time n, analyze the long time behavior of x,,, etc. !

At the first glance the problem looks trivial: the solution x,, is given by
the formula x,, = A"xp. But what if n is huge: thousands, millions? Or
what if we want to analyze the behavior of x,, as n — co?

LThe difference equations are discrete time analogues of the differential equation x'(t) =
Ax(t). To solve the differential equation, one needs to compute e*4 := $9° ¢tk AF/kl, and
spectral theory also helps in doing this.

99
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Here the idea of eigenvalues and eigenvectors comes in. Suppose that
Axy = \x(, where ) is some scalar. Then A%xg = A\?xg, A3xy = \3xq,. ..,
A™xg = A"x(, so the behavior of the solution is very well understood

In this section we will consider only operators in finite-dimensional spac-
es. Spectral theory in infinitely many dimensions is significantly more com-
plicated, and most of the results presented here fail in infinite-dimensional
setting.

1. Main definitions

1.1. Eigenvalues, eigenvectors, spectrum. A scalar A\ is called an
eigenvalue of an operator A : V' — V if there exists a non-zero vector v € V
such that
Av = Av.

The vector v is called the eigenvector of A (corresponding to the eigenvalue
A).

If we know that A is an eigenvalue, the eigenvectors are easy to find: one
just has to solve the equation Ax = Ax, or, equivalently

(A= XD)x =0.

So, finding all eigenvectors, corresponding to an eigenvalue A is simply find-
ing the nullspace of A — AI. The nullspace Ker(A — AI), i.e. the set of all
eigenvectors and 0 vector, is called the eigenspace.

The set of all eigenvalues of an operator A is called spectrum of A, and
is usually denoted o(A).

1.2. Finding eigenvalues: characteristic polynomials. A scalar A\ is
an eigenvalue if and only if the nullspace Ker(A — A\I) is non-trivial (so the
equation (A — Al)x = 0 has a non-trivial solution).

Let A act on F” (i.e. A : F" — F™). Since the matrix of A is square,
A — Al has a non-trivial nullspace if and only if it is not invertible. We
know that a square matrix is not invertible if and only if its determinant is
0. Therefore

‘)\ € o(A), i.e. Xis an eigenvalue of A <= det(A —\]) = 0‘

If A is an n X n matrix, the determinant det(A — A\I) is a polynomial of
degree n of the variable A. This polynomial is called the characteristic
polynomial of A. So, to find all eigenvalues of A one just needs to compute
the characteristic polynomial and find all its roots.

This method of finding the spectrum of an operator is not very practical
in higher dimensions. Finding roots of a polynomial of high degree can
be a very difficult problem, and it is impossible to solve the equation of
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degree higher than 4 in radicals. So, in higher dimensions different numerical
methods of finding eigenvalues and eigenvectors are used.

1.3. Finding characteristic polynomial and eigenvalues of an ab-
stract operator. So we know how to find the spectrum of a matrix. But
how do we find eigenvalues of an operator acting in an abstract vector space?
The recipe is simple:

Take an arbitrary basis, and compute eigenvalues of the matrix
of the operator in this basis.

But how do we know that the result does not depend on a choice of the
basis?

There can be several possible explanations. One is based on the notion
of similar matrices. Let us recall that square matrices A and B are called
similar if there exist an invertible matrix .S such that

A=SBS™
Note, that determinants of similar matrices coincide. Indeed
det A = det(SBS™!) = det Sdet Bdet S~ = det B
because det S~! = 1/det S. Note that if A = SBS~! then
A— X =SBS™ 1 —\SIS ' =8(BS ' — A5 =8(B-\)SH,
so the matrices A — Al and B — Al are similar. Therefore
det(A — AI) = det(B — AI),

i.e.

characteristic polynomials of similar matrices coincide.

If T:V — V is a linear transformation, and A and B are two bases in
V, then

[T] ] 45T g5 l1]

AA — Hlagltlps

and since [I] ~1 the matrices [T] are similar.

sa = (]45) aq and [Ty
In other words, matrices of a linear transformation in different bases are

similar.

Therefore, we can define the characteristic polynomial of an operator
as the characteristic polynomial of its matrix in some basis. As we have
discussed above, the result does not depend on the choice of the basis, so
characteristic polynomial of an operator is well defined.
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1.4. Complex vs real spaces. The fundamental theorem of algebra as-
serts that any polynomial (of degree at least 1) has a complex root. That
implies that an operator in a finite-dimensional complex vector space has at
least one eigenvalue, so its spectrum is non-empty.

On the other hand it is easy to construct a linear transformation in a
real vector space without real eigenvalues, the rotation R,, o # 7mn in R?
being one of examples. Since it is usually assumed that eigenvalues should
belong to the field of scalars (if an operator acts in a vector space over a field
[F the eigenvalues should be in F), such operators have empty spectrum.

Thus, the complex case (i.e. operators acting in complex vector spaces)
seems to be the most natural setting for the spectral theory. Since R C C,
we can always treat a real n X m matrix as an operator in C™ to allow
complex eigenvalues. Treating real matrices as operators in C™ is typical in
the spectral theory, and we will follow this agreement. Finding eigenvalues
of a matrix (unless otherwise specified) will always mean finding all complex
eigenvalues and not restricting oneself only to real ones.

Note that an operator in an abstract real vector space also can be in-
terpreted as an operator in a complex space. A naive approach would be
to fix a basis (recall that all spaces in this chapter are finite-dimensional),
and then work with coordinates in this basis allowing complex coordinates:
that will be essentially move from operators in R™ to operators C™ described
above.

This construction describes what is known as the complezification of a
real vector space, and the result does not depend on the choice of a basis. A
“high brow” abstract construction of the complexification, explaining why
the result does not depend on the choice of a basis is described below in
Section 8.2 of Chapter 5.

1.5. Multiplicities of eigenvalues. Let us remind the reader, that if p is
a polynomial, and A is its root (i.e. p(A) = 0) then z — X divides p(z), i.e. p
can be represented as p(z) = (z — A\)q(z), where ¢ is some polynomial. If
q(\) = 0, then ¢ also can be divided by z — ), so (2 — \)? divides p and so
on.

The largest positive integer k such that (z — \)* divides p(2) is called
the multiplicity of the root .

If X\ is an eigenvalue of an operator (matrix) A, then it is a root of the
characteristic polynomial p(z) = det(A — zI). The multiplicity of this root
is called the (algebraic) multiplicity of the eigenvalue .

Any polynomial p(z) = >, a2 of degree n has exactly n complex
roots, counting multiplicity. The words counting multiplicities mean that if
a root has multiplicity d we have to list (count) it d times. In other words,
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p can be represented as
p(z) =an(z—A)(z=A2) ... (2 — \p)-
where A1, Ag, ..., A\, are its complex roots, counting multiplicities.

There is another notion of multiplicity of an eigenvalue: the dimension of
the eigenspace Ker(A — A1) is called geometric multiplicity of the eigenvalue
A

Geometric multiplicity is not as widely used as algebraic multiplicity.
So, when people say simply “multiplicity” they usually mean algebraic mul-
tiplicity.

Let us mention, that algebraic and geometric multiplicities of an eigen-
value can differ.

Proposition 1.1. Geometric multiplicity of an eigenvalue cannot exceed its
algebraic multiplicity.

Proof. See Exercise 1.9 below. O

1.6. Trace and determinant.

Theorem 1.2. Let A be nxn matriz, and let A1, A, ..., A, be its (complex)
eigenvalues (counting multiplicities). Then

1. trace A=A + X+ ...+ \y.
2. detA:)\l)\g...)\n.

Proof. See Exercises 1.10, 1.11 below. O

1.7. Eigenvalues of a triangular matrix. Computing eigenvalues is
equivalent to finding roots of a characteristic polynomial of a matrix (or
using some numerical method), which can be quite time consuming. How-
ever, there is one particular case, when we can just read eigenvalues off the
matrix. Namely

eigenvalues of a triangular matrix (counting multiplicities) are
exactly the diagonal entries aj 1,a22,...,a,n

By triangular here we mean either upper or lower triangular matrix.
Since a diagonal matrix is a particular case of a triangular matrix (it is both
upper and lower triangular

the eigenvalues of a diagonal matrix are its diagonal entries‘

The proof of the statement about triangular matrices is trivial: we need
to subtract A from the diagonal entries of A, and use the fact that determi-
nant of a triangular matrix is the product of its diagonal entries. We get the
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characteristic polynomial
det(A - )\I) = (a171 — )\)(az,g — )\) e (amn — )\)

and its roots are exactly a1 1,a22,...,0nn.

Exercises.
1.1. True or false:

a) Every linear operator in an n-dimensional vector space has n distinct eigen-
values;

If a matrix has one eigenvector, it has infinitely many eigenvectors;

There exists a square real matrix with no real eigenvalues;

There exists a square matrix with no (complex) eigenvectors;

Similar matrices always have the same eigenvectors;

)
)
)
e) Similar matrices always have the same eigenvalues;
)
) A non-zero sum of two eigenvectors of a matrix A is always an eigenvector;
)

A non-zero sum of two eigenvectors of a matrix A corresponding to the
same eigenvalue A is always an eigenvector.

1.2. Find characteristic polynomials, eigenvalues and eigenvectors of the following
matrices:

4 =5 2 1 b33
2 -3 ) -1 4 ) 3 5 3
3 3 1
1.3. Compute eigenvalues and eigenvectors of the rotation matrix
cosa —sina
sin cosa )’
Note, that the eigenvalues (and eigenvectors) do not need to be real.

1.4. Compute characteristic polynomials and eigenvalues of the following matrices:

1 2 5 67 21 0 2 4 0 0 0
02 3 6 0 = 43 2 1 3 00
00 -2 5 |’ 0 0 16 1 |’ 2 4 e 0 |’
00 0 3 0 0 0 54 3 3 11
4 0 0 O

10 00

2 400

3 3 11

Do not expand the characteristic polynomials, leave them as products.

1.5. Prove that eigenvalues (counting multiplicities) of a triangular matrix coincide
with its diagonal entries

1.6. An operator A is called nilpotent if A¥ = 0 for some k. Prove that if A is
nilpotent, then o(A) = {0} (i.e. that 0 is the only eigenvalue of A).
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1.7. Show that characteristic polynomial of a block triangular matrix

(o 5)

where A and B are square matrices, coincides with det(A — AI)det(B — AI). (Use
Exercise 3.11 from Chapter 3).

1.8. Let vy, va,...,v, be a basis in a vector space V. Assume also that the first k
vectors vi,Vva,..., Vv of the basis are eigenvectors of an operator A, corresponding
to an eigenvalue A (i.e. that Av; = Av;, j = 1,2,...,k). Show that in this basis
the matrix of the operator A has block triangular form

)\Ik *
0 B )’
where I} is k X k identity matrix and B is some (n — k) X (n — k) matrix.

1.9. Use the two previous exercises to prove that geometric multiplicity of an eigen-
value cannot exceed its algebraic multiplicity.

1.10. Prove that determinant of a matrix A is the product of its eigenvalues (count-
ing multiplicities).

Hint: first show that det(A — AI) = (A1 = A)(A2 — A)... (A, — A), where
A1, A2, ..., A, are eigenvalues (counting multiplicities). Then compare the free terms
(terms without A) or plug in A = 0 to get the conclusion.

1.11. Prove that the trace of a matrix equals the sum of eigenvalues in three steps.
First, compute the coefficient of A»~! in the right side of the equality

det(A—=XI) =M =N Aa = A) ... (A — A).
Then show that det(A — AI) can be represented as
det(A — )\I) = (a171 — )\)(CLQQ — )\) . (CLI,L,n - /\) + q()\)

where ¢()) is polynomial of degree at most n — 2. And finally, comparing the
coefficients of A"~! get the conclusion.

2. Diagonalization.

One of the application of the spectral theory is the diagonalization of oper-
ators, which means given an operator to find a basis in which the matrix of
the operator is diagonal. Such basis does not always exists, i.e not all opera-
tors can be diagonalized (are diagonalizable). Importance of diagonalizable
operators comes from the fact that the powers, and more general function
of diagonal matrices are easy to compute, so if we diagonalize an operator
we can easily compute functions of it.

We will explain how to compute functions of diagonalizable operators in
this section. We also give a necessary and sufficient condition for an operator
to be diagonalizable, as well as some simple sufficient conditions.
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Note also that for operators in F" (matrices) the diagonalizability of A
means that it can be represented as A = SDS~!, where D is a diagonal
matrix (and S, of course, is invertible); we will explain this shortly.

Unless otherwise specified, all results in this section hold for both com-
plex and real vector spaces (and even for spaces over arbitrary fields).

2.1. Preliminaries. Suppose an operator A in a vector space V is such
that V has a basis B = by, bo, ..., b, of eigenvectors of A, with A1, Aa,..., An
being the corresponding eigenvalues. Then the matrix of A in this basis is
the diagonal matrix with A1, Ao, ..., A, on the diagonal

A1 O

A2

0 .

On the other hand, if the matrix of an operator A in a basis B =
bi,ba, ..., by, is given by (2.1) then trivially Aby = A\;bg, i.e Ay are eigen-
values and by, are corresponding eigenvectors.

(2.1) [A]BB = diag{)\l, )\2, ey /\n} =

Note that the above reasoning holds for both complex and real vector
spaces (and even for vector spaces over arbitrary fields)

Applying the above reasoning to operators in F" (matrices) we immedi-
ately get the following theorem. Note, that while in this book F is either C
or R, this theorem holds for an arbitrary field F.

Theorem 2.1. A matriz A (with values in F) admits a representation A =
SDS~, where D is a diagonal matriz and S is an invertible one (both with
entries in IF) if and only if there exists a basis in F" of eigenvectors of A.

Moreover, in this case diagonal entries of D are the eigenvalues and the
columns of S are the corresponding eigenvectors (column number k corre-
sponds to kth diagonal entry of D).

Proof. Let D = diag{A1, \2,..., Ax}, and let by, bg, ..., b, be the columns
of S (note that since S is invertible its columns form a basis in F”). Then
the identity A = SDS~! means that D = [A]B,B‘

Indeed, S = [I] s.p 15 the change of the coordinates matrix from B to
the standard basis S, so we get from A = SDS~! that D = S™1AS =
[[]87814[[]876’ which means exactly that D = [A]

And as we just discussed above, [A]

BB
BB — D = diag{)\l,/\g,. . .,)\n} if
and only if A\, are the eigenvalues and by, are the corresponding eigenvectors
of A. O
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Remark. Note if a matrix admits the representation A = SDS~! with a di-
agonal matrix D, then a simple direct calculation shows that the columns of
S are eigenvectors of A and diagonal entries of D are corresponding eigen-
values. This gives an alternative proof of the corresponding statement in
Theorem 2.1.

As we discussed above, a diagonalizable operator A : V' — V has exactly
n = dim V eigenvalues (counting multiplicities). Any operator in a complex
vector space V' has n eigenvalues (counting multiplicities); an operator in a
real space, on the other hand, could have no real eigenvalues.

We will, as it is customary in the spectral theory, treat real matrices as
operators in the complex space C™, thus allowing complex eigenvalues and
eigenvectors. Unless otherwise specified we will mean by the diagonalization
of a matrix its complex diagonalization, i.e. a representation A = SDS™!
where matrices S and D can have complex entries.

The question when a real matrix admits a real diagonalization (A =
SDS~! with real matrices S and D) is in fact a very simple one, see Theorem
2.9 below.

2.2. Some motivations: functions of operators. Let the matrix of an
operator A in a basis B = by, be,..., b, is a diagonal one given by (2.1).
Then it is easy to find an Nth power of the operator A. Namely, the matrix
of AN in the basis B is
A
. 0

0 Y

Moreover, functions of the operator are also very easy to compute: for exam-
t2 A%
ple the operator (matrix) exponent e is defined as A =T+tA+ o +

[AN] g = diag{\, A5, ... AT} =

A3 o th AR : L o
S +...= Z R and its matrix in the basis B is

k=0
e/\lt O
e)\zt

0 M

Let now A be an operator in F”. To find the matrices of the operators
AN and €' in the standard basis S, we need to recall that the change of
coordinate matrix [/]., is the matrix with columns by, bg,...,b,. Let us

[etA]BB = diag{eM?, e ... Mt} =

SB
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call this matrix S, then according to the change of coordinates formula we

have
Al O

A
=5 o S~ = $Ds,

0 .

where we use D for the diagonal matrix in the middle.
A

., 0

0 AY

n

A=Al

Similarly

AN =spNg—1 =g

and similarly for et4.

Another way of thinking about powers (or other functions) of diagonaliz-
able operators is to see that if operator A can be represented as A = SDS™!,
then

AN = (SDS™YH(SDS™Y)...(SDS™Y) = SDNS!
N times

and it is easy to compute the Nth power of a diagonal matrix.

2.3. The case of n distinct eigenvalues. We now present very simple
sufficient condition for an operator to be diagonalizable, see Corollary 2.3
below.

Theorem 2.2. Let A\, Mo, ..., A\ be distinct eigenvalues of A, and let
V1i,Vo,...,V, be the corresponding eigenvectors. Then vectors vi,Vo,...,V,
are linearly independent.

Proof. We will use induction on 7. The case r = 1 is trivial, because by the
definition an eigenvector is non-zero, and a system consisting of one non-zero
vector is linearly independent.

Suppose that the statement of the theorem is true for » — 1. Suppose

there exists a non-trivial linear combination
T

(2.2) c1vi+covo + ...+ ¢ v, = Z cpvE = 0.
k=1
Applying A — A1 to (2.2) and using the fact that (A — \.I)v,, = 0 we

get,
1

Ck(/\k — )\T)Vk =0.
1

%
I

e
Il
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By the induction hypothesis vectors vi,ve,...,v,_1 are linearly indepen-
dent, so cx(A\p — Ay) = 0 for k = 1,2,...,r — 1. Since Ay # A, we can
conclude that ¢ = 0 for & < r. Then it follows from (2.2) that ¢, = 0,
i.e. we have the trivial linear combination. ]

Corollary 2.3. If an operator A : V. — V has ezactly n = dim V' distinct
etgenvalues, then it is diagonalizable.

While very simple, this is a very important statement, and it will be
used a lot! Please remember it.

Proof of Corollary 2.3. For each eigenvalue A\; let vi be a corresponding
eigenvector (just pick one eigenvector for each eigenvalue). By Theorem 2.2
the system vi,vo,...,v, is linearly independent, and since it consists of
exactly n = dim V' vectors it is a basis. O

2.4. Bases of subspaces (AKA direct sums of subspaces). To de-
scribe diagonalizable operators we need to introduce some new definitions.

Let V1, Va,...,V, be subspaces of a vector space V. We say that the
system of subspaces is a basis in V if any vector v € V admits a unique
representation as a sum

p
(2.3) v:v1+vz+...+vp:ka, vy € V.
k=1
We also say, that a system of subspaces V1, Va, ..., V), is linearly independent

if the equation
vi+va+...+v,=0, v € Vi
has only trivial solution (v =0 Vk =1,2,...,p).
Another way to phrase that is to say that a system of subspaces

Vi,Va,...,V, is linearly independent if and only if any system of non-zero
vectors vy, where vi € Vi, is linearly independent.

We say that the system of subspaces Vi, Vs, ..., V), is generating (or com-
plete, or spanning) if any vector v € V admits representation as (2.3) (not
necessarily unique).

Remark 2.4. From the above definition one can immediately see that The-
orem 2.2 in fact states that the system of eigenspaces Fj of an operator

A
E, = Ker(A—)\k]), A € O'(A),
is linearly independent.
Remark 2.5. It is easy to see that similarly to the bases of vectors, a system

of subspaces V1, Va, ..., V), is a basis if and only if it is generating and linearly
independent. We leave the proof of this fact as an exercise for the reader.
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There is a simple example of a basis of subspaces. Let V' be a vector space
with a basis vq,vs,...,v,. Split the set of indices 1,2,...,n into p subsets
A1, Mg, ... Ay, and define subspaces Vj, := span{v; : j € A}. Clearly the
subspaces V}, form a basis of V.

The following theorem shows that in the finite-dimensional case it is
essentially the only possible example of a basis of subspaces.

Theorem 2.6. Let V1, Va,..., V), be a basis of subspaces, and let for each k
a collection By, of vectors be a basis in Vi,.2 Then the union UiBy of these
bases is a basis in V.

To prove the theorem we need the following lemma

Lemma 2.7. Let V1,Va,...,V, be a linearly independent family of subspac-
es, and let us have in each subspace Vi, a linearly independent system By of
vectors in By,.> Then the union B := ULBy, is a linearly independent system.

Proof. The proof of the lemma is almost trivial, if one thinks a bit about
it. The main difficulty in writing the proof is a choice of an appropriate
notation. Instead of using two indices (one for the number k& and the other
for the number of a vector in By, let us use “flat” notation.

Namely, let n be the number of vectors in B := UpBy. Let us order the
set B, for example as follows: first list all vectors from By, then all vectors
in Bo, etc, listing all vectors from B, last.

This way, we index all vectors in B by integers 1,2, ...,n, and the set of
indices {1,2,...,n} splits into the sets Ay, Aa,..., A, such that the set By
consists of vectors b; : j € Ay.

Suppose we have a non-trivial linear combination

n
(2.4) c1by + by + ...+ ¢c,b, = Z cjb; = 0.
j=1
Denote
Vi = Z Cjbj.
JEAL

Then (2.4) can be rewritten as

vi+vo+...+v,=0.

2We do not list the vectors in By, one just should keep in mind that each Bj consists of
finitely many vectors in Vj

?’Again, here we do not name each vector in By individually, we just keep in mind that each
set By consists of finitely many vectors.
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Since v € V}, and the system of subspaces V}, is linearly independent, vy, = 0
Vk. Than means that for every k

Z Cjbj = 0,

JEAL
and since the system of vectors b; : j € Ay, (i.e. the system By) are linearly
independent, we have ¢; = 0 for all j € A;. Since it is true for all A, we
can conclude that ¢; = 0 for all j. O

Proof of Theorem 2.6. To prove the theorem we will use the same nota-
tion as in the proof of Lemma 2.7, i.e. the system Bj, consists of vectors bj,
j € Ag.

Lemma 2.7 asserts that the system of vectors b;, 7 = 1,2,...,nis linearly
independent, so it only remains to show that the system is complete.

Since the system of subspaces V1, Va, ..., V), is a basis, any vector v e V
can be represented as

p
v:v1+v2+...—|—vp:ZVk, vi € Vg.
k=1
Since the vectors bj, j € A form a basis in Vi, the vectors v; can be

represented as
Vi = Z Cjbj,
JEAK
J— n . .
and therefore v = 3", ¢;b;. O

2.5. Criterion of diagonalizability. First of all let us recall a simple nec-
essary condition. Since the eigenvalues (counting multiplicities) of a diagonal
matrix D = diag{A1, Mg, ..., \p} are exactly A1, \a, ..., \,, we see that if an
operator A : V — V is diagonalizable, it has exactly n = dim V eigenvalues
(counting multiplicities).

Theorem below holds for both real and complex vector spaces (and even
for spaces over general fields).

Theorem 2.8. Let an operator A :'V — V has exactly n = dimV eigen-
values (counting multiplicities)*. Then A is diagonalizable if and only if
for each eigenvalue X the dimension of the eigenspace Ker(A — AI) (i.e. the
geometric multiplicity of X) coincides with the algebraic multiplicity of .

Proof. First of all let us note, that for a diagonal matrix, the algebraic and
geometric multiplicities of eigenvalues coincide, and therefore the same holds
for the diagonalizable operators.

4Since any operator in a complex vector space has exactly n eigenvalues (counting multiplic-
ities), this assumption is moot in the complex case.
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Let us now prove the other implication. Let A1, A2,..., A, be eigenval-
ues of A, and let Ej := Ker(A — A\I) be the corresponding eigenspaces.
According to Remark 2.4, the subspaces Ey, k = 1,2,...,p are linearly
independent.

Let By be a basis in Ey. By Lemma 2.7 the system B = Ui B, is a linearly
independent system of vectors.

We know that each By consists of dim Fj (= multiplicity of A\g) vectors.
So the number of vectors in B equal to the sum of multiplicities of eigen-
values Ag. But the sum of multiplicities of the eigenvalues is the number of
eigenvalues counting multiplicities, which is exactly n = dim V. So, we have
a linearly independent system of n = dim V' eigenvectors, which means it is
a basis. O

2.6. Real factorization. The theorem below is, in fact, already proven (it
is essentially Theorem 2.8 for real spaces). We state it here to summarize
the situation with real diagonalization of real matrices.

Theorem 2.9. A real n X n matriz A admits a real factorization (i.e. rep-
resentation A = SDS™! where S and D are real matrices, D is diagonal
and S is invertible) if and only if it admits complex factorization and all
eigenvalues of A are real.

2.7. Some example.

2.7.1. Real eigenvalues. Consider the matrix

!

Its characteristic polynomial is equal to

‘1—)\ 2

8 1_x ‘:(1—>\)2—16

and its roots (eigenvalues) are A = 5 and A = —3. For the eigenvalue A =5

1-5 2 -4 2
A_5I_< 8 1—5>_< 8 —4>
A basis in its nullspace consists of one vector (1,2)7, so this is the corre-
sponding eigenvector.
Similarly, for A = —3

4 2
A)\I—A+31—<8 4)
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and the eigenspace Ker(A 4 31I) is spanned by the vector (1,—2)7. The
matrix A can be diagonalized as

(-0 )G 80 A

2.7.2. Complex eigenvalues. Consider the matrix

A—<_12 f)

Its characteristic polynomial is

’1—A 2

— _\\2 2
_2 1_A’_a A)? 42

and the eigenvalues (roots of the characteristic polynomial) are A = 1 + 2i.

For A =1+ 2¢
-2 2
A—)\I_< I _2i>

This matrix has rank 1, so the eigenspace Ker(A — A\I) is spanned by one
vector, for example by (1,4)7.

Since the matrix A is real, we do not need to compute an eigenvector
for A =1 — 2i: we can get it for free by taking the complex conjugate of the
above eigenvector, see Exercise 2.2 below. So, for A = 1 —2¢ a corresponding
eigenvector is (1, —i), and so the matrix A can be diagonalized as

A (1 142 0 11\
i i 0 1-2 )i —i) -

2.7.3. A non-diagonalizable matriz. Consider the matrix

11
A= ( L ) |
Its characteristic polynomial is

1-A 1
0 1—-A

-

so A has an eigenvalue 1 of multiplicity 2. But, it is easy to see that
dimKer(A —I) = 1 (1 pivot, so 2 —1 = 1 free variable). Therefore, the
geometric multiplicity of the eigenvalue 1 is different from its algebraic mul-
tiplicity, so A is not diagonalizable.

There is also an explanation which does not use Theorem 2.8. Namely,

we got that the eigenspace Ker(A — 17) is one dimensional (spanned by the
vector (1,0)T). If A were diagonalizable, it would have a diagonal form
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10
0 1
2. Therefore A cannot be diagonalized.

in some basis,” and so the dimension of the eigenspace would be

Exercises.
2.1. Let A be n x n matrix. True or false:

a) AT has the same eigenvalues as A.
b) AT has the same eigenvectors as A.
c) If A is diagonalizable, then so is AT

Justify your conclusions.

2.2. Let A be a square matrix with real entries, and let A be its complex eigenvalue.
Suppose v = (v1,v2,...,v,)T is a corresponding eigenvector, Av = Av. Prove that
the A is an eigenvalue of A and AV = A\v. Here V is the complex conjugate of the

vector v, V := (U1, Da, ..., 0,) 7.
4 3
A_<1 2).

2.3. Let
2.4. Construct a matrix A with eigenvalues 1 and 3 and corresponding eigenvectors
(1,2)7 and (1,1)T. Is such a matrix unique?

Find A29%4 by diagonalizing A.

2.5. Diagonalize the following matrices, if possible:
4 -2
a) ( 1 1 >
-1 -1
b) ( Lt )

-2 2 6
c) 5 1 —6 (A = 2 is one of the eigenvalues)
-5 2 9
2.6. Consider the matrix
2 6 -6
A= 0 5 =2
0 0 4

a) Find its eigenvalues. Is it possible to find the eigenvalues without comput-
ing?
b) Is this matrix diagonalizable? Find out without computing anything.

¢) If the matrix is diagonalizable, diagonalize it.

. . . . 1 0 . .
5N0te, that the only linear transformation having matrix ( 0 1 ) in some basis is the

identity transformation I. Since A is definitely not the identity, we can immediately conclude that
A cannot be diagonalized, so counting dimension of the eigenspace is not necessary.
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2.7. Diagonalize the matrix

o O N
o N O
= =~ 3

2.8. Find all square roots of the matrix

=(40)
i.e. find all matrices B such that B?> = A. Hint: Finding a square root of a diagonal
matrix is easy. You can leave your answer as a product.
2.9. Let us recall that the famous Fibonacci sequence:
0,1,1,2,3,5,8,13,21, ...
is defined as follows: we put ¢y = 0, ¢1 = 1 and define

Pn+2 = Pn+1 + On-
We want to find a formula for ¢,,. To do this

a) Find a 2 x 2 matrix A such that

Pn+42 —A Pn41

Pn+1 Pn
Hint: Combine the trivial equation ¢, +1 = @,+1 with the Fibonacci rela-
tion Yn+2 = Ynt1 + ©n.

b) Diagonalize A and find a formula for A™.
¢) Noticing that

() (2)-+(3)
Pn Yo 0

find a formula for ¢,. (You will need to compute an inverse and perform
multiplication here).

d) Show that the vector (¢,11/¢n,1)T converges to an eigenvector of A.
What do you think, is it a coincidence?

2.10. Let A be a 5 x 5 matrix with 3 eigenvalues (not counting multiplicities).
Suppose we know that one eigenspace is three-dimensional. Can you say if A is
diagonalizable?

2.11. Give an example of a 3 x 3 matrix which cannot be diagonalized. After you
constructed the matrix, can you make it “generic”, so no special structure of the
matrix could be seen?

2.12. Let a non-zero matrix A satisfy A®> = 0. Prove that A cannot be diagonalized.
More generally, any non-zero nilpotent matrix, i.e. a non-zero matrix satisfying
AN = 0 for some N cannot be diagonalized.

2.13. Eigenvalues of a transposition:
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a) Consider the transformation T in the space Mayo of 2 x 2 matrices, T(A) =
AT Find all its eigenvalues and eigenvectors. Is it possible to diagonalize
this transformation? Hint: While it is possible to write a matrix of this
linear transformation in some basis, compute characteristic polynomial,
and so on, it is easier to find eigenvalues and eigenvectors directly from the
definition.

b) Can you do the same problem but in the space of n x n matrices?

2.14. Prove that two subspaces V7 and V5 are linearly independent if and only if
1NV, ={0}.



Chapter 5

Inner product spaces

Theory of inner product spaces is developed only for real and complex spaces,
so I in this Chapter is always R or C; the results usually do not generalize
to spaces over arbitrary fields.

Most of the results and calculations in this chapter hold (and the results
have the same statements) in both real and complex cases. In rare situations
when there is a difference between real and complex case, we state explicitly
which case is considered: otherwise everything holds for both cases.

Finally, when the results and calculations hold for both complex and
real cases, we use formulas for the complex case; in the real case they give
correct, although sometimes a bit more complicated, formulas.

1. Inner product in R"” and C". Inner product spaces.

1.1. Inner product and norm in R”. In dimensions 2 and 3, we defined
the length of a vector x (i.e. the distance from its endpoint to the origin) by
the Pythagorean rule, for example in R? the length of the vector is defined

as
x|l = \/23 + 23 + 23.

It is natural to generalize this formula for all n, to define the norm of the
vector x € R" as

x|l = \/CB%+$%+...+$%.
The word norm is used as a fancy replacement for the word length.
The dot product in R? was defined as x - y = 141 + T2y2 + x3y3, where
x = (z1,22,23)" and y = (y1,%2,93)".

117
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Remark. While the notation x -y and term “dot product” is often used
in the literature, we prefer to call it “inner product”, and for reasons which
will be clear later, we will the notation (x,y) instead of x - y.

Thus, in R™ one can define the inner product (x,y) of two vectors x =
(xla Z2, ... 7xn>T7 y = (yla Y2, .-, yn)T by

(x,y) =z +22y2+ ... + Tpyn = yTX7
so [[x[| = v/(x,x).

Note, that y'x = xTy, and we use the notation y”x only to be consis-
tent.

1.2. Inner product and norm in C”. Let us now define norm and inner
product for C". As we have seen before, the complex space C" is the most
natural space from the point of view of spectral theory: even if one starts
from a matrix with real coefficients (or operator on a real vectors space), the
eigenvalues can be complex, and one needs to work in a complex space.

For a complex number z = x +iy, we have |2|? = 22 +y? = 2z. Ifz € C"

is given by
21 1+ iy
29 T2 + 1Yo
7z = = s
Zn Tp + 1Yn

it is natural to define its norm ||z|| by

n
lzl|* =) («F + i) = Z\%\Q
k=1

Let us try to define an inner product on C" such that ||z||?> = (z,z). One of
the choices is to define (z, w) by
n
(z,W) = 2101 + 20W2 + ... + 2, Wy, = Z 25 W,
k=1

and that will be our definition of the standard inner product in C".

To simplify the notation, let us introduce a new notion. For a matrix
A let us define its Hermitian adjoint, or simply adjoint A* by A* = ZT,
meaning that we take the transpose of the matrix, and then take the complex
conjugate of each entry. Note, that for a real matrix A, A* = AT,

Using the notion of A*, one can write the standard inner product in C"

as

(z,w) = w'z.
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Remark. It is easy to see that one can define a different inner product in C™ such
that ||z||?> = (z,z), namely the inner product given by

(z,W)1 = Zyw1 + Zawz + ... + Zpw, = 2*W.
We did not specify what properties we want the inner product to satisfy, but z*w
and w*z are the only reasonable choices giving |z||*> = (z,z).

Note, that the above two choices of the inner product are essentially equivalent:
the only difference between them is notational, because (z,w); = (w, z).

While the second choice of the inner product looks more natural, the first one,
(z,w) = w*z is more widely used, so we will use it as well.

1.3. Inner product spaces. The inner product we defined for R" and C™
satisfies the following properties:

1. (Conjugate) symmetry: (x,y) = (y,X); note, that for a real space,
this property is just symmetry, (x,y) = (¥, X);
2. Linearity: (ax + fy,z) = a(x,2z) + S(y, z) for all vector x,y,z and
all scalars «, 3;
3. Non-negativity: (x,x) > 0 Vx;
4. Non-degeneracy: (x,x) = 0 if and only if x = 0.
Let V' be a (complex or real) vector space. An inner product on V' is a

function, that assign to each pair of vectors x, y a scalar, denoted by (x,y)
such that the above properties 1-4 are satisfied.

Note that for a real space V' we assume that (x,y) is always real, and
for a complex space the inner product (x,y) can be complex.

A space V together with an inner product on it is called an inner product
space. Given an inner product space, one defines the norm on it by

%[ = v/ (x, ).
1.3.1. Exzamples.

Example 1.1. Let V be R™ or C*. We already have an inner product
(xy)=y'x= Zzzl 27y, defined above.

This inner product is called the standard inner product in R™ or C"

We will use symbol F to denote both C and R. When we have some
statement about the space F", it means the statement is true for both R™
and C".

Example 1.2. Let V be the space P, of polynomials of degree at most n.
Define the inner product by

1
(fig9) = /1 f(t)g(t)dt.
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It is easy to check, that the above properties 1-4 are satisfied.

This definition works both for complex and real cases. In the real case
we only allow polynomials with real coefficients, and we do not need the
complex conjugate here.

Let us recall, that for a square matrix A, its trace is defined as the sum
of the diagonal entries,

n
trace A := Z Qg -
k=1

Example 1.3. For the space M,,x, of m X n matrices let us define the
so-called Frobenius inner product by

(A, B) = trace(B*A).
Again, it is easy to check that the properties 1-4 are satisfied, i.e. that we
indeed defined an inner product.
Note, that
trace(B*A) = ZAMEJ‘J%
Jk

so this inner product coincides with the standard inner product in C™".

1.4. Properties of inner product. The statements we get in this section
are true for any abstract inner product space, not only for F". To prove
them we use only properties 1-4 of the inner product.

First of all let us notice, that properties 1 and 2 imply that
2. (x,ay + Bz) = a(x,y) + B(x, 2).
Indeed,

(x, ay + fz) = (ay + Bz,x) = aly,x) + B(z,x) =
— a(y,x) + B (%) = alx,y) + B(x,2)
Note also that property 2 implies that for all vectors x
(0,x) = (x,0) =0.

Lemma 1.4. Let x be a vector in an inner product space V.. Then x = 0 if
and only if

(1.1) (x,y)=0 Yy e V.

Proof. Since (0,y) = 0 we only need to show that (1.1) implies x = 0.
Putting y = x in (1.1) we get (x,x) =0, so x =0. O

Applying the above lemma to the difference x —y we get the following
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Corollary 1.5. Let x,y be vectors in an inner product space V. The equality
x =y holds if and only if

(x,2) = (y,2) VzeV.
The following corollary is very simple, but will be used a lot

Corollary 1.6. Suppose two operators A, B : X — 'Y satisfy
(Ax,y) = (Bx,y) Vxe X, Vy €Y.
Then A = B.

Proof. By the previous corollary (fix x and take all possible y’s) we get
Ax = Bx. Since this is true for all x € X, the transformations A and B
coincide. O

The following property relates the norm and the inner product.
Theorem 1.7 (Cauchy—Schwarz inequality).
|G y) < [Ix][- Iy ll-

Proof. The proof we are going to present, is not the shortest one, but it
shows where the main ideas came from.

Let us consider the real case first. If y = 0, the statement is trivial, so
we can assume that y # 0. By the properties of an inner product, for all
scalar ¢

0<lx—ty|* = (x — ty,x — ty) = [[x||* = 2¢(x,y) + £[ly|*.
(xy) 1

In particular, this inequality should hold for ¢t = T and for this point
the inequality becomes
< 2 (X7Y)2 (Xay)Q _ 2 (Xay)Z
0<|x|*— 5+ 5 =" - 5
[Nl Iyl Iyl

which is exactly the inequality we need to prove.

There are several possible ways to treat the complex case. One is to
replace x by ax, where « is a complex constant, |o| = 1 such that (ax,y)
is real, and then repeat the proof for the real case.

The other possibility is again to consider
0 < [x —tyl]* = (x — ty,x — ty) = (x,x — ty) — t(y,x — ty)
= [x[* = t(y,x) — t(X,.Y) + [ty )12

I That is the point where the above quadratic polynomial has a minimum: it can be computed,
for example by taking the derivative in ¢ and equating it to 0
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Substituting t = (H);ﬁ;) = (llb;\}\;) into this inequality, we get

2 1Y)

e

which is the inequality we need.

Note, that the above paragraph is in fact a complete formal proof of the
theorem. The reasoning before that was only to explain why do we need to
pick this particular value of t. O

An immediate Corollary of the Cauchy—Schwarz Inequality is the follow-
ing lemma.

Lemma 1.8 (Triangle inequality). For any vectors x, y in an inner product
space
Ix+yl < I+ [yl

Proof.
Ix+yl* = x+y.x+y) = [xI?+ [yl + (x,¥) + (y,%)
< [l I* + [lylI* + 2/ (x,y)]
< )+ Iyl + 201yl = (I + Iy D>
0

The following polarization identities allow one to reconstruct the inner
product from the norm:

Lemma 1.9 (Polarization identities). For x,y € V

1
(¢, y) = 5 (I +yl* = lx = yl)
if V is a real inner product space, and
1
xy)=; > alx+ayl?
a==x1,+1

if V is a complex inner product space.

The lemma is proved by direct computation. We leave the proof as an
exercise for the reader.

Another important property of the norm in an inner product space can
be also checked by direct calculation.

Lemma 1.10 (Parallelogram Identity). For any vectors u,v

[+ v[? + lu = vI[* = 2(ul* + [[v]?).
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In 2-dimensional space this lemma relates sides of a parallelogram with
its diagonals, which explains the name. It is a well-known fact from planar
geometry.

1.5. Norm. Normed spaces. We have proved before that the norm |[|v||
satisfies the following properties:

1. Homogeneity: ||av]|| = |a| - ||v]| for all vectors v and all scalars «.

2. Triangle inequality: |[u+ v|| < [jul| +||v].

3. Non-negativity: ||v| > 0 for all vectors v.

4. Non-degeneracy: ||v| =0 if and only if v = 0.

Suppose in a vector space V we assigned to each vector v a number ||v]|

such that above properties 1-4 are satisfied. Then we say that the function

v +— ||v]| is a norm. A vector space V equipped with a norm is called a
normed space.

Any inner product space is a normed space, because the norm ||v|| =

(v, v) satisfies the above properties 1-4. However, there are many other

normed spaces. For example, given p, 1 < p < 0o one can define the norm
| - ||p on R™ or C™ by

n 1/p
1
Ix[lp = (1P + |22l + . .. + |z [P)/P = (Z |xk|p> :

k=1
One can also define the norm || - ||« (p = 00) by
IX|loc = max{|zk|: k=1,2,...,n}.
The norm || - ||, for p = 2 coincides with the regular norm obtained from

the inner product.

To check that || - ||, is indeed a norm one has to check that it satisfies
all the above properties 1-4. Properties 1, 3 and 4 are very easy to check,
we leave it as an exercise for the reader. The triangle inequality (property
2) is easy to check for p =1 and p = oo (and we proved it for p = 2).

For all other p the triangle inequality is true, but the proof is not so
simple, and we will not present it here. The triangle inequality for || - ||,
even has special name: its called Minkowski inequality, after the German
mathematician H. Minkowski.

Note, that the norm || - ||, for p # 2 cannot be obtained from an inner
product. It is easy to see that this norm is not obtained from the standard
inner product in R™ (C™). But we claim more! We claim that it is impossible
to introduce an inner product which gives rise to the norm || - [|,, p # 2.

This statement is actually quite easy to prove. By Lemma 1.10 any norm
obtained from an inner product must satisfy the Parallelogram Identity. It
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is easy to see that the Parallelogram Identity fails for the norm || - ||,, p # 2,
and one can easily find a counterexample in R?, which then gives rise to a
counterexample in all other spaces.

In fact, the Parallelogram Identity, as the theorem below asserts, com-
pletely characterizes norms obtained from an inner product.

Theorem 1.11. A norm in a normed space is obtained from some inner
product if and only if it satisfies the Parallelogram Identity

la+v|? + o= v|* =2(lul* + v]*)  Vu,veV.

Lemma 1.10 asserts that a norm obtained from an inner product satisfies
the Parallelogram Identity.

The converse implication is more complicated. If we are given a norm,
and this norm came from an inner product, then we do not have any choice;
this inner product must be given by the polarization identities, see Lemma
1.9. But, we need to show that (x,y) which we got from the polarization
identities is indeed an inner product, i.e. that it satisfies all the properties.

It is indeed possible to verify that if the norm satisfies the parallelogram
identity then the inner product (x,y) obtained from the polarization iden-
tities is indeed an inner product (i.e. satisfies all the properties of an inner
product). However, the proof is a bit too involved, so we do not present it
here.

Exercises.

1.1. Compute

(3+2i)(5 — 3i),

f:;z ReG:;z) (14203  Tm((1+20)%).
1.2. For vectors x = (1,2i,1+)7 and y = (3,2 — 4,3)T compute

a) (x,y), [, lIyll®, Iyl

b) (3x,2iy), (2x,ix + 2y);

¢) [lx+ 2yl

Remark: After you have done part a), you can do parts b) and ¢) without actually
computing all vectors involved, just by using the properties of inner product.

1.3. Let ||ul| =2, ||v|| =3, (u,v) = 2 +i. Compute
lu+v|? [u—v]? (u+v,u—iv), (u+ 3iv,4iu).
1.4. Prove that for vectors in a inner product space
I £ 312 = ]2 + ly]2 4+ 2 Re(x, y)
Recall that Rez = $(z + %)

1.5. Explain why each of the following s not an inner product on a given vector
space:
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a) (x,y) = @1y1 — x2y2 on R?;
b) (A, B) = trace(A + B) on the space of real 2 x 2 matrices’

c) (f,9) = fol f'(t)g(t)dt on the space of polynomials; f’(t) denotes derivative.
1.6 (Equality in Cauchy-Schwarz inequality). Prove that

|G y)| = [l - [yl

if and only if one of the vectors is a multiple of the other. Hint: Analyze the proof
of the Cauchy—Schwarz inequality.

1.7. Prove the parallelogram identity for an inner product space V,
I+ yII* + [Ix = vl = 2(Ix[I* + [ly[I*)-

1.8. Let vy, vs,..., Vv, be a spanning set (in particular, a basis) in an inner product
space V. Prove that

a) If (x,v) =0 for all v € V, then x = 0;
b) If (x,vy) = 0 VEk, then x = 0;
c) If (x,vg) = (y, vk) Vk, then x = y.

1.9. Consider the space R? with the norm || - ||,, introduced in Section 1.5. For
p =1,2,00, draw the “unit ball” B, in the norm || - ||,

B,:={x¢ R? x|, < 1}.
Can you guess what the balls B, for other p look like?

2. Orthogonality. Orthogonal and orthonormal bases.

Definition 2.1. Two vectors u and v are called orthogonal (also perpen-
dicular) if (u,v) = 0. We will write u L v to say that the vectors are
orthogonal.

Note, that for orthogonal vectors u and v we have the following, so-called
Pythagorean identity:
lu+v|?=|ul?®+|v]? ifulv.
The proof is straightforward computation,
lu+v|? = (u+v,utv) = (a,u) + (v,v) + (0,v) + (v.u) = [ul® + [|v]?
((u,v) = (v,u) = 0 because of orthogonality).

Definition 2.2. We say that a vector v is orthogonal to a subspace E if v
is orthogonal to all vectors w in F.

We say that subspaces E and F' are orthogonal if all vectors in E are
orthogonal to F', i.e. all vectors in E are orthogonal to all vectors in F

The following lemma shows how to check that a vector is orthogonal to
a subspace.
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Lemma 2.3. Let E be spanned by vectors vi,vo,...,v,.. Then v 1L E if
and only if
v L v, Vk=1,2,...,r.

Proof. By the definition, if v 1 E then v is orthogonal to all vectors in E.
In particular, v L vi, k=1,2,...,7.

On the other hand, let v L vi, k =1,2,...,r. Since the vectors v; span
E, any vector w € E can be represented as a linear combination y , _; axVy.
Then

(v,w) = Z%(V,Vk) =0,
k=1

sov L w. O

Definition 2.4. A system of vectors vi,va,..., v, is called orthogonal if
any two vectors are orthogonal to each other (i.e. if (v;,vy) = 0 for j # k).

If, in addition ||vg|| = 1 for all k, we call the system orthonormal.

Lemma 2.5 (Generalized Pythagorean identity). Let vi,va,..., v, be an
orthogonal system. Then

n 2 n
Zakvk = Z ] [[ve|?
k=1 k=1

This formula looks particularly simple for orthonormal systems, where
Vel = 1.

Proof of the Lemma.

n 2 n n n n
Zakvk = (Z akvk,Zajvj) = ZZakaj(vk,vj).
k=1 k=1 j=1

k=1 j=1
Because of orthogonality (vy,v;) = 0 if j # k. Therefore we only need to
sum the terms with j = k, which gives exactly

n n
S larlPvievi) = 3 larfllvil >
k=1 k=1

d
Corollary 2.6. Any orthogonal system vi,va,...,Vy, of non-zero vectors is
linearly independent.
Proof. Suppose for some ay,as, ..., a, we have Y ,_; vy = 0. Then by

the Generalized Pythagorean identity (Lemma 2.5)

n
0= 0= laxl*llvall*.
k=1
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Since ||vg|| # 0 (vi # 0) we conclude that
A = 0 Vk,
so only the trivial linear combination gives 0. O

Remark. In what follows we will usually mean by an orthogonal system an
orthogonal system of non-zero vectors. Since the zero vector 0 is orthogonal
to everything, it always can be added to any orthogonal system, but it is
really not interesting to consider orthogonal systems with zero vectors.

2.1. Orthogonal and orthonormal bases.

Definition 2.7. An orthogonal (orthonormal) system vq,va, ..., v, which
is also a basis is called an orthogonal (orthonormal) basis.

It is clear that if dim V' = n then any orthogonal system of n non-zero
vectors is an orthogonal basis.

As we studied before, to find coordinates of a vector in a basis one needs
to solve a linear system. However, for an orthogonal basis finding coordinates
of a vector is much easier. Namely, suppose vi, Vo, ..., Vv, is an orthogonal
basis, and let

n
X =®1V]y +agvy + ...+, v, = E Q;jVj.
j=1

Taking inner product of both sides of the equation with v; we get

n

(x,v1) = Y aj(vy,vi) = an(vi,vi) = an||va|
j=1

(all inner products (vj,vi) = 0if j # 1), so

(X7V1)
a1 = .
[[vill?

Similarly, multiplying both sides by v; we get

n

(%, Vi) = > aj(vj, vir) = ai(ve, vi) = ag|[ve]?

j=1
SO
(X7 Vk)
(2.1) ap = .
[[vi|”
Therefore,

to find coordinates of a vector in an orthogonal basis one does
not need to solve a linear system, the coordinates are determined
by the formula (2.1).
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This formula is especially simple for orthonormal bases, when |vg| = 1.

Namely, if vi,vo,...,Vv, is an orthonormal basis, any vector v can be
represented as

(2.2) v = Z(V,Vk)vk.
k=1

This formula is sometimes called (a baby version of) the abstract orthogonal
Fourier decomposition. The classical (non-abstract) Fourier decomposition
deals with a concrete orthonormal system (sines and cosines or complex
exponentials). We call this formula a baby version because the real Fourier
decomposition deals with infinite orthonormal systems.

Remark 2.8. The importance of orthonormal bases is that if we fix an
orthonormal basis in an inner product space V', we can work with coordinates
in this basis the same way we work with vectors in F". Namely, as it was
discussed in the very beginning of the book, see Remark 2.4 in Chapter
1, if we have a vector space V (over a field F) with a basis vi,va,..., vy,
then we can perform the standard vector operations (vector addition and
multiplication by a scalar) by working with the columns of coordinates in
the basis vi,va,..., v, in absolutely the same way we work with vectors in
the standard coordinate space F™.

Exercise 2.3 below shows that if we have an orthonormal basis in an inner
product space V, we can compute the inner product of 2 vectors in V by
taking columns of their coordinates in this orthonormal basis and computing
the standard inner product (in C" or R™) of these columns.

As it will be shown below in Section 3 any finite-dimensional inner prod-
uct space has an orthonormal basis. Thus, the standard inner product spaces
C™ (or R™ in the case of real spaces) are essentially the only examples of a
finite-dimensional inner product spaces.

This is a very important remark allowing one to translate any statement
about the standard inner product space F" to an inner product space with
an orthonormal basis vi,va, ..., vy,.

Exercises.

2.1. Find all vectors in R* orthogonal to vectors (1,1,1,1)7 and (1,2,3,4)T.
2.2. Let A be a real m x n matrix. Describe (Ran A7)+, (Ran A)~+

2.3. Let vi,vs,..., Vv, be an orthonormal basis in V.

a) Prove that for any x = > _, apve, ¥y = > pey BeVi

(x,y) = Z By,
k=1
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b) Deduce from this the Parseval’s identity

n

(Xv Y) = Z(Xa Vk)(yv Vk')

k=1

¢) Assume now that vi,va,...,v, is only an orthogonal basis, not an or-
thonormal one. Can you write down Parseval’s identity in this case?

This problem shows that if we have an orthonormal basis, we can use the
coordinates in this basis absolutely the same way we use the standard coordinates
in C" (or R™).

The problem below shows that we can define an inner product by declaring a
basis to be an orthonormal one.

2.4. Let V be a vector space and let vi,vs,..., v, be a basis in V. For x =
Soho i kVE, Y = Y p_y By define (x,y) = >"1_; Bk
Prove that (x,y) defines an inner product in V.

2.5. Let A be a real m x n matrix. Describe the set of all vectors in F™ orthogonal
to Ran A.

3. Orthogonal projection and Gram-Schmidt
orthogonalization

Recalling the definition of orthogonal projection from the classical planar
(2-dimensional) geometry, one can introduce the following definition. Let
be a subspace of an inner product space V.

Definition 3.1. For a vector v its orthogonal projection Pgv onto the
subspace FE is a vector w such that

1. we F,
2. v—w_l1lE.

We will use notation w = Pgv for the orthogonal projection.

After introducing an object, it is natural to ask:

1. Does the object exist?
2. Is the object unique?
3. How does one find it?
We will show first that the projection is unique. Then we present a
method of finding the projection, proving its existence.

The following theorem shows why the orthogonal projection is important
and also proves that it is unique.
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Theorem 3.2. The orthogonal projection w = Pgv minimizes the distance
from v to E, i.e. forallx € E

v —wl <[v—x].
Moreover, if for some x € E
v —wl =lv—x],

then x = w.

Proof. Let y = w — x. Then
V-X=V-W+W—-—X=V—-W+HY.
Since v—w 1 E we have y L v —w and so by Pythagorean Theorem
v —=x|? = [lv = wl* +[ly]* > v — w|.
Note that equality happens only if y = 0 i.e. if x = w. O

The following proposition shows how to find an orthogonal projection if
we know an orthogonal basis in F.

Proposition 3.3. Let vi,va,..., v, be an orthogonal basis in E. Then the
orthogonal projection Pgv of a vector v is given by the formula

(Va Vk’)
[[vi]2

T
Pov= Z QEVE, where Qp =

In other words

4 (v, vk)

vl

(3.1) P.v=

E Vi.
k=1

Note that the formula for oy, coincides with (2.1), i.e. this formula applied
to an orthogonal system (not a basis) gives us a projection onto its span.

Remark 3.4. It is easy to see now from formula (3.1) that the orthogonal
projection P, is a linear transformation.

One can also see linearity of P, directly, from the definition and unique-
ness of the orthogonal projection. Indeed, it is easy to check that for any x
and y the vector ax + By — (aP,x — BP,y) is orthogonal to any vector in
E, so by the definition P, (ax + By) = aP,x + 8P_y

Remark 3.5. Recalling the definition of inner product in C" and R™ one
can get from the above formula (3.1) the matrix of the orthogonal projection
P, onto £ in C" (R") is given by

(3.2) Z H kHZ VLV
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where columns vi,va, ..., Vv, form an orthogonal basis in FE.

Proof of Proposition 3.3. Let

.
W= Zakvk, where oy = (‘r‘;‘]@) .
k=1 k

We want to show that v—w 1 E. By Lemma 2.3 it is sufficient to show
that v—w L vg, Kk =1,2,...,r. Computing the inner product we get for
k=1,2,...,r

(v—w,vp) = (v,vg) — (W, vg) = (v,vg) — Zaj(vj,vk)
j=1

(v, vk)

2
= 0.
”VkH2 Hka

= (v, Vi) — (v, vi) = (V,vg) —
Ol

So, if we know an orthogonal basis in £ we can find the orthogonal
projection onto F. In particular, since any system consisting of one vector is
an orthogonal system, we know how to perform orthogonal projection onto
one-dimensional spaces.

But how do we find an orthogonal projection if we are only given a basis
in E7 Fortunately, there exists a simple algorithm allowing one to get an
orthogonal basis from a basis.

3.1. Gram-Schmidt orthogonalization algorithm. Suppose we have

a linearly independent system xi,Xo,...,X,. The Gram-Schmidt method
constructs from this system an orthogonal system vy, vo,..., v, such that
span{xi, X2, ...,Xp} = span{vy, va,..., v, }.

Moreover, for all 7 < n we get
span{xi,xa,...,X,} = span{vy, va,...,Vv,}

Now let us describe the algorithm.
Step 1. Put v; := x;. Denote by E; := span{x;} = span{v;}.
Step 2. Define vy by

Vo = X2 — Pp X2 = X2 —

Define Ey = span{vy, va}. Note that span{x;,x2} = Fs.
Step 3. Define v3 by

v3 = X3 — Pp,X3 = X3 — Vi — Vo
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Put E5 := span{vi,va,vs}. Note that span{xi,x2,x3} = E3. Note also
that x3 ¢ Fy so vs # 0.

Step r + 1. Suppose that we already made r steps of the process, con-
structing an orthogonal system (consisting of non-zero Vectors) Vi,V2,...,Vp
such that E, := span{vy,va,...,v,} = span{xy,Xa,...,X,}. Define

T

Vil = Xpy1 — PE Xeqp1 = Xpq1 — §
k=1

(Xr—i—l? Vk’)

Vi
[[vil[?

Note,that x,41 ¢ E, so vy4+1 # 0.

Continuing this algorithm we get an orthogonal system vi,vo, ..., v,.

3.2. An example. Suppose we are given vectors
x; = (1,1,1)7, xo = (0,1,2)7, x3 = (1,0,2)7,
and we want to orthogonalize it by Gram-Schmidt. On the first step define
vi =x; = (1,1,1)T.

On the second step we get

Vo = X9 — PEIXQ = X9 — (X27V;)V1.
[[vall
Computing
0 1
(xpvi)=([ 1 |, | 1])=3 Iwil*=3,
2 1
we get
0 1 -1
3
Vo = 1 — § 1 = 0
2 1 1
Finally, define
v3 = X3 — Pp,x3 = X3 — (X?”V;)vl (x3, Vg)Vg.
[[vall [[vall
Computing
1 1 1 -1
(fof.{r]=3 (Lo]. [0 ])=1Ivl*=3 [vaf*=2



3. Orthogonal projection and Gram-Schmidt orthogonalization 133

([lv1]|? was already computed before) we get

_ 1
1 5 (1 1 1 :
2 1 1 3

Remark. Since the multiplication by a scalar does not change the orthogo-
nality, one can multiply vectors vj obtained by Gram-Schmidt by any non-
zero numbers.

In particular, in many theoretical constructions one normalizes vectors
vy by dividing them by their respective norms ||vg||. Then the resulting
system will be orthonormal, and the formulas will look simpler.

On the other hand, when performing the computations one may want
to avoid fractional entries by multiplying a vector by the least common
denominator of its entries. Thus one may want to replace the vector vs from
the above example by (1,—2,1)7.

3.3. Orthogonal complement. Decomposition V = E @ E*.

Definition. For a subspace F its orthogonal complement E- is the set of
all vectors orthogonal to F,

Et:={x:x L E}.

If x,y L E then for any linear combination ax + Sy L E (can you see
why?). Therefore E+ is a subspace.

By the definition of orthogonal projection any vector in an inner product
space V admits a unique representation

VvV =V + Vo, vi € E, vo L E (eqv. VQEEL)
(where clearly vi = P_v).

This statement is often symbolically written as V = E@® E', which mean
exactly that any vector admits the unique decomposition above.

The following proposition gives an important property of the orthogonal
complement.

Proposition 3.6. For a subspace E
(EHt =E.
The proof is left as an exercise, see Problem 3.12 below.

Exercises.

3.1. Apply Gram-Schmidt orthogonalization to the system of vectors (1,2, —2)7,
(1,-1,4)7, (2,1,1)7.
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3.2. Apply Gram-Schmidt orthogonalization to the system of vectors (1,2,3)T,
(1,3,1)”. Write the matrix of the orthogonal projection onto 2-dimensional sub-
space spanned by these vectors.

3.3. Complete an orthogonal system obtained in the previous problem to an or-
thogonal basis in R?, i.e. add to the system some vectors (how many?) to get an
orthogonal basis.

Can you describe how to complete an orthogonal system to an orthogonal basis
in general situation of R™ or C™?

3.4. Find the distance from a vector (2,3,1)7 to the subspace spanned by the
vectors (1,2,3)T, (1,3,1)T. Note, that I am only asking to find the distance to the
subspace, not the orthogonal projection.

3.5. Find the orthogonal projection of a vector (1,1,

1,1,1)T onto the subspace
spanned by the vectors vi = (1,3,1,1)T and vy = (2, 1,1

,0)7 (note that v L vs).

3.6. Find the distance from a vector (1,2,3,4)” to the subspace spanned by the
vectors vi = (1,—1,1,0)T and vo = (1,2,1,1)T (note that v; L v5). Can you find
the distance without actually computing the projection? That would simplify the
calculations.

3.7. True or false: if E is a subspace of V, then dim E+dim(E+) = dim V? Justify.

3.8. Let P be the orthogonal projection onto a subspace E of an inner product space
V,dimV =n, dim E = r. Find the eigenvalues and the eigenvectors (eigenspaces).
Find the algebraic and geometric multiplicities of each eigenvalue.

3.9. (Using eigenvalues to compute determinants).
a) Find the matrix of the orthogonal projection onto the one-dimensional
subspace in R” spanned by the vector (1,1,...,1)T;

b) Let A be the n x n matrix with all entries equal 1. Compute its eigenvalues
and their multiplicities (use the previous problem);

¢) Compute eigenvalues (and multiplicities) of the matrix A — I, i.e. of the
matrix with zeroes on the main diagonal and ones everywhere else;

d) Compute det(A —I).

3.10 (Legendre’s polynomialb ) Let an inner product on the space of polynomials
be defined by (f,g) f f) dt Apply Gram-Schmidt orthogonalization to
the system 1,t,t2,t3.

Legendre’s polynomials are particular case of the so-called orthogonal polyno-
mials, which play an important role in many branches of mathematics.

3.11. Let P = Pg be the matrix of an orthogonal projection onto a subspace FE.
Show that

a) The matrix P is self-adjoint, meaning that P* = P.
b) P? =P.
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Remark: The above 2 properties completely characterize orthogonal projection,
i.e. any matrix P satisfying these properties is the matrix of some orthogonal pro-
jection. We will discuss this some time later.

3.12. Show that for a subspace E we have (E+)+ = E. Hint: It is easy to see
that E is orthogonal to E+ (why?). To show that any vector x orthogonal to E*
belongs to E use the decomposition V = E @ E+ from Section 3.3 above.

3.13. Suppose P is the orthogonal projection onto a subspace E, and @ is the
orthogonal projection onto the orthogonal complement E-+.

a) What are P + @ and PQ?

b) Show that P — @ is its own inverse.

4. Least square solution. Formula for the orthogonal
projection

As it was discussed before in Chapter 2, the equation
Ax=Db

has a solution if and only if b € Ran A. But what do we do to solve an
equation that does not have a solution?

This seems to be a silly question, because if there is no solution, then
there is no solution. But, situations when we want to solve an equation that
does not have a solution can appear naturally, for example, if we obtained
the equation from an experiment. If we do not have any errors, the right side
b belongs to the column space Ran A, and equation is consistent. But, in
real life it is impossible to avoid errors in measurements, so it is possible that
an equation that in theory should be consistent, does not have a solution.
So, what can one do in this situation?

4.1. Least square solution. The simplest idea is to write down the error
[Ax — b|

and try to find x minimizing it. If we can find x such that the error is 0,
the system is consistent and we have exact solution. Otherwise, we get the
so-called least square solution.

The term least square arises from the fact that minimizing ||Ax — b|| is
equivalent to minimizing

JAx = bJ2 = 37 |(Ax)s — b2 = 0| Agos — b
k=1

k=1 j=1

‘ 2

i.e. to minimizing the sum of squares of linear functions.

There are several ways to find the least square solution. If we are in R",
and everything is real, we can forget about absolute values. Then we can
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just take partial derivatives with respect to x; and find where all of them
are 0, which gives us the minimum.

4.1.1. Geometric approach. However, there is a simpler way of finding the
minimum. Namely, if we take all possible vectors x, then Ax gives us all
possible vectors in Ran A, so minimum of ||Ax — b|| is exactly the distance
from b to Ran A. Therefore the value of ||[Ax — b|| is minimal if and only if
Ax = Ppan aAb, where Pran 4 stands for the orthogonal projection onto the
column space Ran A.

So, to find the least square solution we simply need to solve the equation
Ax = PRanAb-

If we know an orthogonal basis vi,ve,...,v, in Ran A, we can find vector
Pran ab by the formula

If we only know a basis in Ran A, we need to use the Gram—Schmidt orthog-
onalization to obtain an orthogonal basis from it.

So, theoretically, the problem is solved, but the solution is not very
simple: it involves Gram—Schmidt orthogonalization, which can be compu-
tationally intensive. Fortunately, there exists a simpler solution.

4.1.2. Normal equation. Namely, Ax is the orthogonal projection Pran ab if
and only if b — Ax 1| Ran A (Ax € Ran A for all x).

If aj,a0,...,a, are columns of A, then the condition b — Ax | Ran A
can be rewritten as

b — Ax 1 ay, Vk=1,2,...,n.
That means
0= (b — Ax,a;) = a;(b — Ax) Vk=1,2,...,n.
Joining rows aj together we get that these equations are equivalent to
A*(b — Ax) =0,
which in turn is equivalent to the so-called normal equation
A*Ax = A™b.

A solution of this equation gives us the least square solution of Ax = b.

Note, that the least square solution is unique if and only if A*A is in-
vertible.



4. Least square solution. Formula for the orthogonal projection 137

4.2. Formula for the orthogonal projection. As we already discussed
above, if x is a solution of the normal equation A*Ax = A*b (i.e. a least
square solution of Ax = b), then Ax = Pran ab. So, to find the orthogonal
projection of b onto the column space Ran A we need to solve the normal
equation A*Ax = A*b, and then multiply the solution by A.

If the operator A*A is invertible, the solution of the normal equation
A*Ax = A*Db is given by x = (A*A)"'A*b, so the orthogonal projection
Pran 4ab can be computed as

Pranab = A(A*A)"1A*D.
Since this is true for all b,
Prana = A(A*A)~1A*

is the formula for the matrix of the orthogonal projection onto Ran A.

The following theorem implies that for an m x n matrix A the matrix
A*A is invertible if and only if rank A = n.

Theorem 4.1. For an m X n matriz A

Ker A = Ker(A*A).

Indeed, according to the rank theorem Ker A = {0} if and only if rank A
is n. Therefore Ker(A*A) = {0} if and only if rank A = n. Since the matrix
A* A is square, it is invertible if and only if rank A = n.

We leave the proof of the theorem as an exercise. To prove the equality
Ker A = Ker(A*A) one needs to prove two inclusions Ker(A*A) C Ker A
and Ker A C Ker(A*A). One of the inclusions is trivial, for the other one
use the fact that

|Ax||? = (Ax, Ax) = (A*Ax, X).

4.3. An example: line fitting. Let us introduce a few examples where
the least square solution appears naturally. Suppose that we know that two
quantities z and y are related by the law y = a + bx. The coefficients a and
b are unknown, and we would like to find them from experimental data.

Suppose we run the experiment n times, and we get n pairs (g, yx),
k =1,2,...,n. Ideally, all the points (zy,yx) should be on a straight line,
but because of errors in measurements, it usually does not happen: the point
are usually close to some line, but not exactly on it. That is where the least
square solution helps!

Ideally, the coefficients a and b should satisfy the equations

a+ bxrp = yg, k=1,2,....n
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(note that here, xj and yy are some fixed numbers, and the unknowns are a
and b). If it is possible to find such a and b we are lucky. If not, the standard
thing to do is to minimize the total quadratic error
n

Z la + bxy — yil?.

k=1
But, minimizing this error is exactly finding the least square solution of the
System

1 U1
1 29 al Y2
S b | :

1 =z, Yn

(recall that xy, yi are some given numbers, and the unknowns are a and b).

4.3.1. An example. Suppose our data (xy,yx) consist of pairs
(_274)7 (_1’2)5 (Ov 1)’ (2’1)7 (3’ 1)'

Then we need to find the least square solution of

1 -2 4
1 -1 2
1 0 {Z}: 1
1 2 1
1 3 1
Then
1 -2
1 -1
Lo (1 1 111 (5 2
A‘A"< 2 -1 0 2 3 > Lo "( 2 18)
1 2
1 3
and

o= N
Il
7N

|

Cﬂco
~_

o 1 1 1 11
Ab_(—Q -1 0 2 3>
1
so the normal equation A*Ax = A*b is rewritten as

(25)(3)=(5)

The solution of this equation is

a=20b=-1/2,
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so the best fitting straight line is
y=2-—1/2z.

4.4. Other examples: curves and planes. The least square method is
not limited to the line fitting. It can also be applied to more general curves,
as well as to surfaces in higher dimensions.

The only constraint here is that the parameters we want to find be
involved linearly. The general algorithm is as follows:
1. Find the equations that your data should satisfy if there is exact fit;

2. Write these equations as a linear system, where unknowns are the
parameters you want to find. Note, that the system need not to be
consistent (and usually is not);

3. Find the least square solution of the system.

4.4.1. An example: curve fitting. For example, suppose we know that the
relation between x and y is given by the quadratic law y = a + bx + cz?, so
we want to fit a parabola y = a + bx + cz? to the data. Then our unknowns
a, b, ¢ should satisfy the equations

a—l—bmk—l—ca:%:yk, k=1,2,...,n

or, in matrix form

2
1 =z =x7 Y1
1 xy a3 a Y2
2
1 =z, =z Un

For example, for the data from the previous example we need to find the
least square solution of

1 -2 4 4
1 -1 1 a 2
1 0 0 b = 1
1 2 4 1
1 3 9 1
Then
1 -2 4
1 1 1 11 1 -1 1 5 2 18
A*A = -2 -1 0 2 3 1 0 O = 2 18 26
4 1 0 4 9 1 2 4 18 26 114
1 9
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and
4
1 1 1 11 2 9
A'b = -2 -1 0 2 3 1 = -5
4 1 0 4 9 1 31
1
Therefore the normal equation A*Ax = A*b is
5 2 18 a 9
2 18 26 b | =1 -5
18 26 114 c 31

which has the unique solution
a=86/77, b=—62/77, ¢ =43/154.
Therefore,
y = 8677 — 62277 + 4322 /154
is the best fitting parabola.
4.4.2. Plane fitting. As another example, let us fit a plane z = a + bx + ¢y
to the data
(Tk, Yks 2k) E]Rg, k=1,2,...n.

The equations we should have in the case of exact fit are

a+ bxry + cyp = 2z, k=1,2,...,n,

or, in the matrix form

T1 Y1 21
1z yo a 29
L b | = )

So, to find the best fitting plane, we need to find the best square solution of
this system (the unknowns are a, b, c).

Exercises.

4.1. Find the least square solution of the system

() ()

4.2. Find the matrix of the orthogonal projection P onto the column space of

1 1
2 -1 ].
-2 4

Use two methods: Gram—Schmidt orthogonalization and formula for the projection.
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Compare the results.

4.3. Find the best straight line fit (least square solution) to the points (—2,4),

(—1,3), (0,1), (2,0).

4.4. Fit a plane z = a + bz + ¢y to four points (1,1, 3), (0,3,6), (2,1,5), (0,0,0).
To do that

a) Find 4 equations with 3 unknowns a, b, ¢ such that the plane pass through
all 4 points (this system does not have to have a solution);

b) Find the least square solution of the system.

4.5. Minimal norm solution. let an equation Ax = b has a solution, and let A has
non-trivial kernel (so the solution is not unique). Prove that

a) There exist a unique solution xg of Ax = b minimizing the norm |x||,
i.e. that there exists unique x( such that Axg = b and ||x¢| < ||x|| for any
x satisfying Ax = b.

b) XQZP

(K A)LX for any x satisfying Ax = b.
er

4.6. Minimal norm least square solution. Applying previous problem to the equa-

tion Ax = PRan Ab show that

a) There exists a unique least square solution xy of Ax = b minimizing the
norm ||x||.

b) x¢ = x for any least square solution x of Ax =b.

P(Ker At

5. Adjoint of a linear transformation. Fundamental
subspaces revisited.

5.1. Adjoint matrices and adjoint operators. Let as recall that for an
m x n matrix A its Hermitian adjoint (or simply adjoint) A* is defined by
A* := AT, In other words, the matrix A* is obtained from the transposed
matrix AT by taking complex conjugate of each entry.

The following identity is the main property of adjoint matrix:

‘ (Ax,y) = (x, A*y) vx e C", Vy e C'™. ‘

Before proving this identity, let us introduce some useful formulas. Let us
recall that for transposed matrices we have the identity (AB)T = BT AT,
Since for complex numbers z and w we have zw = zZw, the identity

(AB)" = B*A*
holds for the adjoint.
Also, since (AT)T = A and Z = 2,

(A%)* = A.
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Now, we are ready to prove the main identity:
(Ax,y) =y Ax = (A%y)"'x = (x, A"y);

the first and the last equalities here follow from the definition of inner prod-
uct in F™, and the middle one follows from the fact that

(A*x)* = x"(A)* = x*A.

5.1.1. Uniqueness of the adjoint. The above main identity (Ax,y)
= (x,A*y) is often used as the definition of the adjoint operator. Let us
first notice that the adjoint operator is unique: if a matrix B satisfies

(Ax,y) = (x,By)  ¥x,y,

then B = A*. Indeed, by the definition of A* for a given y we have
(x,A%y) = (x,By)  Vx,

and therefore by Corollary 1.5 A*y = By. Since it is true for all y, the

linear transformations, and therefore the matrices A* and B coincide.

5.1.2. Adjoint transformation in abstract setting. The above main identity
(Ax,y) = (x,A*y) can be used to define the adjoint operator in abstract
setting, where A : V' — W is an operator acting from one inner product space
to another. Namely, we define A* : W — V to be the operator satisfying

(Ax,y) = (x, A%y) vx eV, Vy e W.

Why does such an operator exists? We can simply construct it: consider
orthonormal bases A = vi,vs,..., v, in V and B = wi,ws,...,W,, in W.
If [A]; , is the matrix of A with respect to these bases, we define the operator
A* by defining its matrix [A*] . as

[A*]AB = ([A]BA)*'
We leave the proof that this indeed gives the adjoint operator as an exercise
for the reader.
Note, that the reasoning in the above Sect. 5.1.1 implies that the adjoint
operator is unique.

5.1.3. Useful formulas. Below we present the properties of the adjoint oper-
ators (matrices) we will use a lot. We leave the proofs as an exercise for the
reader.

A
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5.2. Relation between fundamental subspaces.

Theorem 5.1. Let A : V — W be an operator acting from one inner product
space to another. Then

1. Ker A* = (Ran A)*;
2. Ker A = (Ran A*)*;
3. Ran A = (Ker A*)*;
4. Ran A* = (Ker A)*.

Remark. Earlier in Section 7 of Chapter 2 the fundamental subspaces were
defined (as it is often done in the literature) using A” instead of A*. Of
course, there is no difference for real matrices, so in the real case the above
theorem gives the geometric description of the fundamentals subspaces de-
fined there.

Geometric interpretation of the fundamental subspaces defined using A”
is presented in Chapter 8 below, see Section 3 there (Theorem 3.7). The
formulas in this theorem are essentially the same as in Theorem 5.1 here,
only the interpretation is a bit different.

Proof of Theorem 5.1. First of all, let us notice, that since for a subspace
E we have (E+)t = E, the statements 1 and 3 are equivalent. Similarly,
for the same reason, the statements 2 and 4 are equivalent as well. Finally,
statement 2 is exactly statement 1 applied to the operator A* (here we use
the fact that (A*)* = A).

So, to prove the theorem we only need to prove statement 1.

We will present 2 proofs of this statement: a “matrix” proof, and an
“invariant”, or “coordinate-free” one.

In the “matrix” proof, we assume that A is an m X n matrix, i.e. that
A F" — F™. The general case can be always reduced to this one by picking
orthonormal bases in V' and W, and considering the matrix of A in this
bases.

Let a1, as,...,a, be the columns of A. Note, that x € (Ran A)* if and
only if x 1 aj (i.e. (x,a5) =0) Vk=1,2,...,n.

By the definition of the inner product in F", that means

0=(x,a;) =a;x Vk=1,2,...,n.

Since aj, is the row number k of A*, the above n equalities are equivalent to
the equation

A'x =0.
So, we proved that x € (Ran A)* if and only if A*x = 0, and that is exactly
the statement 1.



144 5. Inner product spaces

Now, let us present the “coordinate-free” proof. The inclusion x €
(Ran A)* means that x is orthogonal to all vectors of the form Ay, i.e. that

(x,Ay) =0 Vy.
Since (x, Ay) = (A*x,y), this identity is equivalent to
(A'x,y)=0  Vy,
and by Lemma 1.4 this happens if and only if A*x = 0. So we proved that

x € (Ran A)* if and only if A*x = 0, which is exactly the statement 1 of
the theorem. g

5.3. The “essential” part of a linear transformation. The above the-
orem makes the structure of the operator A and the geometry of fundamental
subspaces much more transparent. It follows from this theorem that the op-
erator A can be represented as a composition of orthogonal projection onto
Ran A* and an isomorphism from Ran A* to Ran A.

Indeed, let A : Ran A* — Ran A be the restriction of A to the domain
Ran A* and the target space Ran A,

Ax = Ax,  Vx € Ran A*.
Since Ker A = (Ran A*)*, we have

Ax = APRanA*X = APRanA*X Vx € X
the fact that x — P, ,.x € (Ran A*)+ = Ker A is used here. Therefore we
can write
(5.1) Ax = ﬁPRanA*x Vx € X,

or, equivalently, A = KPRan e

Note also that A : Ran A* — Ran A is an invertible transformation.
First we notice that Ker A = {0}: if x € Ran A* is such that Ax = Ax = 0,
then x € Ker A = (Ran A*)*, so x € Ran A* N (Ran A*)*, thus x = 0. Then
to see that A is invertible, it is sufficient to see that A is onto (surjective).
But this immediately follows from (5.1):

Ran A = ARan A* = AP

Ran A* X = AX = Ran A.

The isomorphism A is sometimes called the “essential part” of the oper-
ator A (a non-standard terminology).

The fact the “essential part” A:Ran A* — Ran A of Aisan isomorphism
implies the following “complex” rank theorem: rank A = rank A*. But,
of course, this theorem also follows from an elementary observation that
complex conjugation does not change rank of a matrix, rank A = rank A.
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Exercises.

5.1. Show that for a square matrix A the equality det(A*) = det(A) holds.

5.2. Find matrices of orthogonal projections onto all 4 fundamental subspaces of
the matrix

1 1
3 2
2 4 3

Note, that really you need only to compute 2 of the projections. If you pick an
appropriate 2, the other 2 are easy to obtain from them (recall, how the projections
onto E and Et are related).

5.3. Let A be an m x n matrix. Show that Ker A = Ker(A*A).

To do that you need to prove 2 inclusions, Ker(A*A) C Ker A and Ker A C
Ker(A*A). One of the inclusions is trivial, for the other one use the fact that

| Ax||? = (Ax, Ax) = (A* Ax,x).
5.4. Use the equality Ker A = Ker(A*A) to prove that
a) rank A = rank(A*A);

b) If Ax = 0 has only the trivial solution, A is left invertible. (You can just
write a formula for a left inverse).

A:

5.5. Suppose, that for a matrix A the matrix A*A is invertible, so the orthogonal
projection onto Ran 4 is given by the formula A(A*A)~1A*. Can you write formu-
las for the orthogonal projections onto the other 3 fundamental subspaces (Ker A,
Ker A*, Ran A*)?

5.6. Let a matrix P be self-adjoint (P* = P) and let P2 = P. Show that P is the
matrix of an orthogonal projection. Hint: consider the decomposition x = x; +x2,
x; € Ran P, xo | Ran P and show that Px; = x;, Pxy; = 0. For one of the
equalities you will need self-adjointness, for the other one the property P? = P.

6. Isometries and unitary operators. Unitary and orthogonal
matrices.

6.1. Main definitions.

Definition. An operator U : X — Y is called an isometry, if it preserves
the norm,
|Ux|| = ||x]| Vx € X.

The following theorem shows that an isometry preserves the inner prod-
uct

Theorem 6.1. An operator U : X — Y is an isometry if and only if it
preserves the inner product, i.e if and only if

(x,y) = (Ux,Uy) Vvx,y€X.
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Proof. The proof uses the polarization identities (Lemma 1.9). For exam-
ple, if X is a complex space

1 2
(Ux,Uy)=7 > alUx+aly|

a=+1,+i

Y allU(x+ay))?

1
4 a==x1,+1i
1

=1 Y alxtayl’ = (o).

a==+1,%1

Similarly, for a real space X

(Ux,Uy) = - (|Ux+ Uyl|* - |lUx — Uy|]?)

(UG + 3> = U=~ y)]?)

N N

(Ix+yl* = lx = ¥II*) = (x,3).

O
Lemma 6.2. An operator U : X — Y is an isometry if and only if U*U = 1.

Proof. If U*U = I, then by the definition of adjoint operator
(x,x) = (U"Ux,x) = (Ux,Ux) vx € X.
Therefore ||x|| = ||Ux]|, and so U is an isometry.
On the other hand, if U is an isometry, then by the definition of adjoint
operator and by Theorem 6.1 we have for all x € X
(UUx,y) = (Ux,Uy) = (x,y) VyeX,

and therefore by Corollary 1.5 U*Ux = x. Since it is true for all x € X, we
have U*U = 1. O

The above lemma implies that an isometry is always left invertible (U*
being a left inverse).

Definition. An isometry U : X — Y is called a unitary operator if it is
invertible.

Proposition 6.3. An isometry U : X — Y is a unitary operator if and only
if dim X =dimY.

Proof. Since U is an isometry, it is left invertible, and since dim X = dimY’,
it is invertible (a left invertible square matrix is invertible).

On the other hand, if U : X — Y is invertible, dim X = dimY (only
square matrices are invertible, isomorphic spaces have equal dimensions). O
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A square matrix U is called unitary if U*U = I, i.e. a unitary matrix is
a matrix of a unitary operator acting in [F”.

A unitary matrix with real entries is called an orthogonal matrix. An
orthogonal matrix can be interpreted a matrix of a unitary operator acting
in the real space R".

Few properties of unitary operators:

1. For a unitary transformation U, U~ = U*;
2. If U is unitary, U* = U~ is also unitary;

3. If U is a isometry, and vi,vs,..., Vv, is an orthonormal basis, then
Uvy,Uvs,...,Uv, is an orthonormal system. Moreover, if U is uni-
tary, Uvy,Uva,...,Uv, is an orthonormal basis.

4. A product of unitary operators is a unitary operator as well.

6.2. Examples. First of all, let us notice, that

a matrix U is an isometry if and only if its columns form an
orthonormal system.

This statement can be checked directly by computing the product U*U.

It is easy to check that the columns of the rotation matrix
cosa —sina
sina  cos«
are orthogonal to each other, and that each column has norm 1. Therefore,

the rotation matrix is an isometry, and since it is square, it is unitary. Since
all entries of the rotation matrix are real, it is an orthogonal matrix.

The next example is more abstract. Let X and Y be inner product
spaces, dim X = dimY = n, and let xy,X9,...,X, and y1,y2,...,yn be
orthonormal bases in X and Y respectively. Define an operator U : X — Y
by

Uxi =y, k=1,2,... n.
Since for a vector x = ¢1X1 + coXo + ... + CpXp,
1> = lea]? + feal* + .. + eal?

and
n
Ul = 10 )P = 13 exyal? = 3 e
k=1 k=1 k=1

one can conclude that |Ux| = ||x|| for all x € X, so U is a unitary operator.
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6.3. Properties of unitary operators.
Proposition 6.4. Let U be a unitary matriz. Then

1. |detU| = 1. In particular, for an orthogonal matriz det U = £1;
2. If X is an eigenvalue of U, then || =1
Remark. Note, that for an orthogonal matrix, an eigenvalue (unlike the

determinant) does not have to be real. Our old friend, the rotation matrix
gives an example.

Proof of Proposition 6.4. Let detU = z. Since det(U*) = det(U), see
Exercise 5.1, we have

12|> = 2z = det(U*U) = det I =1,
so |det U| = |z| = 1. Statement 1 is proved.

To prove statement 2 let us notice that if Ux = Ax then
U] = [|Ax[] = [A]- [I]I,
so [\l = 1. O

6.4. Unitary equivalent operators.

Definition. Operators (matrices) A and B are called unitarily equivalent if
there exists a unitary operator U such that A = UBU*.

Since for a unitary U we have U~! = U*, any two unitary equivalent
matrices are similar as well.

The converse is not true, it is easy to construct a pair of similar matrices,
which are not unitarily equivalent.

The following proposition gives a way to construct a counterexample.

Proposition 6.5. A matriz A is unitarily equivalent to a diagonal one if
and only if it has an orthogonal (orthonormal) basis of eigenvectors.

Proof. Let A = UBU™ and let Bx = Ax. Then AUx = UBU*Ux =
UBx = U(A\x) = AUx, i.e. Ux is an eigenvector of A.

So, let A be unitarily equivalent to a diagonal matrix D, i.e. let A =
UDU*. The vectors e; of the standard basis are eigenvectors of D, so
the vectors Uey are eigenvectors of A. Since U is unitary, the system

Uei,Ues,...,Ue, is an orthonormal basis.

Now let A has an orthogonal basis uj, us, ..., u, of eigenvectors. Divid-
ing each vector uy by its norm if necessary, we can always assume that the
system up,us,...,u, is an orthonormal basis. Let D be the matrix of A in

the basis B = uj,us,...,u,. Clearly, D is a diagonal matrix.
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Denote by U the matrix with columns uy, us, ..., u,. Since the columns
form an orthonormal basis, U is unitary. The standard change of coordinate
formula implies

A=[Alss = UgplAlgglllzs = upUt
and since U is unitary, A = UDU*. ]

Exercises.

6.1. Orthogonally diagonalize the following matrices,

1 2 0 -1 0 22
2 1) 1 0)° 202
2 20
i.e. for each matrix A find a unitary matrix U and a diagonal matrix D such that

A=UDU*

6.2. True or false: a matrix is unitarily equivalent to a diagonal one if and only if
it has an orthogonal basis of eigenvectors.

6.3. Prove the polarization identities
1
(Ax,y) = [(Ax+3) x+¥) — (Ax—y)x—y)]  (real case, 4 = A%,

and

1
(Ax,y) = 1 Z a(A(x + ay),x + ay) (complex case, A is arbitrary).

a==%1,%1

6.4. Show that a product of unitary (orthogonal) matrices is unitary (orthogonal)
as well.

6.5. Let U : X — X be a linear transformation on a finite-dimensional inner
product space. True or false:

a) If |Ux| = ||x|| for all x € X, then U is unitary.

b) If ||Uek|| = |lek|l, ¥ = 1,2...,n for some orthonormal basis e, es,...,e,,
then U is unitary.

Justify your answers with a proof or a counterexample.
6.6. Let A and B be unitarily equivalent n x n matrices.
a) Prove that trace(A*A) = trace(B*B).
b) Use a) to prove that
n n
2 2
DA =D 1Bkl
jk=1 jk=1

c¢) Use b) to prove that the matrices

1 2 i
(2@) and <1

are not unitarily equivalent.

—

)
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6.7. Which of the following pairs of matrices are unitarily equivalent:

b (30) wa (21)

1
01 0 1/2

b) (1 O) and (1/2 0 )
010 2 00
c) -1 0 0 and 0 -1 0
0 1 0 0 0
10 1 00
O -1 00] and [0 —i 0
0 0 1 0 0 =

110 1 00

e) 0 2 2 and 0 20

0 0 3 0 0 3

Hint: It is easy to eliminate matrices that are not unitarily equivalent: remember,
that unitarily equivalent matrices are similar, and trace, determinant and eigenval-
ues of similar matrices coincide.

Also, the previous problem helps in eliminating non unitarily equivalent matri-
ces.

Finally, a matrix is unitarily equivalent to a diagonal one if and only if it has
an orthogonal basis of eigenvectors.

6.8. Let U be a 2 x 2 orthogonal matrix with det U = 1. Prove that U is a rotation
matrix.

6.9. Let U be a 3 x 3 orthogonal matrix with det U = 1. Prove that

a) 11is an eigenvalue of U.
b) If vy, va, vs is an orthonormal basis, such that Uvy = vq (remember, that
1 is an eigenvalue), then in this basis the matrix of U is

1 0 0
0 cosa —sina
0 sina cosa

3

where « is some angle.

Hint: Show, that since v; is an eigenvector of U, all entries below 1
must be zero, and since vy is also an eigenvector of U* (why?), all entries
right of 1 also must be zero. Then show that the lower right 2 x 2 matrix
is an orthogonal one with determinant 1, and use the previous problem.

7. Rigid motions in R"

A rigid motion in an inner product space V is a transformation f: V — V
preserving the distance between point, i.e. such that

&) —fWl=lx=yl vxyeV.
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Note, that in the definition we do not assume that the transformation f is
linear.

Clearly, any unitary transformation is a rigid motion. Another example
of a rigid motion is a translation (shift) by a € V, f(x) =x + a.

The main result of this section is the following theorem, stating that any
rigid motion in a real inner product space is a composition of an orthogonal
transformation and a translation.

Theorem 7.1. Let f be a rigid motion in a real inner product space X, and
let T(x) := f(x) — f(0). Then T is an orthogonal transformation.

To prove this theorem we need the following simple lemma.
Lemma 7.2. Let T be as defined in Theorem 7.1. Then for all x,y € X
LT = lIxl;
2. |T(x) =TIl = lx = yll;
3. (T'(x), T(y)) = (x,5).

Proof. To prove statement 1 notice that

1T = 11f () = £(O)]] = [lx = Of] = [|x]].

Statement 2 follows from the following chain of identities:

IT(x) = T(y)ll = [I(f(x) = f(0)) = (f(y) = f(0))]]
= /(=) = W) = llx—yl.
An alternative explanation would be that T is a composition of 2 rigid
motions (f followed by the translation by a = —f(0)), and one can easily
see that a composition of rigid motions is a rigid motion. Since 7°(0) = 0,

and so | T(x)|| = || T(x) — T(0)||, statement 1 can be treated as a particular
case of statement 2.

To prove statement 3, let us notice that in a real inner product space
IT(x) = T(¥)II* = 1T + ITW)II* = 2T(x), T(y)),
and
I = y1I* = lIx]I* + Iy lI* - 2(x. ).

Recalling that [|T'(x) — T'(y)[| = [x — y|| and [[T(x)[| = [Ix[, [Tl = [l¥],
we immediately get the desired conclusion. O

Proof of Theorem 7.1. First of all notice that for all x € X
IT(x)|| = [If(x) = f(O)]| = [[x — Of = [[x]],

so T preserves the norm, ||Tx| = ||x]|.
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We would like to say that the identity ||Tx|| = ||x|| means T is an isom-
etry, but to be able to say that we need to prove that 7' is a linear transfor-
mation.

To do that, let us fix an orthonormal basis e, es,...,e, in X, and let
by :=T(ex), k =1,2,...,n. Since T preserves the inner product (statement
3 of Lemma 7.2), we can conclude that by, bo,..., b, is an orthonormal
system. In fact, since dim X = n (because basis e, eq, ..., €, consists of n
vectors), we can conclude that by, bs, ..., b, is an orthonormal basis.

Let x = > ;_; ager. Recall that by the abstract orthogonal Fourier
decomposition (2.2) we have that ay = (x,ex). Applying the abstract or-
thogonal Fourier decomposition (2.2) to 7'(x) and the orthonormal basis
bi,bs, ..., b, we get

T(x) =Y (T(x),by)by.
k=1
Since
(T'(x),bg) = (T(x), T(er)) = (x,ex) = ay,

we get that
n n
T<Z akek> = Z Ozkbk.
k=1 k=1

This means that 7T is a linear transformation whose matrix with respect
to the bases § := ey, e9,...,e, and B := by, bs,..., b, is identity matrix,
[T) B = 1.

An alternative way to show that T is a linear transformation is the
following direct calculation

IT(x + ay) — (T(x) +aT(y)|I” = (T (x + ay) = T(x)) — oaT(y)]|’
= |T(x+ay) = T)|* + I T(y)|* = 2a(T(x + ay) — T(x), T(y))
=[x +ay —x|* + o®|ly|* = 2a(T(x + ay), T(y)) + 2a(T(x), T(y))
= ?|y|* + ?|ly|* - 2a(x + ay,y) + 2a(x, y)
= 20"y |? - 2a(x.y) — 2a%(y,y) + 2a(x,y) = 0
Therefore
Tx+ay)=T(x)+ aT(y),

which implies that T is linear (taking x = 0 or a = 1 we get two properties
from the definition of a linear transformation).

So, T is a linear transformation satisfying ||7x| = ||x||, i.e. T is an
isometry. Since T': X — X, T is unitary transformation (see Proposition
6.3). That completes the proof, since an orthogonal transformation is simply
a unitary transformation in a real inner product space. O
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Exercises.

7.1. Give an example of a rigid motion T in C™, T(0) = 0, which is not a linear
transformation.

8. Complexification and decomplexification

This section is probably a bit more abstract than the rest of the chapter,
and can be skipped at the first reading.

8.1. Decomplexification.

8.1.1. Decomplezification of a vector space. Any complex vector space can
be interpreted a real vector space: we just need to forget that we can multiply
vectors by complex numbers and act as only multiplication by real numbers
is allowed.

For example, the space C™ is canonically identified with the real space
R?": each complex coordinate zj = x), + iy gives us 2 real ones xj and y.

“Canonically” here means that this is a standard, most natural way of
identifying C"* and R?". Note, that while the above definition gives us a
canonical way to get real coordinates from complex ones, it does not say
anything about ordering real coordinates.

In fact, there are two standard ways to order the coordinates xx, yg.
One way is to take first the real parts and then the imaginary parts, so the
ordering is x1,%2,...,%Tn,Y1,Y2,---,Yn- Lhe other standard alternative is
the ordering x1,y1,x2,Y2,---,Zn,Yn- Lhe material of this section does not
depend on the choice of ordering of coordinates, so the reader does not have
to worry about picking an ordering.

8.1.2. Decomplexification of an inner product. It turns out that if we are
given a complex inner product (in a complex space), we can in a canonical
way get a real inner product from it. To see how we can do that, let as first
consider the above example of C" canonically identifies with R?". Let (x,y) C
denote the standard inner product in C", and (x, y)R be the standard inner
product in R?" (note that the standard inner product in R™ does not depend
on the ordering of coordinates). Then (see Exercise 8.1 below)

(8.1) (Xv}’)R = Re(XaY)(c

This formula can be used to canonically define a real inner product from
the complex one in general situation. Namely, it is an easy exercise to show
that if (x,y) is an inner product in a complex inner product space, then
(X,¥)p defined by (8.1) is a real inner product (on the corresponding real
space).

Summarizing we can say that
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To decomplexify a complex inner product space we simply “for-
get” that we can multiply by complex numbers, i.e. we only allow
multiplication by reals. The canonical real inner product in the
decomplexified space is given by formula (8.1)

Remark. Any (complex) linear transformation on C" (or, more generally,
on a complex vector space) gives as a real linear transformation: it is simply
the fact that if T'(ax + By) = oTx + STy holds for o, 8 € C, then it of
course holds for a, 8 € R.

The converse is not true, i.e. a (real) linear transformation on the de-
complexification R?" of C" does not always give a (complex) linear transfor-
mation of C" (the same in the abstract settings).

For example, if one considers the case n = 1, then the multiplication by a
complex number z (general form of a linear transformation in C!) treated as
a linear transformation in R? has a very specific structure (can you describe
it?).

8.2. Complexification. We can also do a converse, namely get a complex
inner product space from a real one: in fact, you probably already did it
before, without paying much attention to it.

Namely, given a real inner product space R™ we can obtain a complex
space C" out of it by allowing complex coordinates (with the standard inner
product in both cases). The space R" in this case will be a real’subspace of
C™ consisting of vectors with real coordinates.

Abstractly, this construction can be described as follows: given a real
vector space X we can define its complexification X as the collection of
all pairs [x1,X3], x1,%2 € X with the addition and multiplication by a real
number « are defined coordinate-wise,

[x1,X2] + [y1,¥2] = [x1 +¥y1,X2 + ¥2, afxi, Xz = [axq, axa].

If X = R"™ then the vector x; consists of real parts of complex coordinates
of C™ and the vector x5 of the imaginary parts. Thus informally one can
write the pair [x1,x2] as x1 + ix2.

To define multiplication by complex numbers we define multiplication by
1 as

i[x1, X2] = [—%2, X1]

(writing [x1, X2] as X2 +ix2 we can see that it must be defined this way) and
define multiplication by arbitrary complex numbers using second distributive
property (o + f)v = av + fQv.

2Real subspace mean the set closed with respect to sum and multiplication by real numbers
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If, in addition, X is an inner product space we can extend the inner
product to X by

([x1,%2], [}’1,}’2]))((C = (x1,¥1)x + (x2,¥2) x —i(x1,¥2) y + (X2, ¥1) -

The easiest way to see that everything is well defined, is to fix a basis (an
orthonormal basis in the case of a real inner product space) and see what
this construction gives us in coordinates. Then we can see that if we treat
vector x; as the vector consisting of the real parts of complex coordinates,
and vector X as the vector consisting of imaginary parts of coordinates, then
this construction is exactly the standard complexification of R™ (by allowing
complex coordinates) described above.

The fact that we can express this construction in coordinate-free way,
without picking a basis and working with coordinates, means that the result
does not depend on the choice of a basis.

So, the easiest way to think about complexification is probably as follows:

To construct a complexification of a real vector space X we can
pick a basis (an orthonormal basis if X is a real inner product
space) and then work with coordinates, allowing the complex
ones. The resulting space does not depend on the choice of a
basis; we can get from one coordinates to the others by the stan-
dard change of coordinate formula.

Note, that any linear transformation 7" in the real space X gives rise to
a linear transformation 7. in the complexification X ..

The easiest way to see that is to fix a basis in X (an orthonormal basis if
X is a real inner product space) and to work in a coordinate representation:
in this case T}, has the same matrix as T'. In the abstract representation we
can write

T(C [Xl7 Xg] = [TXl, TXQ].

On the other hand, not all linear transformations in X can be obtained
from the transformations in X; if we do complexification in coordinates,
only the transformations with real matrices work.

Note, that this is completely opposite to the situation in the case of
decomplexification, described in Section 8.1.

An attentive reader probably already noticed that the operations of com-
plexification and decomplixification are not the inverse of each other. First,
the space and its complexification have the same dimension, while the de-
complixification of an n-dimensional space has dimension 2n. Moreover, as
we just discussed, the relation between real and complex linear transforma-
tions is completely opposite in these cases.
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In the next section we discuss the operation, inverse in some sense to
decomplexification.

8.3. Introducing complex structure to a real space. The construction
described in this section works only for real spaces of even dimension.

8.3.1. An elementary way to introduce a complez structure. Let X be a real
inner product space of dimension 2n. We want invert the decomplexification
procedure to introduce a complex structure on X, i.e. to identify this space
with a complex space such that its decomplexification (see Section 8.1) give
us the original space X. The simplest idea is to fix an orthonormal basis in
X and then split the coordinates in this basis into two equal parts.

We than treat one half of the coordinates (say coordinates x1, za, ..., xy)
as real parts of complex coordinates, and treat the rest as the imaginary
parts. Then we have to join real and imaginary parts together: for example
if we treat z1,x9,...,Ty, as real parts and T,11, Tni2,- .., T2, as imaginary
parts, we can define complex coordinates zp = xg + iTp1k-

Of course, the result will generally depend on the choice of the orthonor-
mal basis and on the way we split the real coordinates into real and imaginary
parts and on how we join them.

One can also see from the decomplexification construction described in
Section 8.1 that all complex structures on a real inner product space X can
be obtained in this way.

8.3.2. From elementary to abstract construction of complex structure. The
above construction can be described in an abstract, coordinate-free way.
Namely, let us split the space X as X = F @ E1, where E is a subspace,
dimE = n (so dim E+ = n as well), and let Uy : E — E* be a unitary
(more precisely, orthogonal, since our spaces are real) transformation.

Note, that if vq,va,..., v, is an orthonormal basis in F, then the system
Uovi, Ugva, ..., Uyvy, is an orthonormal basis in E+, so
V1,V2,...,Vnp, UOVla UOV2a ) UOVTL

is an orthonormal basis in the whole space X.

If x1,29,...,x9, are coordinates of a vector x in this basis, and we
treat xx + ixpyk, K = 1,2,...,n as complex coordinates of x, then the
multiplication by 7 is represented by the orthogonal transformation U which
is given in the orthogonal basis of subspaces E, E+ by the block matrix

_( 0 U
v=(g o)
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This means that

i X1 _ U X1 _ 0 —U(T X1
X9 X9 Uy 0 X9
X1 € F, x9 € E+L.

Clearly, U is an orthogonal transformation such that U? = —I. There-
fore, any complex structure on X is given by an orthogonal transformation
U, satisfying U? = —1I; the transformation U gives us the multiplication by
the imaginary unit 4.

The converse is also true, namely any orthogonal transformation U sat-
isfying U? = —I defines a complex structure on a real inner product space
X. Let us explain how.

8.3.3. An abstract construction of complex structure. Let us first consider an
abstract explanation. To define a complex structure, we need to define the
multiplication of vectors by complex numbers (initially we only can multiply
by real numbers). In fact we need only to define the multiplication by
i, the rest will follow from linearity in the original real space. And the
multiplication by ¢ is given by the orthogonal transformation U satisfying
U? =—1I.

Namely, if the multiplication by ¢ is given by U, ix = Ux, then the
complex multiplication must be defined by

(8.2) (a+ Bi)x := ax + fUx = (ad + BU)x, a,BeR, xeX.
We will use this formula now as the definition of complex multiplication.

It is not hard to check that for the complex multiplication defined above
by (8.2) all axioms of complex vector space are satisfied. One can see that,
for example by using linearity in the real space X and noticing that with
respect to algebraic operations (addition and multiplication) the linear trans-
formations of form

al + pU, a, B €R,

behave absolutely the same way as complex numbers « + (i, i.e such trans-
formations give us a representation of the field of complex numbers C.

This means that first, a sum and a product of transformations of the form
al + BU is a transformation of the same form, and to get the coefficients «,
B of the result we can perform the operation on the corresponding complex
numbers and take the real and imaginary parts of the result. Note, that
here we need the identity U? = —I, but we do not need the fact that U is
an orthogonal transformation.

Thus, we got the structure of a complex vector space. To get a complex
inner product space we need to introduce complex inner product (X,y)
such that the original real inner product (x, y)R is the real part of it.

C»
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We really do not have any choice here. Indeed, for any complex inner
product

Im(x,y). = Re [—i(x,y)c] = Re(x,7y) = Re(x, Uy);

for the last equality we used the definition (8.2) of complex multiplication.
Therefore, the only way to define the complex inner product (X,y)(C such
that (x,y), = Re(x,y) is

(8.3) (X, ¥)e = (X, y)g +i(x,Uy)g-

Let us show that this is indeed a complex inner product. We will need
the fact that U* = —U, see Exercise 8.4 below (by U* here we mean the
adjoint with respect to the original real inner product).

To show that (y,x). = (x,y) we use the identity U* = —U and sym-
metry of the real inner product:

(v, %) = (v, x)p +i(y, Ux)p
= (x,y)p +i(Ux,y)g
=(x,y)p —i(xUy)g
= (x,¥)g Ti(x,Uy)g

To prove the linearity of the complex inner product, let us first notice
that (x,y). is real linear in the first (in fact in each) argument, i.e. that
(ax + By, z) = a(x,2). + B(y,z). for a, 8 € R; this is true because each
summand in the right side of (8.3) is real linear in the first argument.

Using real linearity of (x,y). and the identity U* = —U (which implies
that (Ux,y)p = —(x,Uy)y) together with the orthogonality of U, we get
the following chain of equalities

((al +BU)x,¥)e = a(x,¥)c + BUX,Y)
=a(x,y)c + 8 [(Ux,y)IR +1i(Ux, Uy)R]
=a(x,y)e + B [-(x,Uy), +i(%,y)g]
= a(X,y)c + B0 [(X,¥)g +i(x,Uy)g]
= a(X,y)e + Bi(%,¥) = (@ + Bi)(X,¥) ¢

which proves complex linearity.

Finally, to prove non-negativity of (x,x). let us notice (see Exercise 8.3
below) that (x,Ux), = 0, so

(va)(c = (X,X)R = HXH2 > 0.
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8.3.4. The abstract construction via the elementary one. For a reader who is
not comfortable with such “high brow” and abstract proof, there is another,
more hands on, explanation.

Namely, it can be shown, see Exercise 8.5 below, that there exists a
subspace E, dim E = n (recall that dim X = 2n), such that the matrix of U
with respect to the decomposition X = E @ E* is given by

(0 -U;
(5 o)

where Uy : E — E* is some orthogonal transformation.

Let vi,vo,...,v, be an orthonormal basis in E. Then the system
Uovi, Ugva, ..., Uyvy, is an orthonormal basis in E+, so
V1,V2,. ., Vi, Ugvey, Ugve, ..., Ugvy,

is an orthonormal basis in the whole space X. Considering the coordinates
Z1,%2,...,%2y in this basis and treating xy + iz, as complex coordinates,
we get an elementary, “coordinate” way of defining complex structure, which
was already described above. But if we look carefully, we see that multipli-
cation by i is given by the transformation U: it is trivial for x € E and for
y € B+, and so it is true for all real linear combinations of ax + By, i.e. for
all vectors in X.

But that means that the abstract introduction of complex structure and
the corresponding elementary approach give us the same result! And since
the elementary approach clearly gives us the a complex structure, the ab-
stract approach gives us the same complex structure.

Exercises.

8.1. Prove formula (8.1). Namely, show that if

)T T

X:(Zl,ZQ,...,Zn ) y:(w17w27"'7wn) )

2k = T + WYk, Wk = Uk + 1k, Tk, Yk, Uk, Uk € R, then
n n n
Re (Z kak) = Z TrpUg + Z YkVk-
k=1 k=1 k=1
8.2. Show that if (x,y)(C is an inner product in a complex inner product space,

then (x,y), defined by (8.1) is a real inner product.

8.3. Let U be an orthogonal transformation (in a real inner product space X),
satisfying U? = —I. Prove that for all x € X

Ux 1 x.

8.4. Show, that if U is an orthogonal transformation satisfying U? = —I, then
Ur=-U.
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8.5. Let U be an orthogonal transformation in a real inner product space, satisfying
U? = —]. Show that in this case dim X = 2n, and that there exists a subspace
E C X, dim E = n, and an orthogonal transformation Uy : E — E* such that U
in the decomposition X = F @ E* is given by the block matrix

(0 U
(&)

This statement can be easily obtained from Theorem 5.1 of Chapter 6, if one notes
that the only rotation R, in R? satisfying R2 = —I are rotations through a = 47 /2.
However, one can find an elementary proof here, not using this theorem. For
example, the statement is trivial if dim X = 2: in this case we can take for E any
one-dimensional subspace, see Exercise 8.3.
Then it is not hard to show that such operator U does not exists in R?, and
one can use induction in dim X to complete the proof.



Chapter 6

Structure of operators
in inner product
spaces.

In this chapter we are again assuming that all spaces are finite-dimensional.
Again, we are dealing only with complex or real spaces, theory of inner
product spaces does not apply to spaces over general fields. When we are
not mentioning what space are we in, everything work for both complex and
real spaces.

To avoid writing essentially the same formulas twice we will use the
notation for the complex case: in the real case it give correct, although
sometimes a bit more complicated, formulas.

1. Upper triangular (Schur) representation of an operator.

Theorem 1.1. Let A : X — X be an operator acting in a complex inner
product space. There exists an orthonormal basis ui,ug,...,u, in X such
that the matriz of A in this basis is upper triangular.

In other words, any n X n matriz A can be represented as A = UTU*,
where U is a unitary, and T is an upper triangular matriz.

Proof. We prove the theorem using the induction in dim X. If dim X =1
the theorem is trivial, since any 1 x 1 matrix is upper triangular.

Suppose we proved that the theorem is true if dim X = n — 1, and we
want to prove it for dim X = n.

Let A; be an eigenvalue of A, and let uy, |ju1]| = 1 be a corresponding
eigenvector, Au; = Aju;. Denote E = uf, and let va,...,Vv, be some
orthonormal basis in E (clearly, dim £ = dim X —1 =n—1),s0uy, va,..., v,

161



162 6. Structure of operators in inner product spaces.

is an orthonormal basis in X. In this basis the matrix of A has the form

(1.1)

here all entries below \; are zeroes, and * means that we do not care what
entries are in the first row right of Aj.

We do care enough about the lower right (n — 1) x (n — 1) block, to give
it name: we denote it as Aj.

Note, that A; defines a linear transformation in F, and since dim F =
n—1, the induction hypothesis implies that there exists an orthonormal basis
(let us denote it as ug, ..., u,) in which the matrix of A; is upper triangular.

So, matrix of A in the orthonormal basis ui,us,...,u, has the form
(1.1), where matrix A; is upper triangular. Therefore, the matrix of A in
this basis is upper triangular as well. O

Remark. Note, that the subspace E = uj introduced in the proof is not invariant
under A, i.e. the inclusion AE C E does not necessarily hold. That means that A;
is not a part of A, it is some operator constructed from A.

Note also, that AE C FE if and only if all entries denoted by * (i.e. all entries
in the first row, except A1) are zero.

Remark. Note, that even if we start from a real matrix A, the matrices U
and T' can have complex entries. The rotation matrix

cosa —sinao
sina  cos«

), a4 kr ke

is not unitarily equivalent (not even similar) to a real upper triangular ma-
trix. Indeed, eigenvalues of this matrix are complex, and the eigenvalues of
an upper triangular matrix are its diagonal entries.

Remark. An analogue of Theorem 1.1 can be stated and proved for an
arbitrary vector space, without requiring it to have an inner product. In
this case the theorem claims that any operator have an upper triangular
form in some basis. A proof can be modeled after the proof of Theorem 1.1.
An alternative way is to equip V with an inner product by fixing a basis in
V' and declaring it to be an orthonormal one, see Exercise 2.4 in Chapter 5.

Note, that the version for inner product spaces (Theorem 1.1) is stronger
than the one for the vector spaces, because it says that we always can find
an orthonormal basis, not just a basis.

The following theorem is a real-valued version of Theorem 1.1.
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Theorem 1.2. Let A: X — X be an operator acting in a real inner product
space. Suppose that all eigenvalues of A are real (meaning that A has ezxactly
n = dim X real eigenvalues, counting multiplicities). Then there exists an
orthonormal basis ui, o, . .., uy, in X such that the matriz of A in this basis
s upper triangular.

In other words, any real n X n matriz A with all real eigenvalues can be
represented as A = UTU* = UTUT, where U is an orthogonal, and T is a
real upper triangular matrices.

Remark 1.3. Recall that as we had already discussed in Section 1.4 of Chap-
ter 4 by eigenvalues of an operator A in a real vector space X we always mean
the eigenvalues of its complexification A(C acting in the complexification X .

of X.

If X = R" then its complexification C™ is obtained from R" by allowing
complex coordinates. The complexification of an operator A (the multipli-
cation by a real matrix A) on R" is the multiplication by the same (real)
matrix, but now in the space C".

For more details about complexifications see Section 1.4 of Chapter 4
and Section 8.2 of Chapter 5.

Proof of Theorem 1.2. To prove the theorem we just need to analyze the
proof of Theorem 1.1. Let us assume (we can always do this without loss of
generality) that the operator (matrix) A acts in R"™.

Suppose, the theorem is true for (n — 1) x (n — 1) matrices. As in the
proof of Theorem 1.1 let A\; be a real eigenvalue of A, u; € R", ||u;|| =1 be
a corresponding eigenvector, and let va,...,v, be on orthonormal system
(in R™) such that uy, va,..., v, is an orthonormal basis in R".

The matrix of A in this basis has form (1.1), where A; is some real
matrix.

If we can prove that matrix A; has only real eigenvalues, then we are
done. Indeed, then by the induction hypothesis there exists an orthonormal

basis ug,...,u, in £ = uf- such that the matrix of A; in this basis is
upper triangular, so the matrix of A in the basis ui, uo, ..., u, is also upper

triangular.

To show that Ay has only real eigenvalues, let us notice that
det(A — X)) = (A1 — A) det(A; — )

(take the cofactor expansion in the first row, for example), and so any eigen-
value of Aj is also an eigenvalue of A. But A has only real eigenvalues! O

Exercises.
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1.1. Use the upper triangular representation of an operator to give an alterna-
tive proof of the fact that determinant is the product and the trace is the sum of
eigenvalues counting multiplicities.

2. Spectral theorem for self-adjoint and normal operators.

In this section we deal with matrices (operators) which are unitarily equiv-
alent to diagonal matrices.

Let us recall that an operator is called self-adjoint if A = A*. A matrix
of a self-adjoint operator (in some orthonormal basis), i.e. a matrix satisfying
A* = A is called a Hermitian matrix.

The terms self-adjoint and Hermitian essentially mean the same. Usually
people say self-adjoint when speaking about operators (transformations),
and Hermitian when speaking about matrices. We will try to follow this
convention, but since we often do not distinguish between operators and
their matrices, we will sometimes mix both terms.

Theorem 2.1. Let A = A* be a self-adjoint operator in an inner product
space X (the space can be complex or real). Then all eigenvalues of A are
real, and there exists an orthonormal basis of eigenvectors of A in X.

This theorem can be restated in matrix form as follows

Theorem 2.2. Let A = A* be a self-adjoint (and therefore square) matriz.
Then A can be represented as

A=UDU",
where U is a unitary matriz and D s a diagonal matrix with real entries.

Moreover, if the matriz A is real, matriz U can be chosen to be real
(i.e. orthogonal).

Proof. To prove Theorems 2.1 and 2.2 for a complex inner product space X
let us first apply Theorem 1.1 to find an orthonormal basis in X such that
the matrix of A in this basis is upper triangular. Now let us ask ourself a
question: What upper triangular matrices are self-adjoint?

The answer is immediate: an upper triangular matrix is self-adjoint if
and only if it is a diagonal matrix with real entries. Theorem 2.1 (and so
Theorem 2.2) is proved.

To treat the case of a real vector space, we first notice that by the already
proved complex case all eigenvalues of A are real!. Then we just apply

1Recall, see Remark 1.3 above, that by the eigenvalues of an operator in a real vector space
X, we always mean the eigenvalues of the extension of this operator to the complezification X
of X
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Theorem 1.2 and notice again that the only self-adjoint upper triangular
matrices are the diagonal ones. U

Remark. In many textbooks only real matrices are considered, and The-
orem 2.2 is often called the “Spectral Theorem for symmetric matrices”.
However, we should emphasize that the conclusion of Theorem 2.2 fails for
complexr symmetric matrices: the theorem holds for Hermitian matrices, and
in particular for real symmetric matrices.

Let us give an independent proof to the fact that eigenvalues of a self-
adjoint operators are real. Let A = A* and Ax = Ax, x # 0. Then

(A3, %) = (A, %) = A(x, %) = Ax]%.
On the other hand,
(Ax,x) = (x, A*X) = (x, A%) = (X, \x) = A\(x,X) = XHXHZ,

so A||x||? = A||x||?. Since ||x|| # 0 (x # 0), we can conclude A = X, so A is
real.

It also follows from Theorem 2.1 that eigenspaces of a self-adjoint oper-
ator are orthogonal. Let us give an alternative proof of this result.

Proposition 2.3. Let A = A* be a self-adjoint operator, and let u,v be its
eigenvectors, Au = Au, Av = uv. Then, if X # u, the eigenvectors u and v
are orthogonal.

Proof. This proposition follows from the spectral theorem (Theorem 2.1),
but here we are giving a direct proof. Namely,

(Au,v) = (Au,v) = A(u, v).
On the other hand
(Au,v) = (u, A"v) = (0, Av) = (u, pv) = (u,v) = p(ua,v)

(the last equality holds because eigenvalues of a self-adjoint operator are
real), so A(u,v) = p(u,v). If X\ # u it is possible only if (u,v) = 0. O

Now let us try to find what matrices are unitarily equivalent to a diagonal
one. It is easy to check that for a diagonal matrix D

D*D = DD*.

Therefore A*A = AA* if the matrix of A in some orthonormal basis is
diagonal.

Definition. An operator (matrix) N is called normal if N*N = NN*.
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Clearly, any self-adjoint operator (A = A*) is normal. Also, any unitary
operator U : X — X is normal since U*U = UU* = I.

Note, that a normal operator is an operator acting in one space, not from one
space to another. So, if U is a unitary operator acting from one space to another,
we cannot say that U is normal.

Theorem 2.4. Any normal operator N in a complex vector space has an
orthonormal basis of eigenvectors.

In other words, any matriz N satisfying N*N = NN* can be represented
as

N =UDU"*,
where U is a unitary matriz, and D is a diagonal one.

Remark. Note, that in the above theorem even if IV is a real matrix, we
did not claim that matrices U and D are real. Moreover, it can be easily
shown, that if D is real, N must be self-adjoint.

Proof of Theorem 2.4. To prove Theorem 2.4 we apply Theorem 1.1 to
get an orthonormal basis, such that the matrix of N in this basis is upper
triangular. To complete the proof of the theorem we only need to show that
an upper triangular normal matrix must be diagonal.

We will prove this using induction in the dimension of matrix. The case
of 1 x 1 matrix is trivial, since any 1 x 1 matrix is diagonal.

Suppose we have proved that any (n — 1) x (n — 1) upper triangular
normal matrix is diagonal, and we want to prove it for n x n matrices. Let
N be n x n upper triangular normal matrix. We can write it as

)

a171‘a172 .. Q1p

. N1
0
where N is an upper triangular (n — 1) x (n — 1) matrix.

Let us compare upper left entries (first row first column) of N*N and
NN*. Direct computation shows that that

(N*N)11 =a11011 = |ai1|?

and

(NN*)11 = |ai1)? + |araf* + ... + a1l
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So, (N*N)11 = (INN*); ;1 ifand only if a1 2 = ... = a1, = 0. Therefore, the
matrix N has the form
ai.1 0 0
0
N = .
: N1
0
It follows from the above representation that
]a1,12 ‘0 0 ‘CL171‘2 ‘0 0
0 0
N*N = . , NN* = )
. Nle . N1 Nik
0 0
so NfNi = NiN{. That means the matrix NN is also normal, and by the
induction hypothesis it is diagonal. So the matrix N is also diagonal. O

The following proposition gives a very useful characterization of normal
operators.

Proposition 2.5. An operator N : X — X is normal if and only if
INx| = || N*x]| vx € X.

Proof. Let N be normal, N*N = NN*. Then
[Nx||* = (Nx, Nx) = (N*Nx,x) = (NN*x,x) = (N*x, N*x) = || N*x|?
so [ Nx]| = [[N*x].
Now let
| Nx| = ||[N*x]| Vx € X.
The Polarization Identities (Lemma 1.9 in Chapter 5) imply that for all
x,y € X

i 1
(N*Nx,y) = (Nx,Ny) =7 > a|Nx+aNy|?

a=+1,4i

Y allN(x+ay)l?

a==+1,+1i

Y allN*(x+ay)|?

a==+1,%1

Z o||[N*x + aN*y||?
a==%1,+1
= (N"x,N%y) = (NN'x,y)

and therefore (see Corollary 1.6 in Chapter 5) N*N = NN*. O

N e S L Y
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Exercises.
2.1. True or false:

a) Every unitary operator U : X — X is normal.
b) A matrix is unitary if and only if it is invertible.
¢
d

)

) If two matrices are unitarily equivalent, then they are also similar.
)
e) The adjoint of a unitary operator is unitary.
)

)

The sum of self-adjoint operators is self-adjoint.

f

g) If all eigenvalues of a linear operator are 1, then the operator must be
unitary or orthogonal.

The adjoint of a normal operator is normal.

h) If all eigenvalues of a normal operator are 1, then the operator is identity.

i) A linear operator may preserve norm but not the inner product.
2.2. True or false: The sum of normal operators is normal? Justify your conclusion.
2.3. Show that an operator unitarily equivalent to a diagonal one is normal.
2.4. Orthogonally diagonalize the matrix,
A= ( i > .
Find all square roots of A, i.e. find all matrices B such that B? = A.
Note, that all square roots of A are self-adjoint.
2.5. True or false: any self-adjoint matrix has a self-adjoint square root. Justify.
2.6. Orthogonally diagonalize the matrix,
a=(3 1)
i.e. represent it as A = UDU*, where D is diagonal and U is unitary.

Among all square roots of A, i.e. among all matrices B such that B2 = A, find
one that has positive eigenvalues. You can leave B as a product.

2.7. True or false:
a) A product of two self-adjoint matrices is self-adjoint.
b) If A is self-adjoint, then A is self-adjoint.
Justify your conclusions
2.8. Let A be m x n matrix. Prove that
a) A*A is self-adjoint.
b) All eigenvalues of A*A are non-negative.
c) A*A+ 1T is invertible.
2.9. Give a proof if the statement is true, or give a counterexample if it is false:

a) If A= A* then A+ I is invertible.
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b) If U is unitary, U + 31 is invertible.
c) If a matrix A is real, A — I is invertible.
2.10. Orthogonally diagonalize the rotation matrix
R, — < cos o —sina > 7
sina  cosa
where « is not an integer multiple of 7. Note, that you will get complex eigenvalues
in this case.
2.11. Orthogonally diagonalize the matrix
A:( cos o sin o )
sinae  —cosao
Hints: You will get real eigenvalues in this case. Also, the trigonometric identities

sin2z = 2sinzcosz, sin?x = (1 — cos2x)/2, cos>x = (1 + cos2x)/2 (applied to
x = «/2) will help to simplify expressions for eigenvectors.

2.12. Can you describe the linear transformation with matrix A from the previous
problem geometrically? It has a very simple geometric interpretation.

2.13. Prove that a normal operator with unimodular eigenvalues (i.e. with all eigen-
values satisfying |Agx| = 1) is unitary. Hint: Consider diagonalization

2.14. Prove that a normal operator with real eigenvalues is self-adjoint.

2.15. Show by example that conclusion of Theorem 2.2 fails for complex symmetric
matrices. Namely

a) construct a (diagonalizable) 2 x 2 complex symmetric matrix not admitting
an orthogonal basis of eigenvectors;

b) construct a 2 x 2 complex symmetric matrix which cannot be diagonalized.

3. Polar and singular value decompositions.

3.1. Positive definite operators. Square roots.

Definition. A self adjoint operator A : X — X is called positive definite if
(Ax,x) >0  Vx#0,

and it is called positive semidefinite if

(Ax,x) >0 Vx € X.

We will use the notation A > 0 for positive definite operators, and A > 0
for positive semi-definite.

The following theorem describes positive definite and semidefinite oper-
ators.

Theorem 3.1. Let A = A*. Then
1. A > 0 if and only if all eigenvalues of A are positive.
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2. A >0 if and only if all eigenvalues of A are non-negative.

Proof. Pick an orthonormal basis such that matrix of A in this basis is
diagonal (see Theorem 2.1). To finish the proof it remains to notice that a
diagonal matrix is positive definite (positive semidefinite) if and only if all
its diagonal entries are positive (non-negative). O

Corollary 3.2. Let A = A* > 0 be a positive semidefinite operator. There
exists a unique positive semidefinite operator B such that B?> = A

Such B is called (positive) square root of A and is denoted as v/A or
A2,

Proof. Let us prove that v/A exists. Let vi,vs,...,v, be an orthonor-
mal basis of eigenvectors of A, and let A1, Ao, ..., A, be the corresponding
eigenvalues. Note, that since A > 0, all A > 0.

In the basis vi,vo,...,v, the matrix of A is a diagonal matrix

diag{\1, A2, ..., A\p} with entries A1, \a,..., A\, on the diagonal. Define the
matrix of B in the same basis as diag{\v/ A1,V A2,..., VA }.

Clearly, B = B* > 0 and B? = A.

To prove that such B is unique, let us suppose that there exists an op-
erator C' = C* > 0 such that C? = A. Let uy, uy,...,u, be an orthonormal
basis of eigenvectors of C', and let uq, po, . . ., ptn, be the corresponding eigen-
values (note that pp > 0 Vk). The matrix of C' in the basis uj, ug,...,u, is
a diagonal one diag{yu1, p2, - - -, in}, and therefore the matrix of A = C? in
the same basis is diag{u?, 3, ..., p2}. This implies that any eigenvalue A of
A is of form ,uz, and, moreover, if Ax = Ax, then Cx = VAx.

Therefore in the basis vi,vo,...,v, above, the matrix of C has the
diagonal form diag{v/A1,vA2,...,vV A}, 1.e. B=C. O

3.2. Modulus of an operator. Polar decomposition. Consider an op-
erator A : X — Y. Its Hermitian square A*A is a positive semidefinite
operator acting in X. Indeed,

(A*A)" = A"A™ = A*A
and
(A*Ax,x) = (Ax, Ax) = || Ax|> > 0 vx € X.

Therefore, there exists a (unique) positive-semidefinite square root R =
vV A*A. This operator R is called the modulus of the operator A, and is
often denoted as |A|.

The modulus of A shows how “big” the operator A is:
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Proposition 3.3. For a linear operator A: X —Y

A = [[Ax[|  vx e X.

Proof. For any x € X
1AJx]1* = (|Afx, |Alx) = (|A]"|Alx,x) = (|A]*x, %)
— (A" Ax, %) = (Ax, Ax) = || Ax]?

Corollary 3.4.
Ker A = Ker |A| = (Ran |A|)*.

Proof. The first equality follows immediately from Proposition 3.3, the sec-
ond one follows from the identity Ker 7' = (Ran T*)* (|A| is self-adjoint). [

Theorem 3.5 (Polar decomposition of an operator). Let A: X — X be an
operator (square matriz). Then A can be represented as

A=U|A|,
where U is a unitary operator.

Remark. The unitary operator U is generally not unique. As one will see
from the proof of the theorem, U is unique if and only if A is invertible.

Remark. The polar decomposition A = U|A| also holds for operators A :
X — Y acting from one space to another. But in this case we can only
guarantee that U is an isometry from Ran |A| = (Ker A)* to Y.

If dimX < dimY this isometry can be extended to an isometry from
the whole X to Y (if dim X = dim Y this will be a unitary operator).

Proof of Theorem 3.5. Consider a vector x € Ran |A|. Then vector x can
be represented as x = |A|v for some vector v € X.

Define Upx := Av. By Proposition 3.3
[Uox]| = [[Av]| = [[|A[v] = [

so it looks like Uy is an isometry from Ran|A| to X.

But first we need to prove that Uy is well defined. Let v; be another
vector such that x = |A|v;. But x = |A|v = |A|v; means that v — vy €
Ker |A| = Ker A (cf Corollary 3.4), so Av = Avy, meaning that Upx is well
defined.

By the construction A = Up|A|. We leave as an exercise for the reader
to check that Uy is a linear transformation.
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To extend Uy to a unitary operator U, let us find some unitary transfor-
mation U : Ker A — (Ran A)t = Ker A*. It is always possible to do this,
since for square matrices dim Ker A = dim Ker A* (the Rank Theorem).

It is easy to check that U = Uy + Uj is a unitary operator, and that
A=UlA|. O

3.3. Singular values. Schmidt decomposition.

Definition. Eigenvalues of |A| are called the singular values of A. In other
words, if A1, A9, ..., A\, are eigenvalues of A*A then /A1, Ao, ...,/ )\, are
singular values of A.

Remark. Very often in the literature the singular values are defined as the
non-negative square roots of the eigenvalues of A* A, without any reference
to the modulus |A|.

I consider the notion of the modulus of an operator to be an important
one, so it was introduced above. However, the notion of the modulus of an
operator is not required for what follows (defining the Schmidt and singular
value decompositions). Moreover, as it will be shown below, the modulus of
A can be easily constructed from the singular value decomposition.

Consider an operator A : X — Y, and let 01,09,...,0, be the singu-
lar values of A counting multiplicities. Assume also that o1,09,...,0, are
the non-zero singular values of A, counting multiplicities. This means, in
particular, that o, = 0 for k& > r.

By the definition of singular values the numbers o7, 03, ..., 02 are eigen-

values of A*A. Let vi,Va,...,V, be an orthonormal basis? of eigenvectors
of A*A, A*Avy, = U%Vk.

Proposition 3.6. The system

1
wi = —Avy, k=1,2,...,r
Ok
s an orthonormal system.
Proof.
0, jF#k
(Avj, Avy) = (A" Av;j,vi) = (075, Vi) = 05V, Vi) = { R i I
]7
since vi,Va,...,V, is an orthonormal system. O

2We know, that for a self-adjoint operator (A*A in our case) there exists an orthonormal
basis of eigenvectors.
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In the notation of the above proposition, the operator A can be repre-
sented as

(3.1) A= Z OEWE V],
k=1

or, equivalently

'
(3.2) Ax = Z ok (X, Vi) Wg.
k=1
Indeed, we know that vi,vs,...,Vv, is an orthonormal basis in X. Then

substituting x = v; into the right side of (3.2) we get
T
Zak(vj,vk)wk =0j(vj,vj)w; = o;w; = Av; ifj=1,2,...,r
k=1
and
,
Zok(v}gvj)wk =0=Av; for j > r.
k=1
So the operators in the left and right sides of (3.1) coincide on the basis
V1i,Vo,...,Vy, so they are equal.

Definition. The above decomposition (3.1) (or (3.2)) is called the Schmidt
decomposition of the operator A.

Remark. Schmidt decomposition of an operator is not unique. Why?

Lemma 3.7. Let A can be represented as

T
A= Z O'kaVZ
k=1

where o, > 0 and vi,Va,...,V,, W1, Wa,..., W, are some orthonormal sys-
tems.

Then this representation gives a Schmidt decomposition of A.

Proof. We only need to show that vi,va,..., v, are eigenvectors of A*A,
A*Avy = azvk. Since w1, wao, ..., W, is an orthonormal system,

0, J#k

wiw; = (W, Wg) = Ok j = { 1 j=k

and therefore

,
A*A = E ORVEVE.
k=1
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Since vi, Vo, ..., Vv, is an orthonormal system

T

A*Av; = Z OIVEVIV; = szvj
k=1
thus vy are eigenvectors of A*A. d

Corollary 3.8. Let
-
A= Z TLWEV]
k=1

be a Schmidt decomposition of A. Then

T
= Z O’]ngWZ
k=1
is a Schmidt decomposition of A*

3.4. Matrix representation of the Schmidt decomposition. Singu-
lar value decomposition. The Schmidt decomposition can be written in
a nice matrix form. Namely, let us assume that A : F* — F™, where F
is either C or R (we can always do that by fixing orthonormal bases in X
and Y and working with coordinates in these bases). Let o1, 09,...,0, be
non-zero singular values of A, and let

T
A= E UkaV};
k=1

be a Schmidt decomposition of A.

As one can easily see, this equality can be rewritten as

(3.3) A=WV,
where 3 = diag{o1,09,...,0,} and V and W are matrices with columns
V1, Vo, ..., v, and Wi, Wa, ..., w, respectively. (Can you tell what is the size

of each matrix?)

Note, that since vi,vo,...,v, and wi,wa,..., W, are orthonormal sys-
tems, the matrices V and W are isometries. Note also that r = rank A, see
Exercise 3.1 below.

If the matrix A is invertible, then m = n = r, the matrices ‘7, W are
unitary and ¥ is an invertible diagonal matrix.

It turns out that it is always possible to write a representation similar
to (3.3) with unitary V and W instead of V and W, and in many situations
it is more convenient to work with such a representation. To write this
representation one needs first to complete the systems vi,vo,...,v, and
W1, Wo,..., W, to orthogonal bases in F" and F™ respectively.
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Recall, that to complete, say vi,va,...,Vv, to an orthonormal basis in
F™ one just needs to find and orthonormal basis v, 41, ..., v, in Ker V*; then
the system vi,ve,..., v, will be an orthonormal basis in F”. And one can
always get an orthonormal basis from an arbitrary one using Gram—Schmidt
orthogonalization.

Then A can be represented as

(3.4) A=WXV*,
where V € ME, and W € ML, are unitary matrices with columns
Vi,Vo,...,V, and Wi, W, ..., W;, respectively, and ¥ is a “diagonal” m x n
matrix
Ok i=k<r:
. Yip= ;
(3.5) Gk { 0 otherwise.

In other words, to get the matrix > one has to take the diagonal matrix
diag{oi,09,...,0,} and make it to an m x n matrix by adding extra zeroes
“south and east”.

Definition 3.9. For a matrix A € ML, (recall that here F is always C or
R) its singular value decomposition (SVD) is a decomposition of form (3.4),

i.e. a decomposition A = WXV*, where W € ML, V € ME,, are unitary

mxXm?
matrices and ¥ € M,}};J;n is a “diagonal” one (meaning that oy > 0 for all
k=1,2,...,min{m,n}, and o = 0 for all j # k).

The representation (3.3) is often called the reduced or compact SVD.
More precisely the reduced SVD is a representation A = V[N/ff/*, where
Se MY r< min{m,n} is a diagonal matrix with strictly positive diagonal

TXT)
entries, and W e MF Ve MF

X nxr are isometries; moreover, we require that

at least one of the matrices W and V is not square.

Remark 3.10. It is easy to see that if A = WXV™* is a singular value
decomposition of A, then o} := o) are singular values of A, i.e. U,% are
eigenvalues of A*A. Moreover, the columns v of V' are the corresponding
eigenvectors of A*A, A*Avy = U,%Vk. Note also that if o # 0 then wy =
éAvk.

All that means that any singular value decomposition A = WXV™ can be
obtained from a Schmidt decomposition (3.2) by the construction described
above in this section.

The reduced singular value decomposition can be interpreted as a matrix
form of the Schmidt decomposition (3.2) for a non-invertible matrix A. For
an invertible matrix A the matrix form of the Schmidt decomposition gives
the singular value decomposition.
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Remark 3.11. An alternative way to interpret the singular value decompo-
sition A = WXV™ is to say that ¥ is the matrix of A in the (orthonormal)

bases A = vy,vo,...,vy, and B := w1, Wa, ..., Wy, i.e that ¥ = [A]BA.

We will use this interpretation later.

3.4.1. From singular value decomposition to the polar decomposition. Note,
that if we know the singular value decomposition A = WXV™ of a square
matrix A, we can write a polar decomposition of A:

(3.6) A=WSV* = (WV(VEV*) = U]A]
where |A| = VEV* and U = WV*,

To see that this indeed give us a polar decomposition let us notice that
V3V* is a self-adjoint, positive semidefinite operator and that

A*A = VEWWEV* = VESV* = VEV*VIV* = (VEV*)2,

So by the definition of |A| as the unique positive semidefinite square root
of A*A, we can see that |[A| = VEV*. The transformation WV™* is clearly
unitary, as a product of two unitary transformations, so (3.6) indeed gives
us a polar decomposition of A.

Note, that this reasoning only works for square matrices, because if A is
not square, then the product V'3 is not defined (dimensions do not match,
can you see how?).

Exercises.

3.1. Show that the number of non-zero singular values of a matrix A coincides with
its rank.
T
3.2. Find Schmidt decompositions A = Z spwi vy for the following matrices A:
k=1

71 1

( (2) 3 > , 0o o0 |, 0

5 5 -1

3.3. Let A be an invertible matrix, and let A = WXV* be its singular value
decomposition. Find a singular value decomposition for A* and A~!.

— =

3.4. Find singular value decomposition A = WXV* where V and W are unitary
matrices for the following matrices:

-3 1
a) A= 6 -2 |;
6 -2

b)A:(g : _;)



4. Applications of the singular value decomposition. 177

3.5. Find singular value decomposition of the matrix
2 3
(0 3)

a) max|x| <1 ||Ax|| and the vectors where the maximum is attained;

Use it to find

b) minjy = [|Ax| and the vectors where the minimum is attained;
c) the image A(B) of the closed unit ball in R?, B = {x € R? : ||x|| < 1}.
Describe A(B) geometrically.
3.6. Show that for a square matrix A, |det A| = det|A|.
3.7. True or false

a) Singular values of a matrix are also eigenvalues of the matrix.
b) Singular values of a matrix A are eigenvalues of A*A.

¢) Is s is a singular value of a matrix A and c is a scalar, then |c|s is a singular
value of cA.

d) The singular values of any linear operator are non-negative.
e) Singular values of a self-adjoint matrix coincide with its eigenvalues.
3.8. Let A be an m X n matrix. Prove that non-zero eigenvalues of the matrices
A*A and AA* (counting multiplicities) coincide.
Can you say when zero eigenvalue of A*A and zero eigenvalue of AA* have the

same multiplicity?

3.9. Let s be the largest singular value of an operator A, and let X\ be the eigenvalue
of A with largest absolute value. Show that |A| < s.

3.10. Show that the rank of a matrix is the number of its non-zero singular values
(counting multiplicities).

3.11. Show that the operator norm of a matrix A coincides with its Frobenius norm
if and only if the matrix has rank one. Hint: The previous problem might help.

2 -3
=5 2)

describe the inverse image of the umit ball, i.e. the set of all x € R? such that
[|Ax|| < 1. Use singular value decomposition.

3.12. For the matrix A

4. Applications of the singular value decomposition.

As we discussed above, the singular value decomposition is simply diago-
nalization with respect to two different orthonormal bases. Since we have
two different bases here, we cannot say much about spectral properties of an
operator from its singular value decomposition. For example, the diagonal
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entries of ¥ in the singular value decomposition (3.4) are not the eigenvalues
of A. Note, that for A = WXV* as in (3.4) we generally have A" # WX"V*,
so this diagonalization does not help us in computing functions of a matrix.

However, as the examples below show, singular values tell us a lot about
so-called metric properties of a linear transformation.

Final remark: performing singular value decomposition requires finding
eigenvalues and eigenvectors of the Hermitian (self-adjoint) matrix A*A. To
find eigenvalues we usually computed characteristic polynomial, found its
roots, and so on... This looks like quite a complicated process, especially if
one takes into account that there is no formula for finding roots of polyno-
mials of degree 5 and higher.

However, there are very effective numerical methods of find eigenvalues
and eigenvectors of a hermitian matrix up to any given precision. These
methods do not involve computing the characteristic polynomial and finding
its roots. They compute approximate eigenvalues and eigenvectors directly
by an iterative procedure. Because a Hermitian matrix has an orthogonal
basis of eigenvectors, these methods work extremely well.

We will not discuss these methods here, it goes beyond the scope of
this book. However, you should believe me that there are very effective nu-
merical methods for computing eigenvalues and eigenvectors of a Hermitian
matrix and for finding the singular value decomposition. These methods are
extremely effective, and just a little more computationally intensive than
solving a linear system.

4.1. Image of the unit ball. Consider for example the following problem:
let A:R"™ — R™ be a linear transformation, and let B = {x € R": ||x|| < 1}
be the closed unit ball in R™. We want to describe A(B), i.e. we want to
find out how the unit ball is transformed under the linear transformation.

Let us first consider the simplest case when A is a diagonal matrix A =
diag{o1,09,...,00}, 0 >0, k =1,2,...,n. Then for x = (z1,72,...,2,)"
and (y1,v2,...,yn). = y = Ax we have y, = opr; (equivalently, x), =
yg/ok) for k=1,2,...,n, so

y = (y17y27"'7yn>T:AX fOI' ”XH S 17
if and only if the coordinates y1,y2, ..., Y, satisfy the inequality
2 2 2 n 2
L -3
01 93 On 15 Ok

(this is simply the inequality [|x||? = >, |zx]? < 1).
The set of points in R satisfying the above inequalities is called an el-
lipsoid. If n = 2 it is an ellipse with half-axes o1 and o9, for n = 3 it is
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an ellipsoid with half-axes 01,02 and o3. In R™ the geometry of this set
is also easy to visualize, and we call that set an ellipsoid with half axes
01,09,...,0p. The vectors e, es, ..., e, or, more precisely the correspond-
ing lines are called the principal azxes of the ellipsoid.

The singular value decomposition essentially says that any operator in an
inner product space is diagonal with respect to a pair of orthonormal bases,
see Remark 3.11. Namely, consider the orthogonal bases A = vy, vs,...,v,
and B = wq,wa,...,w, from the singular value decomposition (3.4). Then
the matrix of A in these bases is diagonal

[A]z 4 = diag{oy : k=1,2,...,n}.
Assuming that all o5 > 0 and essentially repeating the above reasoning, it

is easy to show that any point y = Ax € A(B) if and only if it satisfies the
inequality

2 2 2 L)
L ) B9
oy 03 O 21 %k
where y1,y2,...,yn are coordinates of y in the orthonormal basis B =
W1, W2, ..., Wy, not in the standard one. Similarly, (z1,z2,...,2,)" = [X]A.

But that is essentially the same ellipsoid as before, only “rotated” (with
different but still orthogonal principal axes)!

There is also an alternative explanation which is presented below.

Consider the general case, when the matrix A is not necessarily square,
and (or) not all singular values are non-zero. Consider first the case of a
“diagonal” matrix ¥ of form (3.5). It is easy to see that the image ¥B of
the unit ball B is the ellipsoid (not in the whole space but in the Ran )
with half axes o1, 09,...,0,.

Consider now the general case, A = WXV™* where V, W are unitary
operators. Unitary transformations do not change the unit ball (because
they preserve norm), so V*(B) = B. We know that ¥(B) is an ellipsoid in
Ran ¥ with half-axes 01,09, ...,0,. Unitary transformations do not change
geometry of objects, so W (X(B)) is also an ellipsoid with the same half-axes.
It is not hard to see from the decomposition A = WXV* (using the fact that
both W and V* are invertible) that W transforms Ran¥ to Ran A, so we
can conclude:

the image A(B) of the closed unit ball B is an ellipsoid in Ran A
with half axes o1,09,...,0,.. Here r is the number of non-zero
singular values, i.e. the rank of A.
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4.2. Operator norm of a linear transformation. Given a linear trans-
formation A : X — Y let us consider the following optimization problem:
find the maximum of ||Ax| on the closed unit ball B = {x € X : ||x|| < 1}.

Again, singular value decomposition allows us to solve the problem. For
a “diagonal” (like the matrix ¥ in the definition of the singular value de-
composition) matrix A with non-negative entries the maximum is exactly

maximal diagonal entry. Indeed, let sq,so,...,s, be non-zero diagonal en-
tries of A and let 51 be the maximal one. Since for x = (1, 22,...,2,)"
'
(4.1) Ax = Z SpTer,
k=1

we can conclude that
T I8

1AX|* =) silewl? < 7Y fanl* = 51 - x|,
k=1 k=1
so ||Ax|| < s1]|x[|. On the other hand, ||Ae;|| = ||sie1|| = si|le1], so indeed

s1 is the maximum of ||Ax| on the closed unit ball B. Note, that in the
above reasoning we did not assume that the matrix A is square; we only
assumed that all entries outside the “main diagonal” are 0, so formula (4.1)

holds.

To treat the general case let us consider the singular value decomposi-
tion (3.4), A = WXV*, where W, V are unitary operators, and X is the
“diagonal” matrix with non-negative entries. Since unitary transformations
do not change the norm, one can conclude that the maximum of ||Ax|| on
the unit ball B is the maximal diagonal entry of ¥ i.e. that

the maximum of || Ax|| on the unit ball B is the maximal singular
value of A.

Definition. The quantity max{||Ax|| : x € X, ||x]| < 1} is called the opera-
tor norm of A and denoted ||A]|.

It is an easy exercise to see that || A|| satisfies all properties of the norm:
1. ladl = [a] - | Al;
2. |A+ Bl < [ Al + IBIl;
3. |A]] > 0 for all A;
4. ||A]| = 0 if and only if A =0,
so it is indeed a norm on a space of linear transformations from X to Y.
One of the main properties of the operator norm is the inequality
lAx] < A - ]l

which follows easily from the homogeneity of the norm ||x||.
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In fact, it can be shown that the operator norm || A|| is the best (smallest)
number C > 0 such that

|Ax|| < C|lx|  Vx € X.

This is often used as a definition of the operator norm.

On the space of linear transformations we already have one norm, the
Frobenius, or Hilbert-Schmidt norm || A2,

|A||% = trace(A*A).

So, let us investigate how these two norms compare.

Let s1,82,...,8, be non-zero singular values of A (counting multiplici-
ties), and let s1 be the largest singular value. Then s2, s3, ..., s2 are non-zero

eigenvalues of A*A (again counting multiplicities). Recalling that the trace
equals the sum of the eigenvalues we conclude that

| A3 = trace(A*A) = Zsz
k=1

On the other hand we know that the operator norm of A equals its largest
singular value, i.e. ||A|| = s1. So we can conclude that ||A|| < ||A||2, i.e. that

the operator norm of a matrix cannot be more than its Frobenius
norm.

This statement also admits a direct proof using the Cauchy—Schwarz in-
equality, and such a proof is presented in some textbooks. The beauty of
the proof we presented here is that it does not require any computations and
illuminates the reasons behind the inequality.

4.3. Condition number of a matrix. Suppose we have an invertible
matrix A and we want to solve the equation Ax = b. The solution, of
course, is given by x = A~'b, but we want to investigate what happens if
we know the data only approximately.

That happens in the real life, when the data is obtained, for example by
some experiments. But even if we have exact data, round-off errors during
computations by a computer may have the same effect of distorting the data.

Let us consider the simplest model, suppose there is a small error in the
right side of the equation. That means, instead of the equation Ax = b we
are solving

Ax = b + Ab,

where Ab is a small perturbation of the right side b.

So, instead of the exact solution x of Ax = b we get the approximate
solution x+Ax of A(x+4x) = b+Aab. We are assuming that A is invertible,
so Ax = A~ !ab.
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We want to know how big is the relative error in the solution ||ax||/||x||
in comparison with the relative error in the right side ||ab]||/|[b]|. It is easy
to see that

lax|l _ [[A~1ab|| _ [A"'abl| |b|| _ [A~'abl| [|Ax]|

(| ] bl [l bl [lx]
Since [[A~!ab|| < [|[A7Y]| - ||ab]| and ||Ax]|| < ||A]| - ||x|| we can conclude that
Jab]
bl

IMﬂ

The quantity || A|-||A™1| is called the condition number of the matrix A.
It estimates how the relative error in the solution x depends on the relative
error in the right side b.

< [lATH - 11l

Let us see how this quantity is related to singular values. Let the numbers
$1,89,...,8, be the singular values of A, and let us assume that sy is the
largest singular value and s, is the smallest. We know that the (operator)
norm of an operator equals its largest singular value, so

_ 1
1Al =51, A7 =—,

n
SO
_ S1
JA] - [|[A7Y = =
Sn
In other words

The condition number of a matrix equals to the ratio of the
largest and the smallest singular values.

We deduced above that H”A’ﬁ” <||A7Y- HAH | It is not hard to see
that this estimate is sharp, i.e. that it is possible t pick the right side b and

the error Ab such that we have equality
[[ax]| |ab]

T = AT 1Al :
] bl

We just put b = w; and Ab = aw,,, where w; and w,, are respectively the
first and the last column of the matrix W in the singular value decomposition
A =W3XV* and « # 0 is an arbitrary scalar. Here, as usual, the singular
values are assumed to be in non-increasing order s; > so > ... > Sy, SO S1
is the largest and s, is the smallest eigenvalue.

We leave the details as an exercise for the reader.

A matrix is called well conditioned if its condition number is not too big.
If the condition number is big, the matrix is called ill conditioned. What is
“big” here depends on the problem: with what precision you can find your
right side, what precision is required for the solution, etc.
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4.4. Effective rank of a matrix. Theoretically, the rank of a matrix is
easy to compute: one just needs to row reduce matrix and count pivots.
However, in practical applications not everything is so easy. The main rea-
son is that very often we do not know the exact matrix, we only know its
approximation up to some precision.

Moreover, even if we know the exact matrix, most computer programs
introduce round-off errors in the computations, so effectively we cannot dis-
tinguish between a zero pivot and a very small pivot.

A simple naive idea of working with round-off errors is as follows. When
computing the rank (and other objects related to it, like column space,
kernel, etc) one simply sets up a tolerance (some small number) and if the
pivot is smaller than the tolerance, count it as zero. The advantage of this
approach is its simplicity, since it is very easy to program. However, the main
disadvantage is that it is impossible to see what the tolerance is responsible
for. For example, what do we lose if we set the tolerance equal to 10767
How much better will 1078 be?

While the above approach works well for well conditioned matrices, it is
not very reliable in the general case.

A better approach is to use singular values. It requires more computa-
tions, but gives much better results, which are easier to interpret. In this
approach we also set up some small number as a tolerance, and then per-
form singular value decomposition. Then we simply treat singular values
smaller than the tolerance as zero. The advantage of this approach is that
we can see what we are doing. The singular values are the half-axes of the
ellipsoid A(B) (B is the closed unit ball), so by setting up the tolerance we
just deciding how “thin” the ellipsoid should be to be considered “flat”.

4.5. Moore—Penrose (pseudo)inverse. As we discussed in Section 4 of
Chapter 5 above, the least square solution gives us, in the case when an
equation Ax = b does not have a solutions, the “next best thing” (and gives
us the solution of Ax = b when it exists).

Note, that the question of uniqueness is not addressed by the least square
solution: a solution of the normal equation A*Ax = A*b does not have to
be unique. A natural distinguished solution would be a solution of minimal
norm; such a solution is indeed unique, and can be obtained by taking an ar-
bitrary solution and then taking its projection onto (Ker A*A)* = (Ker A)*,
see Exercises 4.5 and 4.6 in Chapter 5.

It is not hard to see that if A = WEV* is a reduced singular value
decomposition of A, then the minimal norm least square solution xq is given
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by
(4.2) xo = VE'W*b.
Indeed, xg is a least square solution of Ax = b (i.e. a solution of Ax =
Pranab):
Axg = WEV'VE'W*b = WEE'W*b = WiW'b = P, ,b;

in the last equality in the chain we used the fact that WW* = PR 7
an
(PR = W(W*W)~1W* = WW*) and that RanW = Ran A (see Exer-

an
cise 4.4 below).

The general solution of Ax = P, b is given by

X =xX9+Yy, y € Ker A.

Note that xg € Ran W and Ran W = Ran A*) see again Exercise 4.4 below.
Therefore xg | Ker A (because Ker A = (Ran A*)*, see Theorem 5.1 in
Chapter 5), so xg is indeed the unique minimal norm solution of Ax =

Py, 4P, or equivalently, the minimal norm least square solution of Ax = b.

Definition 4.1. The operator A" := Vi_lw*, where A = WEV* is a
reduced singular value decomposition of A, is called the Moore—Penrose in-
verse (or Moore—Penrose pseudoinverse) of the operator A. In other words,
the Moore—Penrose inverse is the operator giving the unique least square
solution of Ax = b.

Remark 4.2. In the literature the Moore—Penrose inverse is usually defined
as a matrix A" such that

1. AATA = A;

2. ATAAT = AT

3. (AAT)* = AAT,

4. (ATA)* = ATA.

It is very easy to check that the operator AT := VE-1W* satisfies prop-

erties 1-4 above.

It is also possible (although a bit harder) to show that an operator A™
satisfying properties 1-4 is unique. Indeed, right and left multiplying identity
1 by AT, we get that (ATA)2 = AT A and (AAT)?2 = AAT; together with
properties 3 and 4 this means that AT A and AA™ are orthogonal projections
(see Exercise 5.6 in Chapter 5).

Trivially, Ker A C Ker AT A. On the other hand, identity 1 implies that
Ker AT A C Ker A (why?), so Ker AT A = Ker A. But this means that AT A
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is the orthogonal projection onto (Ker A)t = Ran A*,

ATA=P Ran A*°

Property 1 also implies that AATy =y for all y € Ran A. Since AA™T is

an orthogonal projection, we conclude that Ran A € Ran AA™. The opposite

inclusion Ran AAT C Ran A is trivial, so AAT is the orthogonal projection
onto Ran A,

AAT =P,

Ran A~
Knowing AT A and AAT we can rewrite property 2 as
+ oAt - _ At
PRanA*A =A or A PRanA_A .
Combining the above identities we get
+ At
PRanA*A PRanA = A"

Finally, for any b in the target space of A

xg:=ATb = oo e A*b € Ran A*

and

Axo = AAYb =P, b,

i.e. Xq is a least square solution of Ax = b. Since x¢ € Ran A* = (Ker A)*,
X is, as we discussed above, the least square solution of minimal norm. But,
as we had shown before, such minimal norm solution is given by (4.2), so
AT = VST, O

Exercises.

4.1. Find norms and condition numbers for the following matrices:
4 0
a) A= ( 1 3 )
5 3
wa-( 2 2)

For the matrix A from part a) present an example of the right side b and the
error Ab such that

[lax]] 1y, lab]|
= 1Al AT ;
x| b
here Ax =b and Aax = ab.
4.2. Let A be a normal operator, and let A1, Ag, ..., A, be its eigenvalues (counting
multiplicities). Show that singular values of A are |A1], |z, ..., [An]-

4.3. Find singular values, norm and condition number of the matrix

2 11
A=11 2 1
1 1 2
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You can do this problem practically without any computations, if you use the pre-
vious problem and can answer the following questions:

a) What are singular values (eigenvalues) of an orthogonal projection Pg onto
some subspace E7?

b) What is the matrix of the orthogonal projection onto the subspace spanned
by the vector (1,1,1)%?

¢) How the eigenvalues of the operators T' and aT + bI, where a and b are
scalars, are related?

Of course, you can also just honestly do the computations.

4.4. Let A = WEV* be a reduced singular value decomposition of A. Show that
Ran A = Ran W and then by taking adjoint that Ran A* = Ran V.

4.5. Write a formula for the Moore-Penrose inverse AT in terms of the singular
value decomposition A = WXV*.

4.6. Tychonov’s reqularization: Prove that the Moore—Penrose inverse AT can be
computed as the limits

AT = lim (A*A+el) P A" = lim A*(AA* +eI)7!
e—0+ e—0+

5. Structure of orthogonal matrices

An orthogonal matrix U with detU = 1 is often called a rotation. The
theorem below explains this name.

Theorem 5.1. Let U be an orthogonal operator in R™ and let detU = 1.3
Then there exists an orthonormal basis vi,Vs,..., v, such that the matriz
of U in this basis has the block diagonal form

Ry, 0

R%02

0 R,

where Ry, are 2-dimensional rotations,
cos Y — sin @y
Roy = sin ¢
ko COSQp
and Ip,_o stands for the identity matriz of size (n — 2k) x (n — 2k).
Proof. We know that if p is a polynomial with real coefficient and A is its

complex root, p(A) = 0, thenix is a root of p as well, p(A\) = 0 (this can
easily be checked by plugging A into p(z) = > ;_, apz).

3For an orthogonal matrix U det U = £1.
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Therefore, all complex eigenvalues of a real matrix can be split into pairs
ALy Ak

We know, that eigenvalues of a unitary matrix have absolute value 1, so
all complex eigenvalues of U (which is both real and unitary) can be written
as pairs A\ = cos oy, + isin ay, A\; = cos oy, — i sin ay.

Fix a pair of complex eigenvalues A and A, and let u € C" be the eigen-
vector of U, Uu = Au. Then Ut = Au. Now, split u into real and imaginary
parts, i.e. define

x:=Reu= (u+1u)/2, y =Imu = (u—-1u)/(2i),

so u = x+ iy (note, that x,y are real vectors, i.e. vectors with real entries).
Then
1 1 -
Ux = U§(u +u) = 5(/\u+ Au) = Re(Au).
Similarly,

Uy = Q%U(u _w) = %(Au _ X) = Im(\u).
Since A\ = cos « + i sin «, we have
Au = (cosa+isina)(x+iy) = ((cosa)x — (sina)y) +i((cos a)y + (sin a)x).
0
Ux = Re(Au) = (cosa)x—(sina)y, Uy = Im(Au) = (cos @)y + (sin a)x.

In other word, U leaves the 2-dimensional subspace E) spanned by the vec-
tors x,y invariant and the matrix of the restriction of U onto this subspace

is the rotation matrix
cosa  sina
R_,= . .
—sina  coso

Note, that the vectors u and u (eigenvectors of a unitary matrix, cor-
responding to different eigenvalues) are orthogonal, so by the Pythagorean
Theorem

\[

2
Il =yl = 5= ).

It is easy to check that x 1 y, so x,y is an orthogonal basis in E). If we
multiply each vector in the basis x,y by the same non-zero number, we do
not change matrices of linear transformations, so without loss of generality
we can assume that ||x]| = ||y|| = 1 i.e. that x,y is an orthonormal basis in
Ey.

Let us complete the orthonormal system v; = X, vy =y to an orthonor-
mal basis in R”. Since UFE) C E), i.e. E) is an invariant subspace of U, the
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matrix of U in this basis has the block triangular form

R_, *

0 Ui

where 0 stands for the (n — 2) x 2 block of zeroes.
Since the rotation matrix R_, is invertible, we have UFE) = E\. There-
fore
U*E\=U"'E, = E),
so the matrix of U in the basis we constructed is in fact block diagonal,

R_, 0

0 Uy

Since U is unitary

I 0

1=UU={ ol g |

so, since U is square, it is also unitary.

If U; has complex eigenvalues we can apply the same procedure to de-
crease its size by 2 until we are left with a block that has only real eigenvalues.
Real eigenvalues can be only +1 or —1, so in some orthonormal basis the
matrix of U has the form

R_a, 0

R_a,

R_.,

0

here I, and I; are identity matrices of size r X r and [ x [ respectively. Since
det U = 1, the multiplicity of the eigenvalue —1 (i.e. r) must be even.

I

Note, that the 2x2 matrix —Is can be interpreted as the rotation through
the angle m. Therefore, the above matrix has the form given in the conclusion
of the theorem with ¢ = —a or pr = O

Let us give a different interpretation of Theorem 5.1. Define T} to be
a rotation through ¢; in the plane spanned by the vectors v;, vj;1. Then
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Theorem 5.1 simply says that U is the composition of the rotations T}, j =
1,2,...,k. Note, that because the rotations T act in mutually orthogonal
planes, they commute, i.e. it does not matter in what order we take the
composition. So, the theorem can be interpreted as follows:

Any rotation in R™ can be represented as a composition of at
most n/2 commuting planar rotations.

If an orthogonal matrix has determinant —1, its structure is described
by the following theorem.

Theorem 5.2. Let U be an orthogonal operator in R™, and let detU =
—1.Then there exists an orthonormal basis vi,vs,..., v, such that the ma-
triz of U in this basis has block diagonal form

R<P1 O

I
0 -1

where r =n — 2k — 1 and R, are 2-dimensional rotations,
Cos p, — Sin g,
R = sin
Yr  COSPL
and I,_op stands for the identity matriz of size (n — 2k) x (n — 2k).
We leave the proof as an exercise for the reader. The modification that
one should make to the proof of Theorem 5.1 are pretty obvious.

Note, that it follows from the above theorem that an orthogonal 2 x 2
matrix U with determinant —1 is always a reflection.

Let us now fix an orthonormal basis, say the standard basis in R". We
call an elementary rotation® a rotation in the xj-), plane, i.e. a linear trans-
formation which changes only the coordinates x; and xj, and it acts on these
two coordinates as a plane rotation.

Theorem 5.3. Any rotation U (i.e. an orthogonal transformation U with
detU = 1) can be represented as a product at most n(n — 1)/2 elementary
rotations.

To prove the theorem we will need the following simple lemmas.

Lemma 5.4. Let x = (v1,22)7 € R2. There erxists a rotation R, of R?
which moves the vector x to the vector (a,0)?, where a = \/23 + 3.

4This term is not widely accepted.
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The proof is elementary, and we leave it as an exercise for the reader.
One can just draw a picture or/and write a formula for R,.

Lemma 5.5. Let x = (21, %2,...,2,)" € R". There exist n — 1 elementary
rotations Ri,Ra,...,Ry,_1 such that R, 1..., RoRix = (a,0,0,...,0),
where a = /23 + 13 + ... +22.

Proof. The idea of the proof of the lemma is very simple. We use an
elementary rotation Ry in the z,,_1-z, plane to “kill” the last coordinate of
x (Lemma 5.4 guarantees that such rotation exists). Then use an elementary
rotation Ry in x,_o-x,_1 plane to “kill” the coordinate number n—1 of R1x
(the rotation Ry does not change the last coordinate, so the last coordinate
of ReR1x remains zero), and so on. ..

For a formal proof we will use induction in n. The case n = 1 is trivial,
since any vector in R! has the desired form. The case n = 2 is treated by
Lemma 5.4.

Assuming now that Lemma is true for n — 1, let us prove it for n. By
Lemma 5.4 there exists a 2 x 2 rotation matrix R, such that

Tp—1 . Ap—1
(0= (%):

where a,,_1 = \/3“721—1 + 22. So if we define the n x n elementary rotation

Ry by
I, — 0
Rl:( 02 R )

(In—2 is (n —2) x (n — 2) identity matrix), then
R1X = (1’1, L2yeeoyp—2,0n—1, O)T.

We assumed that the conclusion of the lemma holds for n — 1, so there
exist n — 2 elementary rotations (let us call them Ry, R, ..., R, 1) in R*~!
which transform the vector (z1,z2,... ,xn_g,an_l)T € R*"! to the vector
(a,0,...,0)7 € R*"!. In other words

Rn—l N R3R2($1,Z’2, ey p—2, an_l)T = (a, 0, Ce ,O)T.

We can always assume that the elementary rotations Ro, R3,..., Rn_1
act in R", simply by assuming that they do not change the last coordinate.
Then

Rn_1...R3RyR1x = (a,0,...,0)T e R™.

Let us now show that a = /27 + 22+ ... +22. It can be easily checked
directly, but we apply the following indirect reasoning. We know that or-
thogonal transformations preserve the norm, and we know that a > 0.
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But, then we do not have any choice, the only possibility for a is a =
Vol + a4+ a2, O

Lemma 5.6. Let A be an n X n matriz with real entries. There exist el-
ementary rotations Ry, Ra,...,Ry, N < n(n — 1)/2 such that the matriz
B = Ry ...RaR1 A is upper triangular, and, moreover, all its diagonal en-
tries except the last one By, , are non-negative.

Proof. We will use induction in n. The case n = 1 is trivial, since we can
say that any 1 x 1 matrix is of desired form.

Let us consider the case n = 2. Let a; be the first column of A. By
Lemma 5.4 there exists a rotation R which “kills” the second coordinate of
ap, making the first coordinate non-negative. Then the matrix B = RA is
of desired form.

Let us now assume that lemma holds for (n — 1) x (n — 1) matrices,
and we want to prove it for n X n matrices. For the n x n matrix A let a;
be its first column. By Lemma 5.5 we can find n — 1 elementary rotations
(say Ry, Ra, ..., R,_1) which transform a; into (a,0,...,0)”. So, the matrix
R,_1... RoR1 A has the following block triangular form

a *
Rn_1...R2R1A—<O A1>’

where A; is an (n — 1) x (n — 1) block.

We assumed that lemma holds for n — 1, so A; can be transformed by at
most (n—1)(n—2)/2 rotations into the desired upper triangular form. Note,
that these rotations act in R”~! (only on the coordinates xo, 3, ..., x,), but
we can always assume that they act on the whole R" simply by assuming
that they do not change the first coordinate. Then, these rotations do not
change the vector (a,0,...,0)T (the first column of R,,_1 ... RaR1 A), so the
matrix A can be transformed into the desired upper triangular form by at
most n — 1+ (n—1)(n —2)/2 = n(n — 1)/2 elementary rotations. O

Proof of Theorem 5.3. By Lemma 5.6 there exist elementary rotations
Ri, Ra, ..., Ry such that the matrix Uy = Ry ... RoR U is upper triangular,
and all diagonal entries, except maybe the last one, are non-negative.

Note, that the matrix U is orthogonal. Any orthogonal matrix is normal,
and we know that an upper triangular matrix can be normal only if it is
diagonal. Therefore, U; is a diagonal matrix.

We know that an eigenvalue of an orthogonal matrix can either be 1 or
—1, so we can have only 1 or —1 on the diagonal of U;. But, we know that
all diagonal entries of Uj, except may be the last one, are non-negative, so
all the diagonal entries of Uy, except may be the last one, are 1. The last
diagonal entry can be +1.
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Since elementary rotations have determinant 1, we can conclude that
det Uy = detU = 1, so the last diagonal entry also must be 1. So Uy = I,
and therefore U can be represented as a product of elementary rotations
U=R{'Ry"... R;,l. Here we use the fact that the inverse of an elementary
rotation is an elementary rotation as well. O

6. Orientation

6.1. Motivation. In Figures 1, 2 below we see 3 orthonormal bases in R?
and R? respectively. In each figure, the basis b) can be obtained from the
standard basis a) by a rotation, while it is impossible to rotate the standard
basis to get the basis ¢) (so that ey goes to vi Vk).

You have probably heard the word “orientation” before, and you proba-
bly know that bases a) and b) have positive orientation, and orientation of
the bases c) is negative. You also probably know some rules to determine
the orientation, like the right hand rule from physics. So, if you can see a
basis, say in R3, you probably can say what orientation it has.

But what if you only given coordinates of the vectors vi,vo,v3? Of
course, you can try to draw a picture to visualize the vectors, and then to

2 b) ><V ’

Figure 1. Orientation in R?

es3 V3 V3
V2
el €2 V1
V1 Vo
a) b) c)

Figure 2. Orientation in R3
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see what the orientation is. But this is not always easy. Moreover, how do
you “explain” this to a computer?

It turns out that there is an easier way. Let us explain it. We need to
check whether it is possible to get a basis vi, v, vs in R? by rotating the
standard basis ej, e, e3. There is unique linear transformation U such that

Uek:vk, ]{3:1,2,3;

its matrix (in the standard basis) is the matrix with columns vy, vo,vs. It
is an orthogonal matrix (because it transforms an orthonormal basis to an
orthonormal basis), so we need to see when it is rotation. Theorems 5.1 and
5.2 give us the answer: the matrix U is a rotation if and only if det U = 1.
Note, that (for 3 x 3 matrices) if det U = —1, then U is the composition of
a rotation about some axis and a reflection in the plane of rotation, i.e. in
the plane orthogonal to this axis.

This gives us a motivation for the formal definition below.

6.2. Formal definition. Let A and B be two bases in a real vector space
X. We say that the bases A and B have the same orientation, if the change
of coordinates matrix [I] B.A has positive determinant, and say that they
have different orientations if the determinant of [I] 5.4 18 negative.

Note, that since [I]45 = [I];A7 one can use the matrix [I] 45 in the
definition. ’
We usually assume that the standard basis e, es, ..., e, in R" has posi-

tive orientation. In an abstract space one just needs to fix a basis and declare
that its orientation is positive.

If an orthonormal basis vi,va,...,v, in R™ has positive orientation
(i.e. the same orientation as the standard basis) Theorems 5.1 and 5.2 say
that the basis vi,va,..., Vv, is obtained from the standard basis by a rota-
tion.

6.3. Continuous transformations of bases and orientation.

Definition. We say that a basis A = {a;,as,...,a,} can be continuously
transformed to a basis B = {bi,ba,...,b,} if there exists a continuous
family of bases V(t) = {v1i(t), va(t),...,vn(t)}, t € [a,b] such that

Vk(a) = ag, Vk(b) :bk, k:1,2...,n.

“Continuous family of bases” mean that the vector-functions vy () are con-
tinuous (their coordinates in some bases are continuous functions) and, which
is essential, the system vy(t), va(t),...,v,(t) is a basis for all t € [a, b].

Note, that performing a change of variables, we can always assume, if
necessary that [a,b] = [0, 1].
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Theorem 6.1. Two bases A = {aj,as,...,a,} and B = {by,ba,...,b,}
have the same orientation, if and only if one of the bases can be continuously
transformed to the other.

Proof. Suppose the basis A can be continuously transformed to the basis
B, and let V(t), t € [a,b] be a continuous family of bases, performing this
transformation. Consider a matrix-function V' (¢) whose columns are the
coordinate vectors [vi(t)] 4 of vi(t) in the basis A.

Clearly, the entries of V(t) are continuous functions and V(a) = I,
V(b) = [I]aB- Note, that because V(¢) is always a basis, det V (¢) is never
zero. Then, the Intermediate Value Theorem asserts that det V(a) and
det V(b) has the same sign. Since det V(a) = detI = 1, we can conclude
that

det[I] 45 = det V(b) > 0,
so the bases A and B have the same orientation.

To prove the opposite implication, i.e. the “only if” part of the theorem,
one needs to show that the identity matrix I can be continuously transformed
through invertible matrices to any matrix B satisfying det B > 0. In other
words, that there exists a continuous matrix-function V'(¢) on an interval
[a, b] such that for all t € [a,b] the matrix V() is invertible and such that

Vie)=1I, V(b)=B.

We leave the proof of this fact as an exercise for the reader. There are several
ways to prove that, one of which is outlined in Exercises 6.2—6.5 below. [

Exercises.

6.1. Let R, be the rotation through «, so its matrix in the standard basis is

cosa —sina

sin cosa )’
Find the matrix of R, in the basis v, vy, where vi = €3, vo = €.
6.2. Let R, be the rotation matrix

R, — < cos o —sina ) .
sin « cos

Show that the 2 x 2 identity matrix Is can be continuously transformed through

invertible matrices into R, .

6.3. Let U be an n x n orthogonal matrix, and let det U > 0. Show that the n x n
identity matrix I,, can be continuously transformed through invertible matrices into
U. Hint: Use the previous problem and representation of a rotation in R™ as a
product of planar rotations, see Section 5.
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6.4. Let A be an n x n positive definite Hermitian matrix, A = A* > 0. Show that
the n x n identity matrix I, can be continuously transformed through invertible
matrices into A. Hint: What about diagonal matrices?

6.5. Using polar decomposition and Problems 6.3, 6.4 above, complete the proof of
the “only if” part of Theorem 6.3






Chapter 7

Bilinear and quadratic
forms

While the study of real quadratic forms (i.e. real homogeneous polynomials of
degree 2) was probably the initial motivation for the subject of this chapter,
complex quadratic forms (Ax,x), x € C", A = A* are also of significant
interest. So, unless otherwise specified, result and calculations hold in both
real and complex case.

To avoid writing twice essentially the same formulas, we use the notation
adapted to the complex case: in particular, in the real case the notation A*
is used instead of AT

1. Main definition

1.1. Bilinear forms on R". A bilinear form on R" is a function L =
L(x,y) of two arguments x,y € R™ which is linear in each argument, i.e. such
that

L. L(OéXl + BX%Y) = aL(XDy) + BL(XQa Y)a
2. L(x,ay1 + fy2) = aL(x,y1) + BL(x,y2).
One can consider bilinear form whose values belong to an arbitrary vector

space, but in this book we only consider forms that take real values.

If x = (21,22,...,2,)" andy = (y1,%2,...,yn)?, a bilinear form can be

written as
n
Lx,y) = Y ajrtey;,
jk=1
or in matrix form
L(x,y) = (4x,y)
197
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where
a1l a2 ... Qip
a1 G232 ... Q2q
A =
Gn,1 Gn2 ... Qnpn

The matrix A is determined uniquely by the bilinear form L.

1.2. Quadratic forms on R"™. There are several equivalent definition of a
quadratic form.

One can say that a quadratic form on R" is the “diagonal” of a bilinear
form L, i.e. that any quadratic form @ is defined by Q[x] = L(x,x) =
(Ax, x).

Another, more algebraic way, is to say that a quadratic form is a homo-
geneous polynomial of degree 2, i.e. that Q[x] is a polynomial of n variables
r1,%2,...,Ty having only terms of degree 2. That means that only terms
amz and cz;z}, are allowed.

There many ways (in fact, infinitely many) to write a quadratic form Q[x]
as Q[x] = (Ax,x). For example, the quadratic form Q[x] = 2% + 2% — 4z 29
on R? can be represented as (Ax,x) where A can be any of the matrices

(o) (SY) (=)

In fact, any matrix A of form
1 a-4
—a 1

But if we require the matrix A to be symmetric, then such a matrix is
unique:

will work.

Any quadratic form Q[x] on R™ admits unique representation
Q[x] = (Ax,x) where A is a (real) symmetric matrix.

For example, for the quadratic form
Qx] = l‘% + 31‘% + 5x§ + 4x1x0 — 162123 + TroT3
on R3, the corresponding symmetric matrix A is

1 2 =8
2 3 35
-8 35 5
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1.3. Quadratic forms on C™. One can also define a quadratic form on C"
(or any complex inner product space) by taking a self-adjoint transformation
A = A* and defining @ by Q[x] = (Ax,x). While our main examples will
be in R™, all the theorems are true in the setting of C" as well. Bearing this
in mind, we will always use A* instead of AT

The only essential difference with the real case is that in the complex
case we do not have any freedom of choice: if the quadratic form is real, the
corresponding matrix has to be Hermitian (self-adjoint).

Note that if A = A* then
(Ax,x) = (x, A"x) = (x, Ax) = (A%, %),
so (Ax,x) € R.
The converse is also true.

Lemma 1.1. Let (Ax,x) be real for all x € C*. Then A = A*.

We leave the proof as an exercise for the reader, see Problem 1.4 below.
One of the possible ways to prove Lemma 1.1 is to use the following
version of polarization identities.

Lemma 1.2. Let A be an operator in an inner product space X.
1. If X is a complex space, then for any x,y € X
1
(Axy)=7 D olAlx+ay).x+ay).
a€cC:at=1
2. If X is a real space and A = A*, then any x,y € X

(Ax.y) = {[(AGx+y)x+y) ~ (A~ y)x - ).

For the proof of Lemma 1.2 see Exercise 6.3 in Chapter 5 above.

Exercises.
1.1. Find the matrix of the bilinear form L on R3,
L(x,y) = z1y1 + 22192 + 1421y3 — 5x2y1 + 222y — 3w2y3 + 8x3y1 + 1923y2 — 2w3Y3.
1.2. Define the bilinear form L on R? by
L(x,y) = det[x,y],

i.e. to compute L(x,y) we form a 2 X 2 matrix with columns x,y and compute its
determinant.

Find the matrix of L.
1.3. Find the matrix of the quadratic form @ on R?

Qx| = CE% + 22179 — 37173 — 91’3 + 6zox3 + 13:103.
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1.4. Prove Lemma 1.1 above.

Hint: Use the polarization identity, see Lemma 1.2. Alternatively, you can
consider the expression (A(x + zy),x + zy) and show that if it is real for all z € C

then (4Ax,y) = (y, A*x).

2. Diagonalization of quadratic forms

You have probably met quadratic forms before, when you studied second
order curves in the plane. Maybe you even studied the second order surfaces
in R3.

We want to present a unified approach to classification of such objects.
Suppose we are given a set in R™ defined by the equation Q[x] = 1, where
Q@ is some quadratic form. If @) has some simple form, for example if the
corresponding matrix is diagonal, i.e. if Q[x] = a12? + ag22 + ...+ a,r2, we
can easily visualize this set, especially if n = 2,3. In higher dimensions, it
is also possible, if not to visualize, then to understand the structure of the
set very well.

So, if we are given a general, complicated quadratic form, we want to
simplify it as much as possible, for example to make it diagonal. The stan-
dard way of doing that is the change of variables.

2.1. Orthogonal diagonalization. Let us have a quadratic form Q[x] =
(Ax,x) in F* (F is R or C). Introduce new variables y = (y1,¥2,...,yn)" €
F", with y = S~!x, where S is some invertible n x n matrix, so x = Sy.

Then,
Q[x] = Q[Sy] = (ASy, Sy) = (S*ASy,y),

so in the new variables y the quadratic form has matrix S*AS.

So, we want to find an invertible matrix .S such that the matrix S*AS
is diagonal. Note, that it is different from the diagonalization of matrices
we had before: we tried to represent a matrix A as A = SDS™!, so the
matrix D = S~1AS was diagonal. However, for unitary matrices U, we have
U* = U~!, and we can orthogonally diagonalize symmetric matrices. So we
can apply the orthogonal diagonalization we studied before to the quadratic
forms.

Namely, we can represent the matrix A as A = UDU* = UDU~!. Recall,
that D is a diagonal matrix with eigenvalues of A on the diagonal, and
U is the matrix of eigenvectors (we need to pick an orthogonal basis of
eigenvectors). Then D = U* AU, so in the variables y = U ~!x the quadratic
form has diagonal matrix.
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Let us analyze the geometric meaning of the orthogonal diagonaliza-
tion. The columns uy, uo, ..., u, of the unitary matrix U form an orthonor-
mal basis in F™, let us call this basis B. The change of coordinate matrix

[I]5 5 from this basis to the standard one is exactly U. We know that
y = (1,42, .,yn)" = U7'x, so the coordinates y1,%s, ..., ¥y, can be inter-
preted as coordinates of the vector x in the new basis uy, us, ..., u,.

So, orthogonal diagonalization allows us to visualize very well the set
Q[x] = 1, or a similar one, as long as we can visualize it for diagonal matrices.

Example. Consider the quadratic form of two variables (i.e. quadratic form
on R?), Q(z,y) = 20> +2y?+2zy. Let us describe the set of points (z,y)” €

R? satisfying Q(x,y) = 1.
2 1
A= < 2! ) |

The matrix A of Q) is
Orthogonally diagonalizing this matrix we can represent it as

30\, . 11 41
A:U<O 1>U, where U_\/§<1 1),

or, equivalently

« (3 0\
v (30) won
The set {y : (Dy,y) = 1} is the ellipse with half-axes 1/v/3 and 1. Therefore
the set {x i R? : (Ax,x) = 1}, is the same ellipse only in the basis (%, %)T
)

)
(—%, % , or, equivalently, the same ellipse, rotated /4.
2.2. Non-orthogonal diagonalization. Orthogonal diagonalization in-
volves computing eigenvalues and eigenvectors, so it may be difficult to do
without computers for large n. On the other hand, the non-orthogonal di-
agonalization, i.e. finding an invertible S (without requiring S~! = S*) such
that D = S*AS is diagonal, is much easier computationally and can be
done using only algebraic operations (addition, subtraction, multiplication,
division).

Below we present two most used methods of non-orthogonal diagonal-
ization.

2.2.1. Diagonalization by completion of squares. The first methods is based
on completion of squares. We will illustrate this method on real quadratic
forms (forms on R™). After simple modifications this method could be used
in the complex case, but we will not discuss it here. If necessary, an interested
reader should be able to make the appropriate modifications.
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Let us again consider the quadratic form of two variables, Q[x] = 227 +
27172 + 223 (it is the same quadratic form as in the above example, only
here we call variables not x,y but z1,x3). Since

1 \? 1 1 1
2 <x1 + 2x2> =2 (w% + 2x1§x2 + 41‘%) = Qx% + 2x129 + im%

(note, that the first two terms coincide with the first two terms of @), we
get
1 \° 3 3
Qx% + 2x1x2 + 2:1:% =2 <x1 + 2:@) + 5:6% = 2y% + §y§,
where y1 = 1 + %xz and yo = xo.
The same method can be applied to quadratic form of more than 2
variables. Let us consider, for example, a form Q[x] in R3,

Q[x] = 27 — 6x129 + 42123 — 62073 + 873 — 3x§.

Considering all terms involving the first variable x; (the first 3 terms in this
case), let us pick a full square or a multiple of a full square which has exactly
these terms (plus some other terms).

Since
(1 — 322 + 2563)2 = x% — 6x129 + 4123 — 1229203 + 93:% + 4x§
we can rewrite the quadratic form as
(z1 — 3x2 + 223)* — 23 + 6xow3 — T3

Note, that the expression —x% + 6xox3 — 7x§ involves only variables x5 and
r3. Since

—(z9 — 3x3)% = —(22 — 6x9x3 + 923) = —23 + 62923 — 922
we have
2 2 _ 2 2

—x5 + 6zoxs — Tog = —(x2 — 373)° + 273.

Thus we can write the quadratic form () as
Q] = (w1 — 3wz + 223)* — (w2 — 3w3)” + 223 = ¥ — 3 + 243
where
y1 = x1 — 3w + 23, Yo = xg — 33, Y3 = x3.

Finally, let us address the question that an attentive reader is probably
already asking: what to do if at some point we do have a product of two
variables, but no corresponding squares? For example, how to diagonalize
the form z1227 The answer follows immediately from the identity

(2.1) 4{L‘1£L'2 = (1'1 + ZL‘2)2 — (ZL‘l — 172)2,
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which gives us the representation
Q[x] :y%_ygv y1 = (21 +22)/2, y2 = (21 — 72) /2.

2.2.2. Diagonalization using row/column operations. There is another way
of performing non-orthogonal diagonalization of a quadratic form. The idea
is to perform row operations on the matrix A of the quadratic form. The
difference with the row reduction (Gauss-Jordan elimination) is that after
each row operation we need to perform the same column operation, the
reason for that being that we want to make the matrix S*AS diagonal.

Let us explain how everything works on an example. Suppose we want
to diagonalize a quadratic form with matrix

1 -1 3
A= -1 2 1
3 11

We augment the matrix A by the identity matrix, and perform on the aug-
mented matrix (A|I) row/column operations. After each row operation we
have to perform on the matrix A the same column operation.! We get

1 -1 3|1 0 0 1 -1 3|1 0 0
-1 2 1010 |+R ~| 0 1 4|1 1 0 |~
3 1 1(0 01 3 1 1/0 01
10 3|1 00 10 3| 1 00
01 4|1 10 ~1 01 4, 1 10 |~
34 10 0 1/)-3R~ 0 4 -8|-3 01
10 0] 1 0O 10 o 1 00
01 47 110 ~1 01 41 1 1 0 |~
0 4 -8/-3 01 —4Rs 0 0 -24|-7 —4 1
10 0, 1 0O
01 0] 1 10
0 0 —=24|-7 —4 1

Note, that we perform column operations only on the left side of the aug-
mented matrix

We get the diagonal D matrix on the left, and the matrix S* on the
right, so D = S*AS,

1 0 0 1 00 1 -1 3 1 1 -7
01 0| = 1 10 -1 2 1 01 —4
0 0 —24 -7 -4 1 3 11 00 1

1n the case of complex Hermitian matrices we perform for each row operation the conjugate
of the corresponding column operation, see Remark 2.1 below
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Let us explain why the method works. A row operation is a left multiplica-
tion by an elementary matrix. The corresponding column operation is the
right multiplication by the transposed elementary matrix. Therefore, per-

forming row operations F1, Fo, ..., Eny and the same column operations we
transform the matrix A to
(2.2) Ey...EyF\AETES ... Ey = EAE”.

As for the identity matrix in the right side, we performed only row operations
on it, so the identity matrix is transformed to

Eny...EhEW I =FEl=F.

If we now denote E* = S we get that S*AS is a diagonal matrix, and the
matrix £ = S* is the right half of the transformed augmented matrix.

In the above example we got lucky, because we did not need to inter-
change two rows. This operation is a bit tricker to perform. It is quite
simple if you know what to do, but it may be hard to guess the correct row
operations. Let us consider, for example, a quadratic form with the matrix

(Vo)

If we want to diagonalize it by row and column operations, the simplest idea
would be to interchange rows 1 and 2. But we also must to perform the
same column operation, i.e. interchange columns 1 and 2, so we will end up
with the same matrix.

So, we need something more non-trivial. The identity (2.1), for example,
can be used to diagonalize this quadratic form. However, a simpler idea also
works: use row operations to get a non-zero entry on the diagonal! For
example, if we start with making aj; non-zero, the following series of row
(and the corresponding column) operations is one of the possible choices:

0 11 0 \+3R: 1/2 1|1 1/2
1 0[0 1 1 0[0 1
1 1)1 1/2 1 1| 1 1/2
1 0[0 1 R, 0 —1|-1 1/2
1 0] 1 1/2
0 —1|-1 1/2 )"

Remark. Non-orthogonal diagonalization gives us a simple description of a
set Q[x] = 1 in a non-orthogonal basis. It is harder to visualize, than the
representation given by the orthogonal diagonalization. However, if we are
not interested in the details, for example if it is sufficient for us just to know
that the set is an ellipsoid (or hyperboloid, etc), then the non-orthogonal
diagonalization is an easier way to get the answer.
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Remark 2.1. For quadratic forms with complex entries (i.e. for forms
(Ax,x), A = A*), the non-orthogonal diagonalization works the same way
as in the real case, with the only difference, that the corresponding “column
operations” have the complex conjugate coefficients.

The reason for that is that if a row operation is given by left multiplica-
tion by an elementary matrix Ej, then the corresponding column operation
is given by the right multiplication by £, see (2.2).

Note that formula (2.2) works in both complex and reals cases: in real
case we could write Eg instead of E}, but using Hermitian adjoint allows us
to have the same formula in both cases.

Exercises.

2.1. Diagonalize the quadratic form with the matrix

1 21
A=1 2 3 2
1 21

Use two methods: completion of squares and row operations. Which one do you
like better?

Can you say if the matrix A is positive definite or not?
2.2. For the matrix A
2 1 1
A= 1 2 1
1 1 2

orthogonally diagonalize the corresponding quadratic form, i.e. find a diagonal ma-
trix D and a unitary matrix U such that D = U* AU.

3. Sylvester’s Law of Inertia

As we discussed above, there are many ways to diagonalize a quadratic form.
Note, that a resulting diagonal matrix is not unique. For example, if we got
a diagonal matrix
D = diag{A1, A2, ..., \n},
we can take a diagonal matrix
S = diag{s1, $2,...,8n}, speR, s #0
and transform D to
S*DS = diag{s?\1, s3)a, ..., 52\, }.
This transformation changes the diagonal entries of D. However, it does not
change the signs of the diagonal entries. And this is always the case!

Namely, the famous Sylvester’s Law of Inertia states that:
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For a Hermitian matrix A (i.e. for a quadratic form Q[x] =
(Ax,x)) and any of its diagonalization D = S*AS, the num-
ber of positive (negative, zero) diagonal entries of D depends
only on A, but not on a particular choice of diagonalization.

Here we of course assume that S is an invertible matrix, and D is a diagonal
one.

The idea of the proof of the Sylvester’s Law of Inertia is to express
the number of positive (negative, zero) diagonal entries of a diagonalization
D = 5§*AS in terms of A, not involving S or D.

We will need the following definition.

Definition. Given an n x n Hermitian matrix A = A* (a quadratic form
Q[x] = (Ax,x) on F™) we call a subspace E C F" positive (resp. negative,
resp. neutral) if

(Ax,x) > 0 (resp. (Ax,x) <0, resp. (Ax,x) =0)
forallx € £, x # 0.

Sometimes, to emphasize the role of A we will say A-positive (A negative,
A-neutral).

Theorem 3.1. Let A be an n X n Hermitian matriz, and let D = S*AS be
its diagonalization by an invertible matriz S. Then the number of positive
(resp. negative) diagonal entries of D coincides with the maximal dimension
of an A-positive (resp. A-negative) subspace.

The above theorem says that if r; is the number of positive diagonal
entries of D, then there exists an A-positive subspace F of dimension r,
but it is impossible to find a positive subspace £ with dim £ > 7.

We will need the following lemma, which can be considered a particular
case of the above theorem.

Lemma 3.2. Let D be a diagonal matriz D = diag{\1, A2, ..., \n}. Then
the number of positive (resp. negative) diagonal entries of D coincides with
the mazimal dimension of a D-positive (resp. D-negative) subspace.

Proof. By rearranging the standard basis in " (changing the numeration)
we can always assume without loss of generality that the positive diagonal
entries of D are the first ;. diagonal entries.

Consider the subspace E spanned by the first . coordinate vectors
e, e,...,e., . Clearly E is a D-positive subspace, and dim Ey = r.

Let us now show that for any other D-positive subspace E we have
dim F < r. Consider the orthogonal projection P = PE+,

Px = ($1,IE2,...,$7«+,0...,0)T, x = (x1,20,...,2,)7.
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For a D-positive subspace E define an operator T : E — E by
Tx = Px, Vx € E.

In other words, T is the restriction of the projection P: P is defined on
the whole space, but we restricted its domain to E and target space to E.
We got an operator acting from E to E, and we use a different letter to
distinguish it from P.

Note, that KerT = {0}. Indeed, let for x = (z1,22,...,2,)7 € E we
have Tx = Px = 0. Then, by the definition of P

Ty =x0=...=2p, =0,

and therefore

(Dx,x) Z Mezh <0 (A <0 for k> ry).
]{) 7'++1

But x belongs to a D-positive subspace F, so the inequality (Dx,x) < 0
holds only for x = 0.

Let us now apply the Rank Theorem (Theorem 7.1 from Chapter 2).
First of all, rank7 = dimRan7 < dim E = r; because RanT C E,. By
the Rank Theorem, dim Ker T' 4+ rank 7T = dim F. But we just proved that
KerT = {0}, i.e. that dimKerT = 0, so

dim £ =rankT < dim Ey =r,.

To prove the statement about negative entries, we just apply the above
reasoning to the matrix —D. O

Proof of Theorem 3.1. Let D = S*AS be a diagonalization of A. Since
(Dx,x) = (S*ASx,x) = (ASx, Sx)

it follows that for any D-positive subspace E, the subspace SE is an A-
positive subspace. The same identity implies that for any A-positive sub-
space F the subspace S™'F is D-positive.

Since S and S~! are invertible transformations, dim F = dim SE and
dim F = dim S~'F. Therefore, for any D positive subspace E we can find
an A-positive subspace (namely SE) of the same dimension, and vice versa:
for any A-positive subspace F' we can find a D-positive subspace (namely
S~1F) of the same dimension. Therefore the maximal possible dimensions of
a A-positive and a D-positive subspace coincide, and the theorem is proved.

The case of negative diagonal entries treated similarly, we leave the de-
tails as an exercise to the reader. 0
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4. Positive definite forms. Minimax characterization of
eigenvalues and the Sylvester’s criterion of positivity

Definition. A quadratic form @Q is called

e Positive definite if Q[x] > 0 for all x # 0.
e Positive semidefinite if Q[x] > 0 for all x.
o Negative definite if Q[x] < 0 for all x # 0.
Negative semidefinite if Q[x] < 0 for all x.

e Indefinite if it take both positive and negative values, i.e. if there
exist vectors x; and x3 such that Q[x;] > 0 and Q[x2] < 0.

Definition. A Hermitian matrix A = A* is called positive definite (nega-
tive definite, etc...) if the corresponding quadratic form Q[x] = (Ax,x) is
positive definite (negative definite, etc...).

Theorem 4.1. Let A = A*. Then

1. A is positive definite iff all eigenvalues of A are positive.

2. A is positive semidefinite iff all eigenvalues of A are non-negative.
3. A is negative definite iff all eigenvalues of A are negative.

4. A is negative semidefinite iff all eigenvalues of A are non-positive.

5. A is indefinite iff it has both positive and negative eigenvalues.

Proof. The proof follows trivially from the orthogonal diagonalization. In-
deed, there is an orthonormal basis in which matrix of A is diagonal, and
for diagonal matrices the theorem is trivial. U

Remark. Note, that to find whether a matrix (a quadratic form) is positive
definite (negative definite, etc) one does not have to compute eigenvalues.
By Sylvester’s Law of Inertia it is sufficient to perform an arbitrary, not
necessarily orthogonal diagonalization D = S*AS and look at the diagonal
entries of D.

4.1. Sylvester’s criterion of positivity. It is an easy exercise to see that

a 2 X 2 matrix
a b
a=(5¢)

is positive definite if and only if
(4.1) a>0 and det A = ac — [b]* >0

Indeed, if @ > 0 and det A = ac— |b|? > 0, then ¢ > 0, so trace A = a+c > 0.
So we know that if A1, Ay are eigenvalues of A then \jAs > 0 (det A > 0)
and \1 + Ay = trace A > 0. But that only possible if both eigenvalues are
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positive. So we have proved that conditions (4.1) imply that A is positive
definite. The opposite implication is quite simple, we leave it as an exercise
for the reader.

This result can be generalized to the case of n x n matrices. Namely, for
a matrix A

ai1 ai2 ... Q1n
az1 a2 ... G2n
an,l an72 e anm

let us consider its all upper left submatrices

a1 ais a1 a2 a13
A= (a1,1), Ax = ( a271 a2’2 > , A= a21 ag2 a3 |,...., A=A
’ ’ as1 a32 asg3

Theorem 4.2 (Sylvester’s Criterion of Positivity). A matric A = A* is
positive definite if and only if

det A, >0 forallk=1,2,... n.

First of all let us notice that if A > 0 then A; > 0 also (can you explain
why?). Therefore, since all eigenvalues of a positive definite matrix are
positive, see Theorem 4.1, det A > 0 for all k.

One can show that if det Ay > 0 Vk then all eigenvalues of A are posi-
tive by analyzing diagonalization of a quadratic form using row and column
operations, which was described in Section 2.2. The key here is the obser-
vation that if we perform row/column operations in natural order (i.e. first
subtracting the first row/column from all other rows/columns, then sub-
tracting the second row/columns from the rows/columns 3,4,...,n, and so
on...), and if we are not doing any row interchanges, then we automatically
diagonalize quadratic forms Ay as well. Namely, after we subtract first and
second rows and columns, we get diagonalization of As; after we subtract
the third row/column we get the diagonalization of Ag, and so on.

Since we are performing only row replacement we do not change the
determinant. Moreover, since we are not performing row exchanges and
performing the operations in the correct order, we preserve determinants of
Apj,. Therefore, the condition det A; > 0 guarantees that each new entry in
the diagonal is positive.

Of course, one has to be sure that we can use only row replacements, and
perform the operations in the correct order, i.e. that we do not encounter
any pathological situation. If one analyzes the algorithm, one can see that
the only bad situation that can happen is the situation where at some step
we have zero in the pivot place. In other words, if after we subtracted the
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first k rows and columns and obtained a diagonalization of Ag, the entry in
the k& + 1st row and k + 1st column is 0. We leave it as an exercise for the
reader to show that this is impossible. ]

The proof we outlined above is quite simple. However, let us present, in
more detail, another one, which can be found in more advanced textbooks.
I personally prefer this second proof, for it demonstrates some important
connections.

We will need the following characterization of eigenvalues of a hermitian
matrix.

4.2. Minimax characterization of eigenvalues. For a subspace E of an
inner product space X the codimension codim E¥ of E is defined as the the
dimension of its orthogonal complement, codim E = dim(E"). Since for a
subspace E C X, dim X = n we have dim E + dim E+ = n, we can see that
codim £ = dim X — dim F.

Recall that the trivial subspace {0} has dimension zero, so the whole
space X has codimension 0.

Remark. For arbitrary vector space the codimension of a subspace E can
just be defined as codim F = dim X — dim FE.

A more “high brow” definition would be the dimension of the quotient
space X/E; however in this book we do not discuss the quotient space, and
ether definition (dim E+ or dim X — dim e works for our purposes).

Theorem 4.3 (Minimax characterization of eigenvalues). Let A = A* be
an n X n matriz, and let A\ > Ao > ... > X\, be its eigenvalues taken in the
decreasing order. Then

Ar = max min (Ax,x) = min max (Ax, x).
E: xE€ : xeF
dim E=k |x|=1 codim F'=k—1 |x||=1

Let us explain in more details what the expressions like max min and
min max mean. To compute the first one, we need to consider all subspaces
E of dimension k. For each such subspace E we consider the set of all x € F
of norm 1, and find the minimum of (Ax,x) over all such x. Thus for each
subspace we obtain a number, and we need to pick a subspace E such that
the number is maximal. That is the max min.

The min max is defined similarly.

Remark. A sophisticated reader may notice a problem here: why do the
maxima and minima exist? It is well known, that maximum and minimum
have a nasty habit of not existing: for example, the function f(x) = x has
neither maximum nor minimum on the open interval (0, 1).
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However, in this case maximum and minimum do exist. There are two
possible explanations of the fact that (Ax,x) attains maximum and mini-
mum. The first one requires some familiarity with basic notions of analysis:
one should just say that the unit sphere in E, i.e. the set {x € E : ||x|| = 1}
is compact, and that a continuous function (Q[x] = (Ax,x) in our case) on
a compact set attains its maximum and minimum.

Another explanation will be to notice that the function Q[x] = (Ax, x),
x € F is a quadratic form on E. It is not difficult to compute the matrix
of this form in some orthonormal basis in F, but let us only note that this
matrix is not A: it has to be a k x k matrix, where k = dim F.

It is easy to see that for a quadratic form the maximum and minimum
over a unit sphere is the maximal and minimal eigenvalues of its matrix.

As for optimizing over all subspaces, we will prove below that the max-
imum and minimum do exist.

Proof of Theorem 4.3. First of all, by picking an appropriate orthonor-
mal basis, we can assume without loss of generality that the matrix A is
diagonal, A = diag{A1, A2,..., \n}.

Pick subspaces F and F, dimFE = k, codimF = k — 1, i.e. dim F' =
n—k-+1. Since dim £+dim F' > n, there exists a non-zero vector xg € EFNF.
By normalizing it we can assume without loss of generality that ||xg| = 1.
We can always arrange the eigenvalues in decreasing order, so let us assume
that )\1 Z)\Q > ... Z)\n

Since xg belongs to the both subspaces E and F
i < < .
min (Ax,x) < (Axq,xp) < max (Ax, x)
lIxll=1 lIxll=1
We did not assume anything except dimensions about the subspaces E and

F', so the above inequality
4.2 in (A < A .
(4.2) min (Ax,x) < max (Ax, x)
lIxll=1 lIxll=1
holds for all pairs of £ and F' of appropriate dimensions.
Define

Ey :=span{ej,es, ..., e}, Fy := span{eg, €x+1,€x4+2,---,€n}-

Since for a self-adjoint matrix B, the maximum and minimum of (Bx, x) over
the unit sphere {x : ||x|| = 1} are the maximal and the minimal eigenvalue
respectively (easy to check on diagonal matrices), we get that
min (Ax,x) = max (Ax,x) = A.
x€Fy

x€Fy
lIxll=1 lIx[l=1
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It follows from (4.2) that for any subspace E, dim E = k

min (Ax,x) < max (Ax,x) = A\
xEE x€Fy
lIx|[=1 Ix]|=1

and similarly, for any subspace F' of codimension k£ — 1,

max (Ax,x) > min (Ax,x) = A.
xEF x€eFEy
llx|=1 Ix|l=1

But on subspaces Ey and Fy both maximum and minimum are Ag, so
min max = maxmin = \g. ]

Corollary 4.4 (Intertwining of eigenvalues). Let A = A* = {a;x}] ;4
be a self-adjoint matriz, and let A= {a]k}Jk 1 be its submatriz of size
(n—1)x (n—1). Let A1, \a, ..., A\ and p1, o, ..., in—1 be the eigenvalues
of A and A respectively, taken in decreasing order. Then

M1 >2X>pe >0 2 A1 2> i1 2 A

i.e.
)‘kZMkJZ)\k—i—la k:1a2a"'an_1

Proof. Let X C F™ be the subspace spanned by the first n —1 basis vectors,
X =span{ey, ey, ...,e,_1}. Since (Ax,x) = (Ax,x) for all x € X, Theorem
4.3 implies that
U = max min (Ax,Xx).
ECX xXEER

dim E=k [x[I=1
To get A we need to get maximum over the set of all subspaces E of F”,
dim E = k, i.e. take maximum over a bigger set (any subspace of X isa
subspace of F"). Therefore

pe < Ak

(the maximum can only increase, if we increase the set).

On the other hand, any subspace F C X of codimension k — 1 (here
we mean codimension in X) has dimension n — 1 — (k — 1) = n — k, so its
codimension in F" is k. Therefore

U = min max (Ax,x) > min max (Ax,X) = A1
ECX ECE™
dim E=n—k IIXII =) dim E=n—Fk IIXII =)
(minimum over a bigger set can only be smaller). O

Proof of Theorem 4.2. If A > 0, then Ay > 0 for k =1,2,...,n as well
(can you explain why?). Since all eigenvalues of a positive definite matrix
are positive (see Theorem 4.1), det Ay, >0 for all k =1,2,...,n
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Let us now prove the other implication. Let det Ay > 0 for all k. We
will show, using induction in k, that all A (and so A = A,,) are positive
definite.

Clearly A; is positive definite (it is 1 x 1 matrix, so A; = det A4;).
Assuming that Ax_; > 0 (and det Ax > 0) let us show that Ay is positive
definite. Let A1, Ao, ..., Ax and pq, pa, ..., up—1 be eigenvalues of Ag and
Ay_1 respectively. By Corollary 4.4

/\jZ,U,j>O forj=1,2,...,k—1.

Since det A, = A1As... Ak_1Ar > 0, the last eigenvalue A\; must also be
positive. Therefore, since all its eigenvalues are positive, the matrix Ay is
positive definite. O

4.3. Some remarks. First of all notice, that Sylvester Criterion of Posi-
tivity does not generalize to positive semidefinite matrices if n > 3, meaning
that for n x n matrices, n > 3, the conditions det A > 0 do not imply that
A is positive semidefinite, see Problem 4.6 below.

For 2 x 2 matrices, however, the conditions det A > 0 imply that A is
positive semidefinite, see Problem 4.3 below. This sometimes leads to the
wrong conclusion about n x n matrices.

Finally, we should say couple words about negative definite matrices. It
is a typical students’ mistake to say that the condition det Ay < 0 implies
that A is negative definite. But that is wrong!

To check if the matrix A is negative definite, one just have to check
that the matrix —A is positive definite. Applying Sylvester’s Criterion

of Positivity to —A one can see that A is negative definite if and only if
(~1)Fdet Ay, >0 forall k=1,2,...,n.

Exercises.

4.1. Using Sylvester’s Criterion of Positivity check if the matrices

4 2 1 3 -1 2
A=1 2 3 -1 ], B=| -1 4 =2
1 -1 2 2 =2 2

are positive definite or not.
Are the matrices —A, 43 and A=', A+ B~', A+ B, A — B positive definite?

4.2. True or false:

a) If A is positive definite, then A® is positive definite.

b) If A is negative definite, then A% is negative definite.

c) If A is negative definite, then A1? is positive definite.
)

d) If Ais positive definite and B is negative semidefinite, then A— B is positive

definite.
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e) If A is indefinite, and B is positive definite, then A + B is indefinite.

4.3. Let A be a 2 x 2 Hermitian matrix, such that a;; > 0, det A > 0. Prove that
A is positive semidefinite.

4.4. Find a real symmetric n X n matrix such that det Ay, > 0forallk =1,2,...,n,
but the matrix A is not positive semidefinite. Try to find an example for the minimal
possible n.

4.5. Let A be an nxn Hermitian matrix such that det A, > Oforallk =1,2,...,n—
1 and det A > 0. Prove that A is positive semidefinite.

4.6. Find a real symmetric 3 x 3 matrix A such that a;; > 0, det Ay, > 0 for
k = 2,3, but the matrix A is not positive semidefinite.

5. Positive definite forms and inner products

Let V be an inner product space and let B = vi,va,..., v, be a basis (not
necessarily orthogonal) in V. Let G = {gj,k}?,kﬂ be the matrix defined by

ik = (Vk, vj).
Ifx=73,xpvi andy = >, yrVg, then

n
(x¥) = | D wevi, Y yvi > @y (Ve vy)
k J

k,j=1

n n
=D gy = (GIXls, YlB)cn
j=1 k=1
where (-, - )cn stands for the standard inner product in C". One can imme-
diately see that G is a positive definite matrix (why?).

So, when one works with coordinates in an arbitrary (not necessarily
orthogonal) basis in an inner product space, the inner product (in terms of
coordinates) is not computed as the standard inner product in C", but with
the help of a positive definite matrix GG as described above.

Note, that this G-inner product coincides with the standard inner prod-
uct in C" if and only if G = I, which happens if and only if the basis
V1i,Va,...,V, is orthonormal.

Conversely, given a positive definite matrix G one can define a non-
standard inner product (G-inner product) in C" by
(x,¥)c := (Gx,y)cn, x,y € C".
One can easily check that (x,y)q is indeed an inner product, i.e. that prop-
erties 1-4 from Section 1.3 of Chapter 5 are satisfied.



Chapter 8

Dual spaces and
tensors

All vector spaces in this chapter are finite-dimensional.

1. Dual spaces

1.1. Linear functionals and the dual space. Change of coordinates
in the dual space.

Definition 1.1. A linear functional on a vector space V' (over a field F) is
a linear transformation L : V — F.

This special class of linear transformations is sufficiently important to
deserve a separate name.

If one thinks of vectors as of some physical objects, like force or velocity,
then one can think of a linear functional as a (linear) measurement, that
gives you some a scalar quantity as the result: think about force or velocity
in a given direction.

Definition 1.2. A collection of all linear functionals on a finite-dimensional®
vector space V' is called the dual of V and is usually denoted as V' or V*

As it was discussed earlier in Section 4 of Chapter 1, the set £(V, W)
of all linear transformations acting from V to W is a vector space (with
naturally defined operations of addition and multiplication by a scalar). So,
the dual space V' = L(V,TF) is a vector space.

We consider here only finite-dimensional spaces because for infinite-dimensional spaces the
dual space consists not of all but only of the so-called bounded linear functionals. Without giving
the precise definition, let us only mention than in the finite-dimensional case (both the domain
and the target space are finite-dimensional) all linear transformations are bounded, and we do not

need to mention the word bounded
I

215
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Let us consider an example. Let the space V be R", what is its dual? As
we know, a linear transformation 7' : R™ — R is represented by an m x n
matrix, so a linear functional on R™ (i.e. a linear transformation L : R” — R)
is given by an 1 xn matrix (row), let us denote it by [L]. The collection of all
such rows is isomorphic to R™ (isomorphism is given by taking the transpose
L] — [L]F).

So, the dual of R™ is R™ itself. The same holds true for C”, of course, as
well as for F", where F is an arbitrary field. Since the space V over a field
F (here we mostly interested in the case F = R or F = C) of dimension n is
isomorphic to F”, and the dual to F" is isomorphic to F", we can conclude
that the dual V' is isomorphic to V

Thus, the definition of the dual space is starting to look a bit silly, since
it does not appear to give us anything new.

However, that is not the case! If we look carefully, we can see that the
dual space is indeed a new object. To see that, let us analyze how the entries
of the matrix [L] (which we can call the coordinates of L) change when we
change the basis in V.

1.1.1. Change of coordinates formula. Let
A:{al,ag,...,an}, BZ{bl,bg,...,bn}

be two bases in V', and let [L] 4 = [L]s 4 and [L]|g = [L]s s be the matrices of
L in the bases A and B respectively (we suppose that the basis in the target
space of scalars is always the standard one, so we can skip the subscript S
in the notation). Then recalling the change of coordinate rule from Section
8.4 in Chapter 2 we get that

(Ll = [L]a[l] 4,
Recall that for a vector v € V its coordinates in different bases are related
by the formula
Vls = []B,alv]a,
and that
[Ias =gk
T

If we denote S := [I|p 4, so [v]g = S[v]4, the entries of the vectors [L]j
and [L])Y are related by the formula

(1.1) [L]5 = (S7)"[L]4

(since we usually represent a vector as a column of its coordinates, we use
(L)% and [L)% instead of [L] 4 and [L]g)

Saying it in words
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If S is the change of coordinate matrix (from old coordinates to
the new ones) in X, then the change of coordinate matrix in the
dual space X’ is (S~1)T.

So, the dual space V' of V' while isomorphic to V is indeed a different
object: the difference is in how the coordinates in V and V'’ change when
one changes the basis in V.

Remark. One can ask: why can’t we pick a basis in X and some completely
unrelated basis in the dual X'? Of course, we can do that, but imagine, what
would it take to compute L(x), knowing coordinates of x in some basis and
coordinates of L in some completely unrelated basis.

So, if we want (knowing the coordinates of a vector x in some basis) to
compute the action of a linear functional L using the standard rules of matrix
algebra, i.e. to multiply a row (the functional) by a column (the vector), we
have no choice: the “coordinates” of the linear functional L should be the
entries of its matrix (in the same basis).

As we can see later, see Section 1.3 below, the entries (“coordinates”)
of a linear functional are indeed the coordinates in some basis (the so-called
dual basis.

1.1.2. A uniqueness theorem.

Lemma 1.3. Let v e V. If L(v) =0 for all L € V' then v = 0. As a
corollary, if L(v1) = L(va) for all L € V', then vi = v

Proof. Fix a basis B in V. Then
L(v) = [L]s[v]s.
Picking different matrices (i.e. different L) we can easily see that [v]z = 0.

Indeed, if

Ly =[0,...,0,1,0,....0]

then the equality
Li[vlg =0
implies that kth coordinate of [v]g is 0.
Using this equality for all k£ we conclude that [v]g = 0, so v = 0. O

1.2. Second dual. As we discussed above, the dual space V' is a vector
space, so one can consider its dual V" = (V')'. It looks like one that can
consider the dual V" of V" and so on...However, the fun stops with V"
because

The second dual V" is canonically (i.e. in a natural way) isomor-
phic to V
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Let us decipher this statement. Any vector v € V canonically defines a
linear functional Ly on V' (i.e. an element of the second dual V" by the rule

Lo(f)=f(v) VfeV

It is easy to check that the mapping T : V. — V”, Tv = Ly is a linear
transformation.

Note, that Ker T'= {0}. Indeed, if Tv = 0, then
fv)=0 vfeV,

and by Lemma 1.3 above we have v = 0.

Since dim V" = dim V' = dim V/, the condition Ker 7" = {0} implies that
T is an invertible transformation (isomorphism).

The isomorphism 7 is very natural, (at least for a mathematician). In
particular, it was defined without using a basis, so it does not depend on
the choice of basis. So, informally we say that V" is canonically isomorphic
to V: the rigorous statement is that the map 7" described above (which we
consider to be a natural and canonical) is an isomorphism from V to V".

1.3. Dual, a.k.a. biorthogonal bases. In the previous sections, we sev-
eral times referred to the entries of the matrix of a linear functional L as
coordinates. But coordinates in this book usually means the coordinates in
some basis. Are the “coordinates’ of a linear functional really coordinates
in some basis? Turns out the answer is “yes”, so the terminology remains
consistent.

Let us find the basis corresponding to the coordinates of L € V'. Let
{b1,by,...,b,} beabasisin V. For L € V' let [L]p = [L1, Lo, . .., L] be its

matrix (row) in the basis B. Consider linear functionals b}, b}, ..., b/, € V'
defined by
(1.2) by, (b)) = 0y,

where 0y, ; is the Kroneker delta,

5. L j=k
MTL0 Ak

Recall, that a linear transformation is defined by its action on a basis, so
the functionals bj, are well defined.

As one can easily see, the functional L can be represented as

L= Libj.
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Indeed, take an arbitrary v =), ayb, € V', s0 [V]g = [a1, 2, . . ., an]’. By
linearity and definition of b},

by (v) =bj [ D ajbj | =) a;b(b)) = ay.
J J

Therefore
Lv =[Llglvlg =Y Lipag = >  Libj(v).
k k

Since this identity holds for all v € V', we conclude that L =", Lib}.

Since we did not assume anything about L € V', we have just shown
that any linear functional L can be represented as a linear combination of
b, bh, ..., bl so the system b}, b, ... bl is generating.

Let us show that this system is linearly independent (and so it is a basis).
Let 0 =), Liyb}. Then for an arbitrary j =1,2,...,n

0=0b; = (Z Lkb;> (bj) =Y Lybj(bj) = L;
k k

so Lj = 0. Therefore, all L, are 0 and the system is linearly independent.

So, the system b’, b, ..., b, is indeed a basis in the dual space V' and

the entries of [L]g are coordinates of L with respect to the basis B.

Definition 1.4. Let by, bo, ..., b, be a basis in V. The system of vectors
1,by ... bl eV

uniquely defined by the equation (1.2) is called the dual (or biorthogonal)

basis to by, b, ..., b,.

Note that we have shown that the dual system to a basis is a basis. Note
also that in b, b}, ... bl is the dual system to a basis by, b, ..., by, then
b1, ba, ..., b, is the dual to the basis b}, b}, ... bl

1.3.1. Abstract non-orthogonal Fourier decomposition. The dual system can
be used for computing the coordinates in the basis bi,bo,...,b,. Let
b}, b), ..., bl be the biorthogonal system to bi,ba,..., by, and let v =
> cxbr. Then, as it was shown before

b; (V) = bj <Z Oékbk> = Zakbj(bk) = Ozjbz-(bj) = Qy,
k k
s0 oy, = b (v). Then we can write

(1.3) v =) bj(v)b.
k

In other words,
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The kth coordinate of a vector v in a basis B = {by,bs,...,b,}
is b} (v)}, where B = {b}, b5, ..., b/} is the dual basis.

This formula is called (a baby version of) the abstract non-orthogonal
Fourier decomposition of v (in the basis by, bg, ..., b,). The reason for this
name will be clear later in Section 2.3.

Remark 1.5. Let A = {aj,as,...,a,} and B = {by,bs,...,b,,} be bases
in X and Y respectively, and let B = {b/, b}, ..., bl } be the dual basis to
B. Then the matrix [T|g 4 =: A = {ak,;}j~,j—; of the transformation 7" in
the bases A, B is given by

ar; =b(Ta;), j=1,2,...,n, k=1,2...,m.

1.4. Examples of dual systems. The first example we consider is a trivial
one. Let V be R™ (or C") and let ey, eq,..., e, be the standard basis there.
The dual space will be the space of n-dimensional row vectors, which is
isomorphic to R™ (or C" in the complex case), and the standard basis there

is the dual to ej,es,...,e,. The standard basis in (R™)" (or in (C")" is
el el ... el') obtained from ey, es,...,e, by transposition.

1.4.1. Taylor formula. The next example is more interesting. Let us consider
the space P, of polynomials of degree at most n. As we know, the powers
{er}}_y, e(t) = t" form the standard basis in this space. What is the dual
to this basis?

The answer might be tricky to guess, but it is very easy to check when you

know it. Namely, consider the linear functionals €} € (P,)’, k =0,1,...,n,
acting on polynomials as follows:
, 1 d*

1
ey(p) :== H@P(t) }t:(]: Hp(k)(O);
here we use the usual agreement that 0! = 1 and d°f/dt’ = f.

Since

PR IV (VER VRN VR R Vit k< j

we can easily see that the system {e} }7_ is the dual to the system of powers
{ertio-

Applying (1.3) to the above system {ej}}_, and its dual we get that any
polynomial p of degree at most n can be represented as

(1.4) p(t) = Zn: p(k)(O)tk
k=0

k!

This formula is well-known in Calculus as the Taylor formula for polynomials.
More precisely, this is a particular case of the Taylor formula, the so-called
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Maclaurin formula. The general Taylor formula

") (g
oty =3 P ay

k=0

can be obtained from (1.4) by applying it to the polynomial p(7 — a) and
then denoting ¢ := 7 — a. It also can be obtained by considering powers
(t—a)*, k=0,1,...,n and finding the dual system the same way we did it
for t+ .2

1.4.2. Lagrange interpolation. Our next example deals with the so-called
Lagrange interpolating formula. Let a1, as, ..., ay+1 be distinct points (in R
or C), and let P, be the space of polynomials of degree at most n. Define
functionals f;, € P/, by

fi(p) = plax)  Vp € Py

What is the dual of this system of functionals? Note, that while it is not
hard to show that the functionals f; are linearly independent, and so (since
dim(P,) = dimP,, = n + 1) form a basis in (P,)’, we do not need that. We
will construct the dual system directly, and then will be able to see that the
system fq,fo, ... f,11 is indeed a basis.

Namely, let us define the polynomials pi, K =1,2,...,n+ 1 as

m®) =TT t=ap) / ] (@ = ay)
Jii#k Ji#k
where j in the products runs from 1 to n + 1. Clearly pg(ax) = 1 and
pr(a;) = 0if j # k, so indeed the system pi,p2,...,pnt1 is dual to the
system fy,fo, ... £,41.

There is a little detail here, since the notion of a dual system was defined
only for a basis, and we did not prove that either of the systems is one. But
one can immediately see that the system p1,ps, ..., ppt1 is linearly indepen-
dent (can you explain why?), and since it contains n+1 = dim P,, vectors, it
is a basis. Therefore, the system of functionals f, fs, ..., f,41 is also a basis
in the dual space (P,)’.

Remark. Note, that we did not just got lucky here, this is a general phe-
nomenon. Namely, as Problem 1.1 below asserts, any system of vectors
having a “‘dual” one must be linearly independent. So, constructing a dual
system is a way of proving linear independence (and an easy one, if you can
do it easily as in the above example).

2N0te, that the general Taylor formula says more than the formula for polynomials obtained
here: it says that any n times differentiable function can be approximated near the point a by its
Taylor polynomial. Moreover, if the function is n + 1 times differentiable, it allows us to estimate
the error. The above formula for polynomials serves as a motivation and a starting point for the
general case
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Applying formula (1.3) to the above example one can see that the unique
polynomial p, degp < n satisfying
(15) p(ak):yka k=1,2,...,n+1
can be reconstructed by the formula
n+1

(1.6) p(t) = ykpk(t)-
k=1

This formula is well-known in mathematics as the “Lagrange interpolation
formula”.

Exercises.
1.1. Let vq,vo,..., v, be a system of vectors in X such that there exists a system
v, v, ..., vl of linear functionals such that
1 ji=k
V;c(vj):{ 07 itk
a) Show that the system vy, va,..., v, is linearly independent.
b) Show that if the system vy, va, ..., v, is not generating, then the “biorthog-
onal” system v{, v}, ..., Vv’ is not unique. Hint: Probably the easiest way
to prove that is to complete the system vy, va,..., v, to a basis, see Propo-

sition 5.4 from Chapter 2

1.2. Prove that given distinct points ai,aq,...,a,+1 and values yi,ys2,...,Ynt1
(not necessarily distinct) the polynomial p, degp < n satisfying (1.5) is unique.
Try to prove it using the ideas from linear algebra, and not what you know about
polynomials.

2. Dual of an inner product space

Let us recall that there is no inner product space over an arbitrary field,
that all our inner product spaces are either real or complex.
2.1. Riesz representation theorem.

Theorem 2.1 (Riesz representation theorem). Let H be an inner product
space. Given a linear functional L on H there exists a unique vector’y € H
such that

(2.1) L(v) = (v,y) Vv e H.

Proof. Fix an orthonormal basis e, es,...,e, in H, and let
[L] = [L1, Lo, ..., Ly)]

be the matrix of L in this basis. Define vector y by

(22) Yy = kaek,
k
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where Lj, denotes the complex conjugate of Lj. In the case of a real space
the conjugation does nothing and can be simply ignored.

We claim that y satisfies (2.1).

Indeed, take an arbitrary vector v =), aye;. Then

[v] = [ozl,ozg,...,ozn]T

and

L(v) = [L]lV] = ) Ly
k

On the other hand, recalling that if we know coordinates of 2 vectors in
an orthonormal basis, we can compute the inner product by taking these
coordinate and computing the standard inner product in F" (see Exercise
2.3 in Chapter 5) we see that

(v,y) = Zakfk = ZakLk
f p

o (2.1) holds.

To show that the vector y is unique, let us assume that y satisfies (2.1).
Then for k=1,2,....,n

(er,y) = L(ex) = Ly,

so (y,er) = Lj. Then, using the formula for the decomposition in the
orthonormal basis, see Section 2.1 of Chapter 5 we get

y = Z(y, ey)e, = szek
k k

which means that any vector satisfying (2.1) must be represented by (2.2).
O

Remark. While the statement of the theorem does not require a basis,
the proof presented above utilizes an orthonormal basis in H, although the
resulting vector y does not depend on the choice of the basis®. An advantage
of this proof is that it gives a formula for computing the representing vector

y.

2.2. Is an inner product space a dual to itself? For a vector y in an
inner product space H one can define a linear functional Ly,

Ly(v) = (v,y):
It is easy to see that the mapping y + Ly is an injective mapping from
H to its dual H*. The above Theorem 2.1 asserts that this mapping is a

3An alternative proof that does need a basis is also possible. This alternative proof, that
works in infinite-dimensional case, uses strong convexity of the unit ball in the inner product
space together with the idea of completeness from analysis.
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surjection (onto), so one is tempted to say that the dual of an inner product
space H is (canonically isomorphic to) the space H itself, with the canonical
isomorphism given by y + Ly.

This is indeed the case if H is a real inner product space and in this
case it is easy to show that the map y +— Ly is a linear transformation.
We already discussed that the map is injective and surjective, so it is an
invertible linear transformations, i.e. an isomorphism.

However if H is a complex space, one needs to be a bit more careful.
Namely, the mapping y ~ Ly that that maps a vector y € H to the linear
functional Ly as in Theorem 2.1 (Ly(v) = (v,y)) is not a linear one.

More precisely, while it is easy to show that

(2.3) Ly vy, = Ly, + Ly,,
it follows from the definition of L, and properties of inner product that
(2'4) Lay(v) = (V> ay) = a(v, Y) = aLy(V)a

SO Loy = aLy.

In other words, one can say that the dual of a complex inner product
space is the space itself but with the different linear structure: adding 2 vec-
tors is equivalent to adding corresponding linear functionals, but multiplying
a vector by « is equivalent to multiplying the corresponding functional by
Q.

A transformation 7T satisfying T'(ax+ By) = aTx+ BTy is some-
times called a conjugate linear transformation.

So, for a complex inner product space H its dual can be canonically
identified with H by a conjugate linear isomorphism (i.e. invertible conjugate
linear transformation)

Of course, for a real inner product space the complex conjugation can
be simply ignored (because « is real), so the map y — Ly is a linear one.
In this case we can, indeed say that the dual of an inner product space H is
the space itself.

In both, real and complex cases, we nevertheless can say that the dual
of an inner product space can be canonically identified with the space itself.

2.3. Biorthogonal systems and orthonormal bases.

Definition 2.2. Let by, bs, ..., b, be a basis in an inner product space H.
The unique system b’, b, ... b/ in H defined by
(b]7 b?ﬂ) = j7k’

where 0; is the Kroneker delta, is called the biorthogonal or dual to the
basis by, bo, ..., b,.
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This definition clearly agrees with Definition 1.4, if one identifies the
dual H' with H as it was discussed above. Then it follows immediately from
the discussion in Section 1.3 that the dual system b}, b), ..., b/, to a basis
by, ba, ..., b, is uniquely defined and forms a basis, and that the dual to

!/

/ !
13 2’...,bnlsb1,b27...’bn.

The abstract non-orthogonal Fourier decomposition formula (1.3) can be
rewritten as

n
v = Z(v, b}, )by
k=1
Note, that an orthonormal basis is dual to itself. So, if e1,eo,..., e, is
an orthonormal basis, the above formula is rewritten as
n
VvV = Z(V, ek)ek
k=1

which is the classical (orthogonal) abstract Fourier decomposition, see for-
mula (2.2) in Section 2.1 of Chapter 5.

3. Adjoint (dual) transformations and transpose.
Fundamental subspace revisited (once more)

By analogy with the case of an inner product spaces, see Theorem 2.1, it is
customary to write L(v), where L is a linear functional (i.e. L € V', v € V)
in the form resembling inner product

L(v) = (v, L)

Note, that the expression (v, L) is linear in both arguments, unlike the inner
product which in the case of a complex space is linear in the first argument
and conjugate linear in the second. So, to distinguish it from the inner
product, we use the angular brackets.*

Note also, that while in the inner product both vectors belong to the
same space, v and L above belong to different spaces: in particular, we
cannot add them.

3.1. Dual (adjoint) transformation.

Definition 3.1. Let A: X — Y be a linear transformation. The transfor-
mation A" : Y’ — X’ (X’ and Y’ are dual spaces for X and Y respectively)
such that

(Ax,y) = (x,Ay")  Vvxe X,y eY’

4This notation, while widely used, is far from the standard. Sometimes (v, L) is used, some-
times the angular brackets are used for the inner product. So, encountering expression like that
in the text, one has to be very careful to distinguish inner product from the action of a linear
functional.
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is called the adjoint (dual) to A.

Of course, it is not a priori clear why the transformation A’ exists. Below
we will show that indeed such transformation exists, and moreover, it is
unique.

3.1.1. Dual transformation for the case A : F" — F™. Let us first consider
the case when X = F" Y = F™ (F here is, as usual, either R or C, but
everything works for the case of arbitrary fields)

As usual, we identify a vector v in F™ with the column of its coordinates,
and a linear transformation with its matrix (in the standard basis).

The dual of F" is, as it was discussed above, the space of rows of size n,
so we can identify its with F”. Again, we will treat an element of (F™)" as a
column vector of its coordinates.

Under these agreements we have for x € F" and x’ € (F")’
X' (x) = (x,x) = (x)"x
where the right side is the product of matrices (or a row and a column).
Then, for arbitrary x € X =F" and y’ € Y/ = (F™)’
(Ax,y") = (y) Ax = (ATy")'x = (x, ATY)
(the expressions in the middle are products of matrices).

So we have proved that the adjoint transformation exists. let us show
that it is unique. Assume that for some transformation B

(Ax,y") = (x, By') vx € F",Vy' € (F™).
That means that for arbitrary
x,(AT = B)y)y=0, VvxcF" vy e (F™m

By taking for x and y’ the vectors from the standard bases in F™ and (F)" &
F™ respectively we get that the matrices B and AT coincide. U

So, for X =F", Y =F™

The dual transformation A’ exists, and is unique. Moreover, its
matrix (in the standard bases) equals A7 (the transpose of the
matrix of A)

3.1.2. Dual transformation in the abstract setting. Now, let us consider the
general case. In fact, we do not need to do much, since everything can be
reduced to the case of spaces F".

Namely, let us fix bases A = aj,as,...,a, in X, and B=Dby,bs,...,b,,
inY, and let A" = af,a),...,a), and B =Db],b),..., b/, be their dual bases
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(in X’ and Y respectively). For a vector v (from a space or its dual) we as
usual denote by [v]p the column of its coordinates in the basis B. Then

(x,x') = ([x’]A/)T[x]A, vxe X vx e X/,

i.e. instead of working with x € X and x’ € X’ we can work with columns
their coordinates (in the dual bases A and A’ respectively) absolutely the
same way we do in in the case of F". Of course, the same works for Y, so
working with columns of coordinates and then translating everything back
to the abstract setting we get that the dual transformation exists in unique
in this case as well.

Moreover, using the fact (which we just proved) that for A : F™* — F™
the matrix of A’ is AT we get

(3.1) (A wp = (Al

or in plain English

The matrix of the dual transformation in the dual basis is the
transpose of the matrix of the transformation in the original
bases.

Remark 3.2. Note, that while we used basis to construct the dual trans-
formation, the resulting transformation does not depend on the choice of a
basis.

3.1.3. A coordinate-free way to define the dual transformation. Let us now
present another, more “high brow” way of defining the dual of a linear trans-
formation. Namely, for x € X, y’ € Y let us fix for a moment y’ and treat
the expression (Ax,y’) = y’(Ax) as a function of x. It is easy to see that
this is a composition of two linear transformations (which ones?) and so it
is a linear function of x, i.e. a linear functional on X, i.e. an element of X'.

Let us call this linear functional B(y’) to emphasize the fact that it
depends on y’. Since we can do this for every y’ € Y’, we can define the
transformation B : Y’ — X’ such that

(Ax,y") = (x, B(y"))

Our next step is to show that B is a linear transformation. Note, that
since the transformation B was defined in rather indirect way, we cannot see
immediately from the definition that it is linear. To show the linearity of B
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let us take y),y5 € Y. Forx € X
(x, Blay] + Bys)) = (Ax, ay) + Bys) by the definition of B
= a(Ax,y]) + B{Ax, y5) by linearity
a(x, B(y1)) + B(x, B(y3)) by the definition of B
= (x,aB(y}) + BB(y5)) by linearity
Since this identity is true for all x, we conclude that B(ay) + By5) =
aB(y}) + BB(y}), i.e. that B is linear.

The main advantage of this approach that it does not require a basis, so
it can be (and is) used in the infinite-dimensional situation. However, the
proof that we presented above in Sections 3.1.1, 3.1.2 gives a constructive
way to compute the dual transformation, so we used that proof instead of
more general coordinate-free one.

Remark 3.3. Note, that the above coordinate-free approach can be used to
define the Hermitian adjoint of an operator in an inner product space. The
only addition to the reasoning presented above will be the use of the Riesz
Representation Theorem (Theorem 2.1). We leave the details as an exercise
to the reader, see Problem 3.2 below.

3.2. Annihilators and relations between fundamental subspaces.

Definition 3.4. Let X be a vector space and let £ C X. The annihilator
of E, denoted by E* is the set of all X’ € X’ such that (x,x’) = 0 for all
x e Fb.

Using the fact that X” is canonically isomorphic to X (see Section 1.2)
we say that for E C X' its annihilator E+ consists of all vectors x € X such
that (x,x’) =0 for all x’' € E.

Remark 3.5. Formally speaking, for E C X’ the set E+ should be defined
as the set of all x” € X” such that (x/,x”) = 0 for all x’ € E; the symbol
FE,| is often used for the annihilator from the second part of Definition 3.4.
However, because of the natural isomorphism of X” and X there is no real
difference between these two cases, so we will always use E=.

Distinguishing the cases £ C X and F C X’ makes a lot of sense in the

infinite-dimensional situation, where X” is not always canonically isomorphic
to X.

The spaces such that X” canonically isomorphic to X have a special
name: they are called reflexive spaces.

Proposition 3.6. Let E be a subspace of X. Then (E+)+ = E

This proposition looks absolutely like Proposition 3.6 from Chapter 5.
However its proof is a bit more complicated, since the suggested proof of
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Proposition 3.6 from Chapter 5 heavily used the inner product space struc-
ture: it used the decomposition X = E @ E', which is not true in our
situation because, for example, E and E-+ are in different spaces.

Proof. Let vi,vs,..., v, be a basis in E (recall that all spaces in this chap-
ter are assumed to be finite-dimensional), so E = span{vy, va,...,Vv,}.

By Proposition 5.4 from Chapter 2 the system can be extended to a
basis in all X, i.e. one can find vectors v,1,...,v, (n = dim X) such that
Vi,Va,...,Vp is a basis in X.

Let v/, v),..., v/, be the dual basis to vi,va,...,v,. By Exercise 3.3
below E+ = span{v’. +15---» V). Applying again this exercise to Et we get
that

(EH)t = span{vy,va,...,v,} = E.

The following theorem is analogous to Theorem 5.1 from Chapter 5

Theorem 3.7. Let A: X — Y be an operator acting from one vector space
to another. Then

a) Ker A’ = (Ran A)*;
b) Ker A = (Ran A")*;
c¢) Ran A = (Ker A')*;
d) Ran A’ = (Ker A)*.

Proof. First of all, let us notice, that since for a subspace E we have
(E+)* = E, the statements 1 and 3 are equivalent. Similarly, for the same
reason, the statements 2 and 4 are equivalent as well. Finally, statement 2 is
exactly statement 1 applied to the operator A’ (here we use the trivial fact
fact that (A")’ = A, which is true, for example, because of the corresponding
fact for the transpose).

So, to prove the theorem we only need to prove statement 1.
Recall that A’ : Y/ — X’. The inclusion y’ € (Ran A)* means that y’
annihilates all vectors of the form Ax, i.e. that
(Ax,y'y =0  VvxeX.
Since (Ax,y’) = (x, A’y’), the last identity is equivalent to
(x,Ay'y=0 VvxeX.
But that means that A’y =0 (A’y’ is a zero functional).

So we have proved that y’ € (Ran A)* iff A'y’ = 0, or equivalently iff
y € Ker A’. O
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Exercises.
3.1. Prove that if for linear transformations 7,7} : X — Y
(Tx,y') = (Iix,y')
for all x € X and for all y’ € Y’ then T =T}.
Probably one of the easiest ways of proving this is to use Lemma 1.3.
3.2. Combine the Riesz Representation Theorem (Theorem 2.1) with the reasoning

in Section 3.1.3 above to present a coordinate-free definition of the Hermitian adjoint
of an operator in an inner product space.

The next problem gives a way to prove Proposition 3.6

3.3. Let vq,va,..., Vv, be abasis in X and let v}, v}, ..., v] be its dual basis. Let
E :=span{vy,va,...,v,.}, r < n. Prove that B+ = span{v;. ,..., v, }.

3.4. Use the previous problem to prove that for a subspace £ C X
dim E 4 dim E*+ = dim X.

4. What is the difference between a space and its dual?

We know that the dual space X’ has the same dimension as X, so the space
and its dual are isomorphic. So one can think that really there is no difference
between the space and its dual. However, as we discussed above in Section
1.1, when we change basis in the space X the coordinates in X and in X’
change according to different rules, see formula (1.1) above.

On the other hand, using the natural isomorphism of X and X” we can
say that X is the dual of X’. From this point of view, there is no difference
between X and X’: we can start from X and say that X’ is its dual, or we
can do it the other way around and start from X'.

We already used this point of view above, for example in the proof of
Theorem 3.7.

Note also, that the change of coordinate formula (1.1) (see also the boxed
statement below it) agrees with this point of view: if § := (S~ then
(§ )T = S, so we get the change of coordinate formula in X from the one
in X’ by the same rule!

4.1. Isomorphisms between X and X'. There are infinitely many pos-
sibilities to define an isomorphism between X and X'.

If X = F" then the most natural way to identify X and X’ is to identify
the standard basis in F” with the one in (F")’. In this case the action of a
linear functional will be given by the “inner product type” expression

(v,v') = (v/)Tv.
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To generalize this to the general case one has to fix a basis B = by, bo,..., b,
in X and consider the dual basis B’ = b}, b}, ..., bl and define an isomor-
phism 7: X — X' by Tby, =b), k=1,2,...,n.

This isomorphism is natural in some sense, but it depends on the choice
of the basis, so in general there is no natural way to identify X and X’.

The exception to this is the case when X is a real inner product space: the
Riesz representation theorem (Theorem 2.1) gives a natural way to identify
a linear functional with a vector in X. Note that this approach works only
for real inner product spaces. In the complex case, the Riesz representation
theorem gives a natural identification of X and X’, but this identification is
not linear but conjugate linear.

4.2. An example: velocities (differential operators) and differen-
tial forms as vectors and linear functionals. To illustrate the rela-
tions between vectors and linear functional, let us consider an example from
multivariable calculus, which gives rise to important ideas like tangent and
cotangent bundles in differential geometry.

Let us recall the notion of the path integral (of the second kind) from
the calculus. Recall that a path v in R” is defined by its parameterization,
i.e. by a function

t e x(t) = (z1(t), 22(t), . . ., 20 ()T

acting from an interval [a,b] to R™. If w is the so-called differential form
(differential 1-form),

w= fi(x)dz; + fo(x)dze + ... + fpn(x)dzp,
the path integral

/w:/fldx1+f2da:2+...+fnd:z:n
8l v

is computed by substituting x(¢) = (x1(t), 22(t), ..., 2,(t))T in the expres-
sion, i.e. f,yw is computed as

b T €T Tn
/ <f1(x(t))d ;t(t) " fg(X(t))d ;t(t) +..+ fn(x(t))d dt(t)> dt.

In other words, at each moment ¢ we have to evaluate the velocity

oo dx(t) _ (dri(t) daa(t) den () \7T
Coodt \ dt 7oAt T dt ’
apply to it the linear functional £ = (f1, fa,..., fn), £(v) = > 1_; frvk (here
fr = fr(x(t)) but for a fixed t each fi is just a number, so we simply write
fx), and then integrate the result (which depends on t) with respect to ¢.
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4.2.1. Velocities as vectors. Let us fix t and analyze f(v). We will show that
according to the rules of Calculus, the coordinates of v change as coordinates
of a vector, and the coordinates of f as the coordinates of a linear functional
(covector). Let us assume as it is customary in Calculus, that xj are the
coordinates in the standard basis in R", and let B = {by,bs,...,b,} be a
different basis in R™. We will use notation z; to denote the coordinates of a
vector X = (x1,22,...,2,)7, i.e. [X]g = (1, T2,...,2n)".

Let A = {ay;}} ;_; be the change of coordinates matrix, A = [I|gs, so
the new coordinates T, are expressed in terms of the old ones as

n
%kzzak,ﬂ/‘j, k=1,2,...,n.
j=1

So the new coordinates vy, of the vector v are obtained from its old coordi-
nates vg as

n
5’622%73’1’]” k=1,2,...,n.
i=1

4.2.2. Differential forms as linear functionals (covectors). Let us now cal-
culate the differential form

(4.1) w= kadl’k
k=1

in terms of new coordinates Z. The change of coordinates matrix from the
new to the old ones is A~!. Let A7! = {ak,j}y =1, s0

n n
T = E 6k7j9~:j, and d.%'k = E 5k,jd5j, k= 1, 2, ceey .
j=1 7=1

Substituting this into (4.1) we get
n n
w =D fx ) dnydE;
k=1 j=1
n n
-3 ()
k=1

Jj=1

= Jidz;
j=1

where
. n
Fi =Y anfr-
k=1

But that is exactly the change of coordinate rule for the dual space! So
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according to the rules of Calculus, the coefficients of a differential
1-form change by the same rule as coordinates in the dual space

So, according to the accepted rules of Calculus, the coordinates of ve-
locity v change as coordinates of a vector and coefficients (coordinates) of a
differential 1-form change as the entries of a linear functional. In the differ-
ential the set of all velocities is called the tangent space, and the set of all
differential 1 forms is its dual and is called the cotangent space.

4.2.3. Differential operators as vectors. As we discussed above, in differen-
tial geometry vectors are represented by velocities, i.e. by the derivatives
dx(t)/dt. This is a simple and intuitively clear point of view, but sometimes
it is viewed as a bit naive.

More “highbrow” point of view, also used in differential geometry (al-
though in more advanced texts) is that vectors are represented by a differ-
ential operators

d
(4.2) D= ;v’“axk'

The informal reason for that is the following. Suppose we want to compute
the derivative of a function ® along the path given by the function ¢ — x(t),
i.e. the derivative
dd(x(t))
dt
By the Chain Rule, at a given time ¢

de(x(t) _ Z": (a@

R / f—
dt oz, xx(t)> 7i(t) = D® ‘x:xa)’

k=1
where the differential operator D is given by (4.2) with v, = . (t).

Of course, we need to show that the coefficient v, of a differential form
change according to the change of coordinate rule for vectors. This is intu-
itively clear, and can be easily shown by using the multivariable Chain Rule.
We leave this as an exercise for the reader, see Problem 4.1 below.

4.3. The case of a real inner product space. As we already discussed
above, it follows from the Riesz Representation Theorem (Theorem 2.1) that
a real inner product space X and its dual X’ are canonically isomorphic.
Thus we can say that vectors and functionals live in the same space which
makes things both simpler and more confusing.

Remark. First of all let us note, that if the change of coordinates matrix
S is orthogonal (S~ = S7T), then (S7!)T = S. Therefore, for an orthogonal
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change of coordinate matrix the coordinates of a vector and of a linear func-
tional change according to the same rule, so one cannot really see a difference
between a vector and a functional.

The change of coordinate matrix is orthogonal, for example, if we change
from one orthonormal basis to another.

4.3.1. FEinstein notation, metric tensor. Let B = {b1,ba,..., b, be a basis
in a real inner product space X and let B’ = {b/, b}, ..., bl } be the dual ba-
sis (we identify the dual space X’ with X via Riesz Representation Theorem,
so b}, can be assumed to be in X).

Here we present the standard in differential geometry notation (the so-
called Einstein notation) for working with coordinates in these bases. Since
we will only be working with coordinates, we can assume that we are working
in the space R™ with the non-standard inner product (-, - )g defined by the
positive definite matrix G = {gj,k}?,k:p gjk = (bk,bj),, which is often
called the metric tensor,

(4.3) (%Y)=&Y)g =D GtV Xy ER"
=1 k=1

X

(see Section 5 in Chapter 7).

To distinguish between vectors and linear functionals (co-vectors) it is
agreed to write the coordinates of a vector with indices as superscripts and
the coordinates a a linear functional with indices as subscripts: thus 7,
7 =1,2,...,n denotes the coordinates of a vector x and fr, k =1,2,...,n
denotes the coordinates of a linear functional f.

Remark. Putting indices as superscripts can be confusing, since one will
need to distinguish it from the power. However, this is a standard and widely
used notation, so we need to get acquainted with it. While I personally,
like a lot of mathematicians, prefer using coordinate-free notation, all final
computations are done in coordinates, so the coordinate notation has to be
used. And as far as coordinate notations go, you will see that this notation
is quite convenient to work with.

Another convention in the Einstein notation is that whenever in a prod-
uct the same index appear in the subscript and superscript, it means one
needs to sum up in this index. Thus 2/ f; means ) ;@ fj, so we can write
f(x) = 27 f;. The same convention holds when we have more than one index
of summation, so (4.3) can be rewritten in this notation as

(44) (X7 Y) = gj,kxkij X,y € R"™
(mathematicians are lazy and are always trying to avoid writing extra sym-
bols, whenever they can).
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Finally, the last convention in the Einstein notation is the preservation
of the position of the indices: if we do not sum over an index, it remains in
the same position (subscript or superscript) as it was before. Thus we can
write y/ = a{cxk, but not f; = aixk, because the index j must remain as a
superscript.

Note, that to compute the inner product of 2 vectors, knowing their
coordinates is not sufficient. One also needs to know the matrix G (which
is often called the metric tensor). This agrees with the Einstein notation:
if we try to write (x,y) as the standard inner product, the expression xpyy
means just the product of coordinates, since for the summation we need the
same index both as the subscript and the superscript. The expression (4.4),
on the other hand, fit this convention perfectly.

4.3.2. Covariant and contravariant coordinates. Lovering and raising the
indices. Let us recall that we have a basis by, bo,..., b, in a real inner
product space, and that b}, b), ..., b}, b} € X is its dual basis (we identify
X with its dual X’ via Riesz Representation Theorem, so b) are in X).

Given a vector x € X it can be represented as

n

(4.5) X = Z(X, b} )bx =: Zxkbk, and as
k=1 k=1

(4.6) x = (x,bg)bj =: > zby.
k=1

k=1
The coordinates xj, are called the covariant coordinates of the vector x and
the coordinates z* are called the contravariant coordinates.

Now let us ask ourselves a question: how can one get covariant coordi-
nates of a vector from the contravariant ones?

According to the Einstein notation, we use the contravariant coordinates
working with vectors, and covariant ones for linear functionals (i.e. when we
interpret a vector x € X as a linear functional). We know (see (4.6)) that
xp = (x,bg), so

zp = (x,bg) = (Z $jbj,bk> = ij(bj,bk) = ngd-xj,
J J

J

or in the Einstein notation
_ d
Tk = Gk, jT°

In other words,

the metric tensor G is the change of coordinates matrix from
contravariant coordinates z* to the covariant ones zj.
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The operation of getting from contravariant coordinates to covariant is
called lowering of the indices.

Note the following interpretation of the formula (4.4) for the inner prod-
uct: as we know for the vector x we get its covariant coordinate as z; =
gjvk:vk , 50 (x,y) = x;47. Similarly, because G is symmetric, we can say that
Y = gj7kyk and that (x,y) = 2¥y;. In other words

To compute the inner product of two vectors, one first needs to
use the metric tensor G to lower indices of one vector, and then,
treating this vector as a functional compute its value on the other
vector.

Of course, we can also change from covariant coordinates z; to con-
travariant ones =/ (raise the indices). Since

(z1,29,...,2n)T = Gzt 22, ..., 2™)7,

we get that
(h, 2%, .. 2" =G YNay, o, ..., 10

so the change of coordinate matrix in this case is G~

Since, as we know, the change of coordinate matrix is the metric tensor,
we can immediately conclude that G~! is the metric tensor in covariant
coordinates, i.e. that if G~! = {g,‘lkﬂ}z’j:1 then

(x,y) = gk’jxjyk'

Remark. Note, that if one looks at the big picture, the covariant and con-
travariant coordinates are completely interchangeable. It is just the matter
of which one of the bases in the dual pair B and B’ we assign to be the
“primary” one and which one to be the dual.

What to chose as a “primary” object, and what as the “dual” one de-
pends mostly on accepted conventions.

Remark 4.1. Einstein notation is usually used in differential, and especially
Riemannian geometry, where vectors are identified with velocities and covec-
tors (linear functionals) with the differential 1-forms, see Section 4.2 above.
Vectors and covectors here are clearly different objects and form what is
called tangent and cotangent spaces respectively.

In Riemannian geometry one then introduces inner product (i.e. the met-
ric tensor, if one thinks in terms of coordinates) on the tangent space, which
allows us identify vectors and covectors (linear functionals). In coordinate
representation this identification is done by lowering/raising indices, as de-
scribed above.



5. Multilinear functions. Tensors 237

4.4. Conclusions. Let us summarize the above discussion on whether or
not a space is different from its dual.

In short, the answer is “Yes”, they are different objects. Although in the
finite-dimensional case, which is treated in this book, they are isomorphic,
nothing is usually gained from the identification of a space and its dual.

Even in the simplest case of F™ it is useful to think that the elements of
F™ are columns and the elements of its dual are rows (even though, when
doing manipulations with the elements of the dual space we often put the
rows vertically). More striking examples are ones considered in Sections 1.4.1
and 1.4.2 dealing with Taylor formula and Lagrange interpolation. One can
clearly see there that the linear functionals are indeed completely different
objects than polynomials, and that hardly anything can be gained by iden-
tifying functionals with the polynomials.

For inner product spaces the situation is different, because such spaces
can be canonically identified with their duals. This identification is linear
for real inner product spaces, so a real inner product space is canonically
isomorphic to its dual. In the case of complex spaces, this identification is
only conjugate linear, but it is nevertheless very helpful to identify a linear
functional with a vector and use the inner product space structure and ideas
like orthogonality, self-adjointness, orthogonal projections, etc.

However, sometimes even in the case of real inner product spaces, it is
more natural to consider the space and its dual as different objects. For ex-
ample, in Riemannian geometry, see Remark 4.1 above vector and covectors
come from different objects, velocities and differential 1-forms respectively.
Even though the introduction of the metric tensor allows us to identify vec-
tors and covectors, it is sometimes more convenient to remember their origins
think of them as of different objects.

Exercises.

4.1. Let D be a differential operator
- 0
D= —
; Uk 8$k

Show, using the chain rule, that if we change a basis and write D in new coordinates,
its coefficients vj change according to the change of coordinates rule for vectors.

5. Multilinear functions. Tensors

5.1. Multilinear functions.

Definition 5.1. Let Vi, Va,...,V,, V be vector spaces (over the same field
F). A multilinear (p-linear) map with values in V' is a function F' of p vector
variables vi,va,..., vy, Vi € V}, with the target space V, which is linear in
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each variable vi. In other words, it means that if we fix all variables except
vi we get a linear map, and this should be true for all £k = 1,2,...,p. We
will use the symbol L(Vi, Vs, ..., V,; V) for the set of all such multilinear
functions.

If the target space V is the field of scalars ', we call F' a multilinear
functional, or tensor. The number p is called the valency of the multilinear
functional (tensor). Thus, tensor of valency 1 is a linear functional, tensor
of valency 2 is called a bilinear form.

Example. Let f;, € (V})'. Define a polylinear functional F' = fi@fo®...®f,
by multiplying the functionals fy,

(51) [ RHR...® fp(Vl,VQ, . ,Vp) = fl(Vl)fg(Vg) ... fp(Vp),

for vip € Vi, k = 1,2,...,p. The polylinear functional fj ® o ® ... ® £, is
called the tensor product of functionals fj,.

5.1.1. Multilinear functions form a wvector space. Notice, that in the space
L(Vi,Va,...,Vp; V) one can introduce the natural operations of addition and
multiplication by a scalar,

(F1 +F2)(V1,V2,.. .,Vp) = Fl(Vl,Vg,... ,Vp) —I—FQ(Vl,Vg,.. . ,Vp),
(aF1)(Vi, Ve, ..., Vp) = aF1(Vi,Va,...,Vp),
where Fy, Fy € L(V1,Va,...,V; V), a € F.

Equipped with these operations, the space L(Vi, Va, ..., V,; V) is a vector
space.

To see that we first need to show that F; + Fy and o} are multilinear
functions. Since “multilinear” means that it is linear in each argument sepa-
rately (with all the other variables fixed), this follows from the corresponding
fact about linear transformation; namely from the fact that the sum of linear
transformations and a scalar multiple of a linear transformation are linear
transformations, cf. Section 4 of Chapter 1.

Then it is easy to show that L(V1,Va,...,V,; V) satisfies all axioms of
vector space; one just need to use the fact that V satisfies these axioms. We
leave the details as an exercise for the reader. He/she can look at Section
4 of Chapter 1, where it was shown that the set of linear transformations
satisfies axiom 7. Literally the same proof works for multilinear functions;
the proof that all other axioms are also satisfied is very similar.

5.1.2. Dimension of L(V1,Va,...,V,; V). Let By, Ba, ..., B, be bases in the

spaces Vi, Va,..., V), respectively. Since a linear transformation is defined
by its action on a basis, a multilinear function F' € L(Vi,Va,...,V,; V) is
defined by its values on all tuples
1 12 p k
b]l’b]2”bjp’ b]k eBk
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Since there are exactly
(dim V1)(dim V3) ... (dim V},)

such tuples, and each F (b} r b?z, ce b?p) is determined by dim V' coordinates

(in some basis in V). we can conclude that F' € L(Vi,Va,...,V,; V) is
determined by (dim V;)(dim V5) ... (dim V})(dim V') entries. In other words

dim L(Vi, Va, ..., Vp; V) = (dim V3)(dim V4) . ... (dim V},) (dim V).

in particular, if the target space is the field of scalars I (i.e. if we are dealing
with multilinear functionals)

dim L(V4, Va, ..., Vi F) = (dim V) (dim Va) ... (dim V).

It is easy to find a basis in L(V3,Va,...,V,;F). Namely, let for k =
1,2,...,p the system By = {bé‘?};-h:niv" be a basis in Vj, and let B’ = {b?};-hzniv’“
be its dual system, ILN)é‘C e V.

Proposition 5.2. The system

1 1.2 g . .

bj1®bj2®...®b§p, 1<, <dimV,, k=12,...,p,
is a basis in the space L(V1,Va, ..., Vp; F).

Here B}l ® 532 R...Q B?p 1s the tensor product of functionals, as defined
in (5.1).

Proof. We want to represent F' as
~ = ~
(52) F = Z aj17j27_'.7jpbjl ® bj2 ® . ® b?p
J1,J25--0p

Since l~)j (by) = 0, we have

1 12 - 1 2
(53) b]l®b]2®®b§p(b]1’b]277b§p): 1 and
el 1.2 P (hl K2 Dy
(5.4) bj1®bj2®‘"®bjp(bji’bjé""7bjzg)_
for any collection of indices ji, js, . .., j, different from ji, jo, ..., jp.
Therefore, applying (5.2) to the tuple b}l,bi, e ,b?p we get

Oy ogy = F(bj b2 BE ),

J17 720 Jp

so the representation (5.2) is unique (if exists).

On the other hand, defining v, j, .. j, == F(bj b3 ... , bl ) and using
(5.3) and (5.4), we can see that the equality (5.2) holds on all tuples of
form bjl-l,b?Q, e ,b?p. So decomposition (5.2) holds, so we indeed have a

basis. O
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5.2. Tensor Products.

Definition. Let Vi, Va,..., V), be vector spaces. The tensor product
Nehe... oV,

of spaces Vj, is simply the set L(V{, V3, ..., V,;F) of multilinear functionals;

here V/ is the dual of V.

Remark 5.3. By Proposition 5.2 we get that if B = {bf};h:rriv’“ is a basis

in Vi for k=1,2,...,p, then the system

(5.5) bj, ® b3, ®...0bl, 1<jp,<dimVi, k=1,2,...,p,

isabasisin V1 @ Vo ®...®@V,.

Here we treat a vector v, € V}, as a linear functional on Vk/ ; the tensor
product of vectors vi ® vo ® ... ® v, is the defined according to (5.1).

Remark. The tensor product vi ® vo ® ... ® v, of vectors is clearly linear
in each argument vy. In other words, the map (vi,va,...,vp) = Vi @ Vo ®
... ® vy is a multilinear functional with values in V1 @ Vo ® ... ® V,,. We
leave the proof as an exercise for a reader, see Problem 5.1 below

Remark. Note, that the set {vi®@ve®...®v, : vi € Vi } of tensor products
of vectors is strictly less than V13 ® Vo ® ... ® V), see Problem 5.2 below.

5.2.1. Lifting a multilinear function to a linear transformation on the tensor
product.

Proposition 5.4. For any multilinear function F € L(Vi,Va,...,V,; V)
there exists a unique linear transformation T : V1 @ Vo ® ... @V, = V
extending F', i.e. such that

(5.6) F(vi,va,...,vp) =TVi®Va®...QVp,
for all choices of vectors vi, € Vi, 1 <k <p.

Remark. If T : V1 @ Vo ® ... ® V, — V is a linear transformation, then
trivially the function F,

F(vi,va,...,vp) =TvVi®Va® ...V,

is a multilinear function in L(Vj,V3,...,V,; V). This follows immediately
from the fact that the expression vi ® vo ®...® Vv, is linear in each variable
V.

Proof of Proposition 5.4. Define 7" on the basis (5.5) by
1 2 1 1.2

J17 7270 JIp
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and then extend it by linearity to all space V1 ® Vo ® ... ® V},. To complete
the proof we need to show that (5.6) holds for all choices of vectors vj € Vi,
1 <k <p (we now know that only when each vy, is one of the vectors bfk)

To prove that, let us decompose vj as

k nk
vk—Zajkbjk, k=1,2,...,p.

Using linearity in each variable v we get

1 2
VI®Va®... @V, = Y ajal,...,albj @bl ®...abl,

J11J2, 7.7?
F(vi,va,...,vp Z O‘n 32,..., (bjll,bi,...,bz;p)
JlaJQ’ 7.]?
so by the definition of T" identity (5.6) holds. O

5.2.2. Dual of a tensor product. As one can easily see, the dual of the tensor
product V1 ®@V52®. ..®V,, is the tensor product of dual spaces V] @V;®...®V].

Indeed, by Proposition 5.4 and remark after it, there is a natural one-
to-one correspondence between multilinear functionals in L(V7, Vs, ..., V), F)
(i.e. the elements of V] ® VJ ® ... ® V)/) and the linear transformations 7 :
VioVh®...®V, = F (i.e. with the elements of the dual of Vi@ Vo ®...®V,).

Note, that the bases from Remark 5.3 and Proposition 5.2 are the dual
bases (in V1@ Vo ®...®V, and V/ @V ®...®V, respectively). Knowing the
dual bases allows us easily calculate the duality between the spaces V1 ® Vo ®

~.@Vpand V/®@Vy®...®@V), i.e. the expression (x,x'), x € V1@1h®...®V),
XeVieV,®...0V,

5.3. Covariant and contravariant tensors. Let X, Xs,..., X, be vec-
tor spaces, and let Vj, be either X, or X/, k =1,2,...,p. For a multilinear
function F' € L(V1, V4, ..., V,; V) we say that that it is covariant in variable
vy € Vi if Vi = X}, and contravariant in this variable if Vi, = X

If a multilinear function is covariant (contravariant) in all variables, we
say that the multilinear function is covariant (contravariant). In general, if
a function is covariant in 7 variables and contravariant in s variables, we say
that the multilinear function is r-covariant s-contravariant (or simply (7, s)
multilinear function, or that its valency is (r, s)).

Thus, a linear functional can be interpreted as 1-covariant tensor (recall,
that we use the word tensor for the case of functionals, i.e. when the target
space is the field of scalars F). By duality, a vector can be interpreted as
1-contravariant tensor.
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Remark. At first the terminology might look a bit confusing: if a variable
is a vector (not a functional), it is a covariant variable but a contravariant
object (tensor). But notice, that we did not say here a “covariant variable”:
we said that if vi € X then the mulitilinear function is covariant in the
variable vi. So, the by the covariant variable me mean not the vector vy,
but the “slot” in the tensor where we put it!

So there is no contradiction, we put the contravariant objects (tensors)
into covariant slots and vice versa.

Sometimes, slightly abusing the language, people talk about covariant
(contravariant) variables or arguments. But it is usually meant that the
corresponding “slots” in the tensor are covariant (contravariant), and not
the variables as objects.

5.3.1. Linear transformations as tensors. A linear transformation 7' : X7 —
Xo can be interpreted as l-covariant 1-contravariant tensor. Namely, the
bilinear functional F',
F(x1,x5) = (Tx1,x5), x1 € X1,x5 € X},

is covariant in the first variable x; and contravariant in the second one XIQ.

Conversely,
Proposition 5.5. Given a 1-1 tensor F € L(Xy, X};F), there exists a
unique linear transformation T : X1 — Xo such that
(57> F(XhXIQ) = <TX1?X/2>>

for all x; € Xo, x4 € Xj.

Proof. First of all note, that the uniqueness is a trivial corollary of Lemma
1.3, cf. Problem 3.1 above. So we only need to prove existence of T'.

Let By, = {b;“};h:n}X’“ be a basis in X}, and let B), = {B?}?EX’“ be the

dual basis in X}, k = 1,2. Then define the matrix A = {akd}%izningi:nixl by
ar; = F(b}, b}).

Define T to be the operator with matrix [T]g, 5, = A. Clearly (see Remark

1.5)

(5.8) (Tb},b}) = ax; = F (b}, b})

which implies the equality (5.7). This can be easily seen by decomposing

x1 = ;a;b; and x5 = 37, Bybj and using linearity in each argument.
Another, more high brow explanation is that the tensors in left and the

right sides of (5.7) coincide on a basis in X; ® X} (see Remark 5.3 about the
basis), so they coincide. To be more precise, one should lift the bilinear forms
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to the linear transformations (functionals) X; ® X} — F (see Proposition
5.4), and since the transformations coincide on a basis, they are equal.

One can also give an alternative, coordinate-free proof of existence of T,
along the lines of the coordinate-free definition of the dual space (see Section
3.1.3). Namely, if we fix x;, the function F(x1,x5) is a linear in x5}, so it is
a linear functional on X}, i.e. a vector in Xj.

Let us call this vector T'(x1). So we defined a transformation 7' : X; —
X5. One can easily show that T is a linear transformation by essentially
repeating the reasoning from Section 3.1.3. The equality (5.7) follows au-
thomatically from the definition of T'. O

Remark. Note that we also can say that the function F' from Proposition 5.5
defines not the transformation T, but its adjoint. Apriori, without assuming
anything (like order of variables and its interpretation) we cannot distinguish
between a transformation and its adjoint.

Remark. Note, that if we would like to follow the Einstein notation, the
entries a;; of the matrix A = [T, 5, of the transformation 7' should be
written as a{c. Then if z¥, k = 1,2,...,dim X; are the coordinates of the
vector x € X1, the jth coordinate of y = T'x is given by
yj = ai:rk .

Recall the here we skip the sign of summation, but we mean the sum over
k. Note also, that we preserve positions of the indices, so the index j stays
upstairs. The index k£ does not appear in the left side of the equation because
we sum over this index in the right side, and its got “killed”.

Similarly, if z;, 7 = 1,2,...,dim X5 are the coordinates of the vector
x' € X), then kth coordinate of y' := T"x’ is given by

Yk = 03T
(again, skipping the sign of summation over j). Again, since we preserve the

position of the indices, so the index k in y; is a subscript.

Note, that since x € X; and y = Tx € X are vectors, according to the
conventions of the Einstein notation, the indices in their coordinates indeed
should be written as superscripts.

Similarly, x’ € X/ and y’ = T'x’ € X are covectors, so indices in their
coordinates should be written as subscripts.

The Einstein notation emphasizes the fact mentioned in the previous re-
mark, that a 1-covariant 1-contravariant tensor gives us both a linear trans-
formation and its adjoint: the expression aixk gives the action of 7', and
aj.x; gives the action of its adjoint T”.
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5.3.2. Polylinear transformations as tensors. More generally, any polylin-
ear transformation can be interpreted as a tensor. Namely, given a poly-
linear transformation F' € L(Vi,Va,...,V,; V) one can define the tensor
Fe LW, V,,...,V,, V;F) by

(5.9) F(vi,va,...,vp, V) = (F(vi,va,...,vp), V), vi € Vi, v e V.
Conversely,

Proposition 5.6. Given a tensor Fe L(V1,Va,...,Vp, Vi) there ezists a
unique polylinear transformation F' € L(Vy,Va, ...,V V) such that (5.9) is
satisfied.

Proof. By Proposition 5.4 the tensor F can be extended to a linear trans-
formation (functional) 7: Vi @ Vo ® ... ® V, ® V! — F such that

F(vi,va,...,vp, V) =T(vi®Vv2®...Q v, ® V')

for all v, € Vi, v e V',
IweW:=V@Vh®...0V,and v/ € V', then

woveohe... oV,eV.
So, we can define a bilinear functional (tensor) G € L(W,V';F) by
Gw,v) :=T(wav).

By Proposition 5.5, G gives rise to a linear transformation, i.e. there exists
a unique linear transformation 7' : W — V such that

G(w,Vv') = (Tw,V') YweW, weV.
And the linear transformation 1" gives us the polylinear map
Fe LV, Vo, ...,V V)
by
F(vi,va,...,vp) =T(Vvi®@ V2 ®...® Vp),

see Remark after Proposition 5.4.

The uniqueness of the transformation F', is, as in Proposition 5.5, is a
trivial corollary of Lemma 1.3. We leave the details as an exercise for the
reader. O

This section shows that

tensors are universal objects in polylinear algebra, since any poly-
linear transformation can be interpreted as a tensor and vice
versa.
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Exercises.

5.1. Show that the tensor product vi ® vo ® ... ® v, of vectors is linear in each
argument vy.

5.2. Show that the set {vi®@v2®...®v, : vi € Vi } of tensor products of vectors
is strictly less than Vi @ Vo ® ... Q@ V.

5.3. Prove that the transformation F' from Proposition 5.6 is unique.

6. Change of coordinates formula for tensors.

The main reason for the differentiation of covariant and contravariant vari-
ables is that under the change of bases, their coordinates change according
to different rules. Thus, the entries of covariant and contravariant vectors
change according to different rules as well.

In this section we going to investigate this in details. Note, that coor-
dinate representations are extremely important, since, for example, all nu-
merical computations (unlike the theoretical investigations) are performed
using some coordinate system.

6.1. Coordinate representation of a tensor. Let F' be an r-covariant
s-contravariant tensor, 7+ s = p. Let x1,...,X, be covariant variables (xj €
Xi), and fy, ..., fs be the contravariant ones (f; € X}). Let us write the co-
variant variables first, so the the tensor will be written as F(x1, ..., x,, fi, ..., fs

For k = 1,2,...,p fix a basis By = {b; k)}dlmX’“ in X, and let B, =
{b k)}dlmx’“ be the dual basis in X

For a vector x;, € X}, let a:(k), j=1,2,...,dim X} be its coordinates in

the basis By, and similarly, if f; € X}, let /1", j = 1,2,...,dim X}, be its
coordinates in the dual basis B), (note that in agreement with the Einstein
notation, the coordinates of the vector are indexed by a superscript, and the
coordinates of a covector are indexed by a subscript).

Proposition 6.1. Denote

Ei,.ks 1 +1 T(r+
(6.1) Pk = P, bl BT b)),
Then, in the Einstein notation
K1, ks
(6:2)  Flxi, %1, f) = @il f,ﬁ U
(the summation here is over the indices ji, ..., Jr and ki,... ks).

Note that we use the notation (1),...,(r) and (1),...,(s) to emphasize
that these are not the indices: the numbers in parenthesis just show the
order of argument. Thus, right side of (6.2) does not have any indices left
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(all indices were used in summation), so it is just a number (for fixed xis
and fys).

Proof of Proposition 6.1. To show that (6.1) implies (6.2) we first notice
that (6.1) means that (6.2) holds when x;s and fis are the elements of
the corresponding bases. Decomposing each argument x; and f; in the
corresponding basis and using linearity in each argument we can easily get
(6.2). The computation is rather simple, but because there are a lot of
indices, the formulas could be quite big and could look quite frightening.

To avoid writing too many huge formulas, we leave this computation to
the reader as an exercise.

We do not want the reader to feel cheated, so we present a different,
more “high brow” (abstract) explanation, which does not require any com-
putations! Namely, let us notice that the expressions in the left and the right
side of (6.2) define tensors. By Proposition 5.4 they can be lifted to linear
functionals on the tensor product X1 ® ... ® X, ® X|,, ®...® X, .

Rephrasing what we discussed in the beginning of the proof, we can say
that (6.1) means that the functional coincide on all vectors
(1) (") o K+ f(r+s)
b,’®...ob @b/" ®.. . @b
of a basis in the tensor product, so the functionals (and therefore the tensors)
are equal. O

]?1""’]’“8 are called the entries of the tensor F' in the bases

The entries ¢ """
Bi, k=1,2,...,p.

Now, let for k = 1,2,...p, A be a basis in X, (and A}, be the dual basis
in X;). We want to investigate how the entries of the tensor F' change when
we change the bases from By to Aj.

6.2. Change of coordinate formulas in Einstein notation. Let us first
consider the familiar cases of vectors and linear functionals, considered above
in Section 1.1.1 but write everything down using the Einstein notation. Let
we have in X two bases, B and A and let

A=[Alas

be the change of coordinates matrix from B to A. For a vector x € X let
z¥ be its coordinates in the basis B and X* be the coordinates in the basis
A. Similarly, for f € X’ let f; denote the coordinates in the basis B and
fr—the coordinates in the basis A’ (B’ and A’ are the dual bases to B and A
respectively).

Denote by (A)?~C the entries of the matrix A: to be consistent with the
Einstein notation the superscript 7 denotes the number of the row. Then we
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can write the change of coordinate formula as
(6.3) = (A)lak.

Similarly, let (A*1)§ be the entries of A~!: again superscript is used to
denote the number of the row. Then we can write the change of coordinate
formula for the dual space as

(6.4) fi = (A} s
the summation here is over the index k (i.e. along the columns of A~1), so

the change of coordinate matrix in this case is indeed (A~1)7.

Let us emphasize that we did not prove anything here: we only rewrote
formula (1.1) from Section 1.1.1 using the Einstein notation.

Remark. While it is not needed in what follows, let us play a bit more with
the Einstein notation. Namely, the equations

ATA=1T and AA =T
can be rewritten in the Einstein notation as

(AL AN =6,  and  (ATHHA] =61y

J

respectively.

6.3. Change of coordinates formula for tensors. Now we are ready to
give the change of coordinate formula for general tensors.

For k=1,2,...,p:=r+slet Ay := [I] 4 be the change of coordinates
matrices, and let A,;l be their inverses.

As in Section 6.2 we denote by (A)i/, the entries of a matrix A, with the
agreement that superscript gives the number of the column.

Proposition 6.2. Given an r-covariant s-contravariant tensor F let

1y ks K1,k

SDjla"'va and cpjlv'--’jT

be its entries in the bases By, (the old ones) and Ay (the new ones) respec-
tively. In the above notation

N kp,eokl o 4 —1\J1 —1\Jr k ks

et = AT AT (Al ()l

(the summation here is in the indices ji,...,j. and ki, ... ks).

Because of many indices, the formula in this proposition looks very com-
plicated. However if one understands the main idea, the formula will turn
out to be quite simple and easy to memorize.

To explain the main idea let us, sightly abusing the language, express
this formula “in plain English”. namely, we can say, that
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k
To express the “new” tensor entries ¢ ]1’ Vi in terms of the “old”
k k
ones @ 311’ 7is, one needs for each covariant index (subscript) ap-

ply the covariant rule (6.4), and for each contravariant index
(superscript) apply the contravariant rule (6.3)

Proof of Proposition 6.2. Informally, the idea of the proof is very simple:
we just change the bases one at a time, applying each time the change
of coordinate formulas (6.3) or (6.4), depending on whether the tensor is
covariant or contravariant in the corresponding variable.

To write the rigorous formal proof we will use the induction in r and s
(the number of covariant and contravariant arguments of the tensor). Propo-
sition is true for r = 1, s = 0 and for r = 0, s = 1, see (6.4) or (6.3)
respectively.

Assuming now that the proposition is proved for some r and s, let us
prove it for r 4+ 1, s and for r, s 4+ 1.

Let us do the latter case, the other one is done similarly. The main idea

is that we first change p = r + s bases and use the induction hypothesis;
then we change the last one and use (6.3).

Namely, let <pk1’ ’]S“ be the entries of an (r, s+ 1) tensor F' in the bases

A Apop-‘rlv =T+s.

Let us fix the index ks41 and consider the r-covariant s-contravariant

1
tensor F(x1,...,%.,f1,...,f bg:_tﬁ )), where x1,...,%,,f1,...,f; are the
variables. Clearly
k17~~~7k57ks+1 Ak17-~~7k57ks+1
J1seeerr and J1seenrr
are its entries in the bases B, ..., B, and Ay, ..., A, respectively (can you

see why?) Recall, that the index k41 here is fixed.
By the induction hypothesis

etk K K .. ,k: s N A i ks ks
(65) (‘0]11,737‘ s+ — 80]117 i + (Al );i e (AT‘ 1)'7 (AT+1>I<: .. (AT'FS)kg'

Note, that we did not assume anything about the index k541, so (6.5) holds
for all kgyq.

Now let us fix indices j1,...,jr, k1,..., ks and consider 1-contravariant
tensor
1 ~(r+1 ~(r+
F(ag'l)? s 7a§':)7 ](; )7 s aa](cz S)7fs+1)

of the variable fs; 1. Here a§k) are the vectors in the basis A and ﬁg-k)

the vectors in the dual basis Aj.

It is again easy to see that

are

Aklvmzks,ks-!—l ~k17~~~:k57ks+1
j17“~7j7" and jl)"wj”’ ’



6. Change of coordinates formula for tensors. 249

Js+1 =1,2,...,dim X1, are the indices of this functional in the bases By 1
and A, respectively. According to (6.3)
~ketyesks ks p1 | ARLenks ki ks+1
j17-~~7j7‘ - jlv“wj’r (Ap+1)k;+1,
and since we did not assume anything about the indices ji, ..., jr, k1, - ., ks,
the above identity holds for all their combinations. Combining this with (6.5)
we get that the proposition holds for tensors of valency (r,s + 1).

The case of valency (r + 1, s) is treated absolutely the same way: the
only difference is that in the end we get a 1-covariant tensor and use (6.4)
instead of (6.3). O






Chapter 9

Advanced spectral
theory

1. Cayley—Hamilton Theorem

Theorem 1.1 (Cayley—Hamilton). Let A be a square matriz, and let p(\) =
det(A — A1) be its characteristic polynomial. Then p(A) = 0.

A wrong proof. The proof looks ridiculously simple: plugging A instead
of A in the definition of the characteristic polynomial we get

p(A) = det(A — AI) = det 0 = 0.
0

But this is a wrong proof! To see why, let us analyze what the theorem
states. It states, that if we compute the characteristic polynomial

det(A = M) =p(A) =D pAF
k=0

and then plug matrix A instead of A to get
n
p(A) = chAk =col + 1A+ ...+ c, A"
k=0
then the result will be zero matriz.

It is not clear why we get the same result if we just plug A instead of
A in the determinant det(A — AI). Moreover, it is easy to see that with
the exception of trivial case of 1 x 1 matrices we will get a different object.
Namely, A — Al is zero matriz, and its determinant is just the number 0.
But p(A) is a matrix, and the theorem claims that this matrix is the zero
matriz. Thus we are comparing apples and oranges. Even though in both

251
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cases we got zero, these are different zeroes: the number zero and the zero
matrix!

Let us present a correct (albeit different from the standard one used in
most textbooks) proof, which is based on some ideas from analysis.

A “continuous” proof. The proof is based on several observations. First
of all, the theorem is trivial for diagonal matrices, and so for matrices similar
to diagonal (i.e. for diagonalizable matrices), see Problem 1.1 below.

The second observation is that any matrix can be approximated (as close
as we want) by diagonalizable matrices. Since any operator has an upper
triangular matrix in some orthonormal basis (see Theorem 1.1 in Chapter
6), we can assume without loss of generality that A is an upper triangular
matrix.

We can perturb diagonal entries of A (as little as we want), to make them
all different, so the perturbed matrix Ais diagonalizable (eigenvalues of a
triangular matrix are its diagonal entries, see Section 1.7 in Chapter 4, and
by Corollary 2.3 in Chapter 4 an n X n matrix with n distinct eigenvalues is
diagonalizable).

As I just mentioned, we can perturb the diagonal entries of A as little
as we want, so Frobenius norm ||A — Al|y is as small as we want. Therefore
one can find a sequence of diagonalizable matrices Ay such that Ay — A as
k — oo (for example such that || Ax — Alj2 — 0 as k — o0). It can be shown
that the characteristic polynomials pg(A) = det(Ay — AI) converge to the
characteristic polynomial p(A) = det(A — AI) of A. Therefore

p(A) = lim py(Ag).
k—o0

But as we just discussed above the Cayley—Hamilton Theorem is trivial for
diagonalizable matrices, so pp(Ax) = 0. Therefore p(A) = limg o, 0 =
0. O

This proof illustrates an important idea that often it is sufficient to
consider only a typical, generic situation. It is going beyond the scope of
the book, but let us mention, without going into details, that a generic
(i.e. typical) matrix is diagonalizable.

This proof is intended for a reader who is comfortable with such ideas
from analysis as continuity and convergence!. Such a reader should be able
to fill in all the details, and for him/her this proof should look extremely
easy and natural.

Here T mean analysis, i.e. a rigorous treatment of continuity, convergence, etc, and not
calculus, which, as it is taught now, is simply a collection of recipes.
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However, for others, who are not comfortable yet with these ideas, the
proof definitely may look strange. It may even look like some kind of cheat-
ing, although, let me repeat that it is an absolutely correct and rigorous proof
(modulo some standard facts in analysis). So, let us present another, proof
of the theorem which is one of the “standard” proofs from linear algebra
textbooks.

A “standard” proof. We know, see Theorem 6.1.1 from Chapter 6, that
any square matrix is unitary equivalent to an upper triangular one. Since for
any polynomial p we have p(UAU 1) = Up(A)U~!, and the characteristic
polynomials of unitarily equivalent matrices coincide, it is sufficient to prove
the theorem only for upper triangular matrices.

So, let A be an upper triangular matrix. We know that diagonal entries
of a triangular matrix coincide with it eigenvalues, so let A, Ao, ..., A, be
eigenvalues of A ordered as they appear on the diagonal, so

M *
A2

0 An
The characteristic polynomial p(z) = det(A — zI) of A can be represented
asp(z) =AM —2)Ae—2)...( A —2) = (—1D)"(z=A)(z = X2) ... (2 — \p),
SO
p(A) = (1)"(A—= NI)(A—=XI)...(A—=N,).

Define subspaces Ej := span{ej, ey, ..., e}, where ej,eq,..., €, is the
standard basis in C". Since the matrix of A is upper triangular, the subspaces
B}, are so-called invariant subspaces of the operator A, i.e. AE, C Ej
(meaning that Av € Ej, for all v € Ey). Moreover, since for any v € Ej and
any A

(A= X)v =Av — \v € E,

because both Av and Av are in Ey. Thus (A — A)Ey C Ey, i.e. Ey is an
invariant subspace of A — \I.

We can say even more about the the subspace (A — \I)FEy. Namely,
(A — M\gl)er € span{ej,es,...,e,_1}, because only the first £ — 1 entries
of the kth column of the matrix of A — Apl can be non-zero. On the other
hand, for j < k we have (A — Ay I)ej € Ej C Ej, (because Ej is an invariant
subspace of A — A\gI).

Take any vector v € Ej. By the definition of E} it can be repre-

sented as a linear combination of the vectors e, es, ..., e. Since all vectors
ey, e, ...,e, are transformed by A — Ail to some vectors in Ej_1, we can
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conclude that
(1.1) (A= X\ D)v € B4 Vv € FE.
Take an arbitrary vector x € C" = E,,. Applying (1.1) inductively with
k=n,n—1,...1 we get
x1:= (A= I)x € E,_1,
=(A- X 1 Dx1 = (A= N1 D)(A= N )x € E,_o,

=(A=XaD)xp_1=(A—=XI)...(A= N1 )(A = N\ I)x € Fj.
The last inclusion mean that x, = ae;. But (A — X\ I)e; =0, so
0=(A—MD)xn = (A= MI)(A—AoI)... (A= AoD)x.
Therefore p(A)x = 0 for all x € C", which means exactly that p(A) =0. O

Exercises.

1 (Cayley-Hamilton Theorem for diagonalizable matrices). As discussed in the
above section, the Cayley-Hamilton theorem states that if A is a square matrix,
and

p(\) = det(A — \I) chxf

is its characteristic polynomial, then p(A4) := Zk:o cx AP = 0 (we assuming, that
by definition AY = TI).

Prove this theorem for the special case when A is similar to a diagonal matrix,
A=SDS™ 1.

Hint: If D = diag{\1, \2,..., A} and p is any polynomial, can you compute
p(D)? What about p(A)?
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2. Spectral Mapping Theorem

2.1. Polynomials of operators. Let us also recall that for a square matrix
(an operator) A and for a polynomial p(z) = Zszo apz* the operator p(A)
is defined by substituting A instead of the independent variable,

N
p(A) =Y apAf = agl + a1 A+ apA® + ...+ ayAV;
k=0
here we agree that A° = I.
We know that generally matrix multiplication is not commutative, i.e.
generally AB # BA so the order is essential. However
AR AT = AT AF = AR
and from here it is easy to show that for arbitrary polynomials p and ¢
p(A)q(A) = q(A)p(A) = R(A)
where R(z) = p(z)q(z).
That means that when dealing only with polynomials of an operator
A, one does not need to worry about non-commutativity, and act like A is

simply an independent (scalar) variable. In particular, if a polynomial p(z)
can be represented as a product of monomials

p(z) =a(z —z1)(z — 22) ... (2 — 2n),
where 21, 29, ..., 2y are the roots of p, then p(A) can be represented as

p(A) =a(A—211)(A—2o0)...(A—2znI)

2.2. Spectral Mapping Theorem. Let us recall that the spectrum o(A)
of a square matrix (an operator) A is the set of all eigenvalues of A (not
counting multiplicities).

Theorem 2.1 (Spectral Mapping Theorem). For a square matriz A and an
arbitrary polynomial p

a(p(A)) = p(o(A)).
In other words, p is an eigenvalue of p(A) if and only if = p(\) for some
eigenvalue A of A.

Note, that as stated, this theorem does not say anything about multi-
plicities of the eigenvalues.

Remark. Note, that one inclusion is trivial. Namely, if A is an eigenvalue of
A, Ax = Xx for some x # 0, then A¥x = Mx, and p(A)x = p(A\)x, so p(N)
is an eigenvalue of p(A). That means that the inclusion p(c(A4)) C o(p(A))
is trivial.
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If we consider a particular case p = 0 of the above theorem, we get the
following corollary.

Corollary 2.2. Let A be a square matriz with eigenvalues \1, Ao, ..., A\, and
let p be a polynomial. Then p(A) is invertible if and only if

pOw) £0  Vk=1,2...,n

Proof of Theorem 2.1. As it was discussed above, the inclusion
p(o(A)) C o(p(A))
is trivial.

To prove the opposite inclusion o(p(A)) C p(c(A)) take a point u €

o(p(A)). Denote q(z) = p(z) — u, so ¢(A) = p(A) — pl. Since p € o(p(A))
the operator q(A) = p(A) — pI is not invertible.

Let us represent the polynomial ¢(z) as a product of monomials,
q(z) =a(z —z1)(z — z2) ... (2 — 2n).
Then, as it was discussed above in Section 2.1, we can represent
q(A) =a(A —z11)(A — 2o1)... (A — znI).
The operator g(A) is not invertible, so one of the terms A — zxI must be

not invertible (because a product of invertible transformations is always
invertible). That means zj, € o(A).

On the other hand zj is a root of ¢, so
0=gq(zk) = p(zk) — 1

and therefore u = p(zy). So we have proved the inclusion o(p(A)) C p(c(A)).
g

Exercises.

2.1. An operator A is called nilpotent if A*¥ = 0 for some k. Prove that if A is
nilpotent, then o(A) = {0} (i.e. that 0 is the only eigenvalue of A).

Can you do it without using the spectral mapping theorem?
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3. Generalized eigenspaces. Geometric meaning of algebraic
multiplicity

3.1. Invariant subspaces.

Definition. Let A : V' — V be an operator (linear transformation) in a
vector space V. A subspace E of the vector space V is called an invariant
subspace of the operator A (or, shortly, A-invariant) if AE C E, ie. if
Av € E for all v € E.

If F is A-invariant, then
A’E = A(AE) C AEC E,

i.e. F is A% invariant.

Similarly one can show (using induction, for example), that if AE C E
then

A*ECE  VE>1.
This implies that p(A)E C FE for any polynomial p, i.e. that:

any A-invariant subspace FE is an invariant subspace of p(A). ‘

If F is an A-invariant subspace, then for all v € E the result Av also
belongs to E. Therefore we can treat A as an operator acting on E, not on
the whole space V.

Formally, for an A-invariant subspace E we define the so-called restric-
tion A|g: E — E of A onto E by

(Alp)v = Av Vv e L.
Here we changed domain and target space of the operator, but the rule
assigning value to the argument remains the same.
We will need the following simple lemma
Lemma 3.1. Let p be a polynomial, and let E be an A-invariant subspace.
Then
p(Ale) = p(A)le-

Proof. The proof is trivial O

If Ey1, Es,...,E, a basis of A-invariant subspaces, and Ay := A|g, are
the corresponding restrictions, then, since AF, = ApFE, C Ey, the operators
Ay act independently of each other (do not interact), and to analyze action
of A we can analyze operators Ay separately.
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In particular, if we pick a basis in each subspace Fj and join them to
get a basis in V' (see Theorem 2.6 from Chapter 4) then the operator A will
have in this basis the following block-diagonal form

Ay O

Ao

0 .

(of course, here we have the correct ordering of the basis in V, first we take
a basis in Fjp,then in Es and so on).

Our goal now is to pick a basis of invariant subspaces F1, Fo, ..., E, such
that the restrictions Ay have a simple structure. In this case we will get a
basis in which the matrix of A has a simple structure.

The eigenspaces Ker(A — AgI) would be good candidates, because the
restriction of A to the eigenspace Ker(A— A1) is simply AxI. Unfortunately,
as we know eigenspaces do not always form a basis (they form a basis if and
only if A can be diagonalized, cf Theorem 2.1 in Chapter 4).

However, the so-called generalized eigenspaces will work.

3.2. Generalized eigenspaces.

Definition 3.2. A vector v is called a generalized eigenvector (correspond-
ing to an eigenvalue \) if (A — AI)*v = 0 for some k > 1.

The collection F) of all generalized eigenvectors, together with 0 is called
the generalized eigenspace (corresponding to the eigenvalue \).

In other words one can represent the generalized eigenspace F) as
(3.1) By = | J Ker(A =AD",
k>1
The sequence Ker(A — MI)*, k = 1,2,3,... is an increasing sequence of
subspaces, i.e.

Ker(A — M)* ¢ Ker(A — AD)* Ve > 1.

The representation (3.1) does not look very simple, for it involves an in-
finite union. However, the sequence of the subspaces Ker(A—\I )" stabilizes,
i.e.

Ker(A — AI)F = Ker(A — XD)*Y VE > Ky,
so, in fact one can take the finite union.

To show that the sequence of kernels stabilizes, let us notice that if for
finite-dimensional subspaces £ and F we have E G F (symbol E & F means
that £ C F but E # F), then dim F' < dim F..
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Since dimKer(A — M)* < dimV < oo, it cannot grow to infinity, so at
some point

Ker(A — A)* = Ker(A — AI)F1,
The rest follows from the lemma below.

Lemma 3.3. Let for some k

Ker(A — M)* = Ker(A — M)+,
Then

Ker(A — XM = Ker(A — XD vr > 0.
Proof. Let v € Ker(A — A)**7+1 ie. (A — AI)F*+ly = 0. Then
w = (A —A)"v € Ker(A — AI)F*L.

But we know that Ker(4 — AI)* = Ker(A — \I)**! so w € Ker(A — \I)F,
which means (A — M\ )*w = 0. Recalling the definition of w we get that

(A= XD)"v = (A= XD)Ffw =0

so v € Ker(A—M\I)**7. We proved that Ker(A—\)k*7+1 C Ker(A— AT )k,
The opposite inclusion is trivial. O

Definition. The number d = d(\) on which the sequence Ker(A — A\I)¥
stabilizes, i.e. the number d such that

Ker(A — A)*" G Ker(A — )% = Ker(A — AI)*H!
is called the depth of the eigenvalue .

It follows from the definition of the depth, that for the generalized
eigenspace F)

(3.2) A=Ay =0 vvekE,.

Now let us summarize, what we know about generalized eigenspaces.
a) E) is an invariant subspace of A, AE) C E.
b) If d()) is the depth of the eigenvalue A, then

(A= AD)|gy) ™ = (Alg, — MEg,)*™ =0,

(this is just another way of writing (3.2))

c) 0(A|g,) = {\}, because the operator A|g, — Alg,, is nilpotent, see
b), and the spectrum of nilpotent operator consists of one point 0,
see Problem 2.1

Now we are ready to state the main result of this section. Let A: V — V.
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Theorem 3.4. Let o(A) consists of r points A1, Aa, ..., Ar, and let Ey, :=
E), be the corresponding generalized eigenspaces. Then the system of sub-
space F1, Es, ..., E. is a basis of subspaces in V.

Remark 3.5. If we join the bases in all generalized eigenspaces Ej, then
by Theorem 2.6 from Chapter 4 we will get a basis in the whole space. In
this basis the matrix of the operator A has the block diagonal form A =
diag{A1, Aa,..., A}, where Ay := A|g,, Ex = E),. It is also easy to see,
see (3.2) that the operators Ny, := Ay — ApIp, are nilpotent, N,?k =0.

Proof of Theorem 3.4. Let mj be the multiplicity of the eigenvalue A,
s0 p(z) = [1_1(z — Ag)™* is the characteristic polynomial of A. Define

pr(2) = p(2) /(2 = Me)™ = [ (= = A)™.
Jj#k
Lemma 3.6.

(3.3) (A= XI)™|p, =0,

Proof. Define Ay, := A|g,. By property c) of the generalized eigenspaces
o(Ag) = {Ax}. Since pr(Ax) # 0, the Spectral Mapping Theorem, see Corol-
lary 2.2, implies that the operator py(Ay) is invertible.

By the Cayley-Hamilton Theorem (Theorem 1.1)
0=p(A) = (A - D)™ pr(A).

Restricting the above identity to the invariant subspace Ej we get (see
Lemma 3.1) that

0 = p(Ax) = (Ax — \edg,) " pr(Ax)
(0 here is zero operator in E}). Since pi(A) is invertible we conclude that
(Ak = Ae)™ = p(A)pr(Ar) ™" = 0pp(Ax) ™ = 0.
Lemma 3.1 implies that (A — A\I)™*|g, = (Ar — A\xI)™*, which concludes
the proof. O

Continuing with the proof of Theorem 3.4 define

q(z) = > pi(2).
k=1

Since pi(A;) = 0 for j # k and pg(A;) # 0, we can conclude that g(A;) # 0
for all k. Therefore, by the Spectral Mapping Theorem, see Corollary 2.2,
the operator

B =q(A)

is invertible.
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Define the operators Py, by
Pr = B~ pr(A).
Lemma 3.7. For the operators Py, defined above

a) 731+732++Pr:[,

b) Pk’EJ :OfOTj 7& k,’

c) RanPy C Ey;
)

d) moreover, Pyv =v Vv € E}, so, in fact Ran P, = Ey.

Proof. Property a) is trivial:
T T
> Pe=B"> p(A)=B'B=1
k=1 k=1

Property b) follows from (3.3). Indeed, pj(A) contains the factor (A—\;1)",
restriction of which to Ej is zero. Therefore py(A)|g; = 0 and thus Py|gp, =
Bilpk(A)’E]. =0.

To prove property c), recall that according to Cayley—Hamilton Theorem
p(A) = 0. Since p(z) = (z — A\) ™ pi(2), we have for w = pr(A)v

(A= )"™w = (A — M) pr(A)v = p(A)v = 0.

That means, any vector w in Ranpg(A) is annihilated by some power of
(A — A1), which by definition means that Ranpg(A) C Ej.

To prove the last property, let us notice that it follows from (3.3) that
for v € Ej

pr(A)v = ij(A)v = Bv,
j=1
which implies P,v = B~'Bv = v. O

Now we are ready to complete the proof of the theorem. Take v € V' and
define v, = Pyv. Then according to Statement c) of Lemma 3.7, vi € Fj,

and by Statement a),
T
v=2 v
k=1

so v admits a representation as a linear combination.

To show that this representation is unique, we can just note, that if v is
represented as v =Y, _; Vi, Vi € Ej, then it follows from the Statements
b) and d) of Lemma 3.7 that

Piv =Pr(vi+ve+ ...+ Vv,) = Ppvip = V.
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3.3. Geometric meaning of algebraic multiplicity.

Proposition 3.8. Algebraic multiplicity of an eigenvalue equals the dimen-
sion of the corresponding generalized eigenspace.

Proof. According to Remark 3.5, if we join bases in generalized eigenspaces
E, = E), to get a basis in the whole space, the matrix of A in any such
basis has a block-diagonal form diag{Ai, As,...,A,}, where A, = Alg,.
Operators N = Ay — A\glg, are nilpotent, so o(Ny) = {0}. Therefore,
the spectrum of the operator Ay (recall that Ay = Ny — Axl) consists of
one eigenvalue A\ of (algebraic) multiplicity ny = dim Ej. The multiplicity
equals ny because an operator in a finite-dimensional space V' has exactly
dim V' eigenvalues counting multiplicities, and Aj has only one eigenvalue.

Note that we are free to pick bases in Ej, so let us pick them in such a
way that the corresponding blocks Aj are upper triangular. Then
T T
det(A — M) = ] det(Ay — Mg,) = [ — N)™.
k=1 k=1
But this means that the algebraic multiplicity of the eigenvalue Ay is ng =
dim F A O

3.4. An important application. The following corollary is very impor-
tant for differential equations.

Corollary 3.9. Any operator A in V can be represented as A = D + N,
where D is diagonalizable (i.e. diagonal in some basis) and N is nilpotent
(N™ =0 for some m), and DN = ND.

Proof. As we discussed above, see Remark 3.5, if we join the bases in Fj
to get a basis in V, then in this basis A has the block diagonal form A =
diag{ A1, As,..., A}, where A, := A|g,, Ey = E),. The operators Nj, :=
Ag—AiIg, are nilpotent, and the operator D = diag{\1Ig,, \oIg, ..., A\ 1R, }
is diagonal (in this basis). Notice also that \iIg, N = NpAplg, (identity
operator commutes with any operator), so the block diagonal operator N =
diag{ N1, Na, ..., N, } commutes with D, DN = ND. Therefore, defining N
as the block diagonal operator N = diag{ N1, No, ..., N,.} we get the desired
decomposition. O

This corollary allows us to compute functions of operators. Let us recall
that if p is a polynomial of degree d, then p(a + x) can be computed with
the help of Taylor’s formula

B (g
p(a—i—x)zzp k‘( )xk

k=0
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This formula is an algebraic identity, meaning that for each polynomial p
we can check that the formula is true using formal algebraic manipulations
with @ and x and not caring about their nature.

Since operators D and N commute, DN = ND, the same rules as for
usual (scalar) variables apply to them, and we can write (by plugging D
instead of a and N instead of x)

d
p(A) = p(D + N) :Zp
k=0

Here, to compute the derivative p(¥)(D) we first compute the kth derivative
of the polynomial p(x) (using the usual rules from calculus), and then plug
D instead of x.

But since N is nilpotent, N = 0 for some m, only first m terms can be
non-zero, so

m=l )
p\" (D
p(4) = p(D+N) = 3 LBy
k=0
If m is much smaller than d, this formula makes computation of p(A) much
easier.

The same approach works if p is not a polynomial, but an infinite power
series. For general power series we have to be careful about convergence
of all the series involved, so we cannot say that the formula is true for an
arbitrary power series p(z). However, if the radius of convergence of the
power series is oo, then everything works fine. In particular, if p(z) = €%,
then, using the fact that (e”) = e* we get.

[y

m—1 D

e mly
k_ D Ak
R kzk!N
=0

This formula has important applications in differential equation.
Note, that the fact that ND = DN is essential here!

k=0

4. Structure of nilpotent operators

Recall, that an operator A in a vector space V is called nilpotent if A¥ =0
for some exponent k.

In the previous section we have proved, see Remark 3.5, that if we join
the bases in all generalized eigenspaces Ej = FE), to get a basis in the
whole space, then the operator A has in this basis a block diagonal form
diag{Ai, Ag, ..., A, } and operators Ay can be represented as Ay = A\ + Ny,
where N} are nilpotent operators.



264 9. Advanced spectral theory

In each generalized eigenspace Ej we want to pick up a basis such that
the matrix of Ay in this basis has the simplest possible form. Since matrix
(in any basis) of the identity operator is the identity matrix, we need to find
a basis in which the nilpotent operator IV; has a simple form.

Since we can deal with each Nj separately, we will need to consider the

following problem:

For a nilpotent operator A find a basis such that the matrix
of A in this basis is simple.

Let see, what does it mean for a matrix to have a simple form. It is easy to
see that the matrix

01 0

0 1

(4.1) 0
.1
0 0

(the entries on the diagonal right above the main one are 1, and the rest of
entries are 0) is nilpotent.

These matrices (together with 1 x 1 zero matrices) will be our “building
blocks”. Namely, we will show that for any nilpotent operator one can find a
basis such that the matrix of the operator in this basis has the block diagonal
form diag{ A1, A, ..., A}, where each Ay is either a block of form (4.1) or
a 1 x 1 zero block.

Let us see what we should be looking for. Suppose the matrix of an

operator A has in a basis v, v, ..., Vv, the form (4.1). Then

(4.2) Avi =0

and

(4.3) AV = Vi, k=1,2,....,p—1.

Thus we have to be looking for the chains of vectors vi,va,. .., v, satisfying

the above relations (4.2), (4.3).

4.1. Cycles of generalized eigenvectors.

Definition. Let A be a nilpotent operator. A chain of non-zero vectors
V1i,Va,...,V, satisfying relations (4.2), (4.3) is called a cycle of generalized
eigenvectors of A. The vector vy is called the initial vector of the cycle, the
vector vy, is called the end vector of the cycle, and the number p is called
the length of the cycle.
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Remark. A similar definition can be made for an arbitrary operator. Then
all vectors v must belong to the same generalized eigenspace Fy, and they
must satisfy the identities

(A= X)vy =0, (A= XDV =vk, k=1,2,...,p—1,

Theorem 4.1. Let A be a nilpotent operator, and let C1,Co, . ..,C;, be cycles

of its generalized eigenvectors, Cy, = v’f,v’zf,...,v]’;k, pi being the length of
the cycle C. Assume that the initial vectors vi,v3, ..., v} are linearly in-

dependent. Then no vector belongs to two cycles, and the union of all the
vectors from all the cycles is a linearly independent.

Proof. Let n = p1 + p2 + ... + pr be the total number of vectors in all the
cycles?. We will use induction in n. If n = 1 the theorem is trivial.

Let us now assume, that the theorem is true for all operators and for all
collection of cycles, as long as the total number of vectors in all the cycles
is strictly less than n.

Without loss of generality we can assume that the vectors v;-“ span the
whole space V', because, otherwise we can consider instead of the operator
A its restriction onto the invariant subspace span{vé-C k=1,2,...,r, 1 <
J < pr}

Consider the subspace Ran A. It follows from the relations (4.2), (4.3)
that vectors vé-“ ck=1,2,...,r, 1 <j < pr—1span Ran A. Note that if
pr > 1 then the system v’f,vé, e ,v’;k_l is a cycle, and that A annihilates
any cycle of length 1.

Therefore, we have finitely many cycles, and initial vectors of these cycles
are linearly independent, so the induction hypothesis applies, and the vectors
v;“ tk=1,2,...,7, 1 <j < pp—1 are linearly independent. Since these
vectors also span Ran A, we have a basis there. Therefore,

rank A =dimRan A =n —7r
(we had n vectors, and we removed one vector v’;k from each cycle Cy,
k=1,2,...,7, s0 we have n — r vectors in the basis V;? k=1,2,...,r, 1<
j < pr—1). On the other hand Av} =0 for k = 1,2,...,r, and since these

vectors are linearly independent dimKer A > r. By the Rank Theorem
(Theorem 7.2 from Chapter 2)

dimV =rank A+ dimKer A= (n—7r)+dimKerA> (n—r)+r=mn
sodimV > n.
2Here we just count vectors in each cycle, and add all the numbers. We do not care if some

cycles have a common vector, we count this vector in each cycle it belongs to (of course, according
to the theorem, it is impossible, but initially we cannot assume that)
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On the other hand V is spanned by n vectors, therefore the vectors V;“ :

k=1,2,...,r, 1 <j < pg, form a basis, so they are linearly independent [

4.2. Jordan canonical form of a nilpotent operator.

Theorem 4.2. Let A:V — V be a nilpotent operator. Then V has a basis
consisting of union of cycles of generalized eigenvectors of the operator A.

Proof. We will use induction in n where n = dim V. For n = 1 the theorem
is trivial.

Assume that the theorem is true for any operator acting in a space of
dimension strictly less than n.

Consider the subspace X = Ran A. X is an invariant subspace of the
operator A, so we can consider the restriction A|x.

Since A is not invertible, dimRan A < dim V', so by the induction hy-

pothesis there exist cycles Cy1,Ca, .. ., C, of generalized eigenvectors such that
their union is a basis in X. Let Cy = vF,v5, ... ,v];k, where v¥ is the initial

vector of the cycle.

Since the end vector V’;k belong to Ran A, one can find a vector v’;k 41

SllCh that Av;;k 1= vlgk. So we can extend each cycle C; to a bigggr cycle
Cr = V’f,vlg, . ,vlljk,v’;kﬂ. Since the initial vectors V’f of cycles Cg, k =
1,2,...,r are linearly independent, the above Theorem 4.1 implies that the

union of these cycles is a linearly independent system.

By the definition of the cycle we have v§ € Ker A, and we assumed

that the initial vectors v’f, k=1,2,...,r are linearly independent. Let us
complete this system to a basis in Ker A, i.e. let find vectors ug,ua,...,u,
such that the system v%, v%, ..., Vi, uj,ug,...,u, is a basis in Ker A (it may
happen that the system v’f, k=1,2,...,r is already a basis in Ker A, in

which case we put ¢ = 0 and add nothing).

The vector u; can be treated as a cycle of length 1, so we have a collec-
tion of cycles 51,52, . ,57«, ug, us,..., Uy, whose initial vectors are linearly
independent. So, we can apply Theorem 4.1 to get that the union of all these
cycles is a linearly independent system.

To show that it is a basis, let us count the dimensions. We know that
the cycles C1,Cs,...,C, have dim Ran A = rank A vectors total. Each cycle
C~k was obtained from Cj by adding 1 vector to it, so the total number of
vectors in all the cycles 5k is rank A + 7.

We know that dim Ker A = r + ¢ (because v%,v%, .., Viu,u, ..., Uy
is a basis there). We added to the cycles 51, C~2, e ,@; additional ¢ vectors,
S0 we got

rank A+ r+ ¢ =rank A + dimKer A = dim V'
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linearly independent vectors. But dim V' linearly independent vectors is a
basis. O

Definition. A basis consisting of a union of cycles of generalized eigen-
vectors of a nilpotent operator A (existence of which is guaranteed by the
Theorem 4.2) is called a Jordan canonical basis for A.

Note, that such basis is not unique.

Corollary 4.3. Let A be a nilpotent operator. There exists a basis (a Jordan
canonical basis) such that the matriz of A in this basis is a block diagonal
diag{ A1, Ag, ..., A}, where all Ay, (except may be one) are blocks of form
(4.1), and one of the blocks Ay can be zero.

The matrix of A in a Jordan canonical basis is called the Jordan canonical
form of the operator A. We will see later that the Jordan canonical form
is unique, if we agree on how to order the blocks (i.e. on how to order the
vectors in the basis).

Proof of Corollary 4.3. According to Theorem 4.2 one can find a basis
consisting of a union of cycles of generalized eigenvectors. A cycle of size
p gives rise to a p x p diagonal block of form (4.1), and a cycle of length 1
correspond to a 1 x 1 zero block. We can join these 1 x 1 zero blocks in one
large zero block (because off-diagonal entries are 0). O

4.3. Dot diagrams. Uniqueness of the Jordan canonical form.
There is a good way of visualizing Theorem 4.2 and Corollary 4.3, the so-
called dot diagrams. This methods also allows us to answer many natural
questions, like “is the block diagonal representation given by Corollary 4.3
unique?”

Of course, if we treat this question literally, the answer is “no”, for we
always can change the order of the blocks. But, if we exclude such trivial
possibilities, for example by agreeing on some order of blocks (say, if we put
all non-zero blocks in decreasing order, and then put the zero block), is the
representation unique, or not?

To better understand the structure of nilpotent operators, described in
the Section 4.1, let us draw the so-called dot diagram. Namely, suppose we
have a basis, which is a union of cycles of generalized eigenvectors. Let us
represent the basis by an array of dots, so that each column represents a
cycle. The first row (i.e. the top one in the Figure 1 below) correspond to
initial vectors v’f of cycles, and we arrange the columns (cycles) by their
length, putting the longest one to the left. Dots in the kth column, going
from top to the bottom, correspond to the vectors v’f, VS, . ,v’;,k of the kth
cycle.
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e e e e o o 01
e e e o 01
0 1
* e 0 1 0
* 0
* 0 1
0 1
0
0 1
0
0 0 1
0
0
0

Figure 1. Dot diagram and corresponding Jordan canonical form of a
nilpotent operator

Usually one just present a dot diagram without specifying corresponding
vectors. But sometimes it is beneficial to consider a marked dot diagram,
where one marks dots with the corresponding vectors in the cycle.

On the figure 1 we have the dot diagram of a nilpotent operator, as well
as its Jordan canonical form. This dot diagram shows, that the basis has 1
cycle of length 5, one cycle of length 3, two cycles of length 2, and 2 cycles of
length 1. The cycle of length 5 corresponds to the 5 x 5 block of the matrix,
the cycle of length 3 correspond to the 3 x 3 block, and two cycles of length
2 correspond to two 2 X 2 blocks. Two cycles of length 1 correspond to two
zero entries on the diagonal, which we join in the 2 x 2 zero block. Here in
each block we are only giving the main diagonal and the diagonal above it;
all other entries of the matrix are zero.

If we agree on the ordering of the blocks, there is a one-to-one corre-
spondence between dot diagrams and Jordan canonical forms (for nilpotent
operators). So, the question about uniqueness of the Jordan canonical form
is equivalent to the question about uniqueness of the dot diagram.

4.3.1. Action of operator on a dot diagram. To answer the question about
uniqueness of the dot diagram, let us analyze, how the operator A transforms
it. Assume first that we are given a marked dot diagram, meaning that we
mark each dot with the corresponding vector in the cycle. In this case we
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can get both the Jordan canonical form and Jordan canonical basis from
such dot diagram.

Since the operator A annihilates initial vectors of the cycles, and moves
vector v of a cycle to the vector vy, we can see that the operator A acts
on its dot diagram by removing the last (bottom) dot in every column. An
equivalent description would be to remove the first (top) row, but require
that top row in kth column still corresponds to the initial vector v’f of the
cycle.

The new dot diagram will be the (marked) dot diagram of the operator
A restricted to the A-invariant subspace Ran A, and it gives us the Jordan
canonical form for the restriction A|gran 4 (both the Jordan canonical basis
and the matrix, i.e. the Jordan canonical form).

Similarly, it is not hard to see that the operator A* removes the first
k rows of the dot diagram. Therefore, if for all £ we know the dimensions
dim Ker(A¥), we know the dot diagram of the operator A. Namely, the
number of dots in the first row is dim Ker A, the number of dots in the
second row is

dim Ker(A?) — dim Ker A,
and the number of dots in the kth row is
dim Ker(A¥) — dim Ker(A*~1).

But this means that the dot diagram, which was initially defined using
a Jordan canonical basis, does not depend on a particular choice of such a
basis. Therefore, the dot diagram, is unique! This implies that if we agree
on the order of the blocks, then the Jordan canonical form is unique.

4.4. Computing a Jordan canonical basis. Let us say few words about
computing a Jordan canonical basis for a nilpotent operator. We have al-
ready proved existence of this basis in Section 4.2, so we can use Jordan
canonical form and dot diagram to guide us through the construction.

Let p; be the largest positive integer such that AP*~! = 0 (so AP! = 0).
Equivalently, we can say that p; is the smallest non-negative integer such
that AP* = 0 (and so AP1~! # 0). One can see from the above analysis of
dot diagrams, see Section 4.3.1, that p; is the length of the longest cycle (so
this also can be used as the definition of py).

Computing operators A*, k =1,2,...,p; — 1, and counting dim Ker(A*)
we can construct the dot diagram of A. Namely, dim Ker A gives us the
number of dots in the top row, dim Ker A2 — dim Ker A the number of dots
in the next row, etc.

Now we want to put vectors instead of dots and find a basis which is a
union of cycles.
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We start by finding the longest cycles (because we know the dot dia-
gram, we know how many cycles should be there, and what is the length of
each cycle). Consider the column space Ran(AP1~1). Since AP! = 0 there
holds Ran(AP1~1) C Ker A, so Ran(A4P1~1) = Ran(4P*~1) N Ker A. To be
in agreement with the notation in the next steps we will use the notation
Ran(AP1=1) N Ker A instead of Ran(AP1~1).

Let vi,v#,...,v]' be a basis in the subspace Ran(AP*~1) N Ker A; the
vectors vi, V%, ..., vyt will be the initial vectors of the cycles. Then we find

the end vectors V}n , VIQ)I, ..., v of the cycles by solving the equations

-1k k
AP v = vy k=1,2,...,r1.

. . k
Applying consecutively the operator A to the end vector v;; , we get all the

vectors V;? in the cycle. Thus, we have constructed all cycles of maximal
length.

Alternatively, for each k we can find the vectors vé-“, 2 < j < p by
consecutively solving the equations

Avfzvf_l, i=2,...,p1.
Thus, we constructed all cycles of maximal length.

Let po be the length of a maximal cycle among those that are left to
find. Consider the subspace Ran(AP2~1) N Ker A, and let its dimension be
9. Since Ran(AP*~!) C Ran(AP2~!), we conclude that

Ran(AP' 1) NKer A C Ran(AP>~!) N Ker 4,

sory > r1 = dim Ran(AP1~1)NKer A. Moreover®, it can be seen from the dot
diagram that ro > r1. Therefore we can complete the basis v}, v%, o, vitin
Ran(APr~1)NKer A to a basis vi,v2, ... ,v{l,v?ﬂ, ..., V1% in Ran(4P2~1)N
Ker A. Then we find end vectors of the cycles Cy 41, ...,Cr, by solving (for
vlgz) the equations

Amilvﬁzvlf, k=ri+1,m+2,...,79,
thus constructing the cycles of length ps.

Let ps denote the length of a maximal cycle among ones left. Then,
completing the basis vi,v?,...,v]?> in Ran(AP271) N Ker A to a basis in
Ran(AP3~1) N Ker A we construct the cycles of length p3, and so on. ..

One final remark: as we discussed above, if we know the dot diagram, we
know the canonical form, so after we have found a Jordan canonical basis,

we do not need to compute the matrix of A in this basis: we already know
it!

3one can also see from the dot diagram that for p» < p < p1 we have Ran(AP) N Ker A =
Ran(AP1) N Ker A, so p2 is the largest exponent for which we need to complete the basis.
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5. Jordan decomposition theorem

Theorem 5.1. Given an operator A there exist a basis (Jordan canonical
basis) such that the matriz of A in this basis has a block diagonal form with

blocks of form

A1 0

A1

(5.1) A
o1
0 A

where X is an eigenvalue of A. Here we assume that the block of size 1 is
Just A.

The block diagonal form from Theorem 5.1 is called the Jordan canonical
form of the operator A. The corresponding basis is called a Jordan canonical
basis for an operator A.

Proof of Theorem 5.1. According to Theorem 3.4 and Remark 3.5, if
we join bases in the generalized eigenspaces Ej = E), to get a basis in
the whole space, the matrix of A in this basis has a block diagonal form
diag{A1, A, ..., A}, where Ay, = A|g,. The operators N, = Ay — A\ I,
are nilpotent, so by Theorem 4.2 (more precisely, by Corollary 4.3) one can
find a basis in E; such that the matrix of N, in this basis is the Jordan
canonical form of Ni. To get the matrix of A in this basis one just puts A
instead of 0 on the main diagonal. O

5.1. Remarks about computing Jordan canonical basis. First of all
let us recall that the computing of eigenvalues is the hardest part, but here we
do not discuss this part, and assume that eigenvalues are already computed.

For each eigenvalue A we compute subspaces Ker(A — AI)* k=1,2,...
until the sequence of the subspaces stabilizes. In fact, since we have an
increasing sequence of subspaces (Ker(A — AI)* C Ker(A — AI)**1), then it
is sufficient only to keep track of their dimension (or ranks of the operators
(A — AI)*). For an eigenvalue A let m = m) be the number where the
sequence Ker(A — \I)* stabilizes, i.e. m satisfies

dim Ker(A — A\I)"™! < dimKer(A — A\I)™ = dim Ker(A — A\I)™ "1,
Then E) = Ker(A — AI)™ is the generalized eigenspace corresponding to the
eigenvalue .

After we computed all the generalized eigenspaces there are two possible
ways of action. The first way is to find a basis in each generalized eigenspace,
so the matrix of the operator A in this basis has the block-diagonal form
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diag{ A1, Ag, ..., A}, where Ay = A’Exk' Then we can deal with each matrix
Ay separately. The operators Ny = A — A\l are nilpotent, so applying the
algorithm described in Section 4.4 we get the Jordan canonical representation
for N, and putting Ay instead of 0 on the main diagonal, we get the Jordan
canonical representation for the block Ag. The advantage of this approach
is that we are working with smaller blocks. But we need to find the matrix
of the operator in a new basis, which involves inverting a matrix and matrix
multiplication.

Another way is to find a Jordan canonical basis in each of the generalized
eigenspaces F, by working directly with the operator A, without splitting
it first into the blocks. Again, the algorithm we outlined above in Section 4.4
works with a slight modification. Namely, when computing a Jordan canon-
ical basis for a generalized eigenspace F),, instead of considering subspaces
Ran(Ag — M\ I)?, which we would need to consider when working with the
block Ay, separately, we consider the subspaces (4 — A\ ) E}, .
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